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Abstract. We show that, at a fake exponent of an A-hypergeometric system and for
an ordered negative support family, intrinsic perturbation within kerZ(A) can produce a
strictly smaller coefficient space than ambient perturbation, which answers a question of
Okuyama–Saito. We measure the failure by an intrinsic-perturbation obstruction module,
a quotient of two colon ideals whose graded dual is the ambient coefficient space modulo
the intrinsic one, and we realize this module by two right-exact sequences involving
Tor1 and present it finitely by two antichains. We give configurations of lattice rank 1
and 2 with nonzero obstruction, including one with an ordered distinguished collection
consisting of all negative supports attained only by lattice shifts of nonnegative weight,
and thereby settle the case left open by Okuyama–Saito. We give, for every integer q ≥ 1,
a configuration of lattice rank 2 with a connected column matroid and with a normal affine
semigroup generated by the reduced Gröbner basis vectors, whose obstruction module has
dimension q2, so this dimension is unbounded at fixed lattice rank.

1. Introduction

The Frobenius method produces logarithmic solutions of a resonant differential system
by perturbing an exponent and differentiating with respect to the resulting perturbation
parameters. For A-hypergeometric systems, this method is developed by Saito and by
Okuyama–Saito; see [15, 11]. Let A ∈ Zd×n be the matrix of the system, put L = kerZ(A)
and r = rank L, and write t = t(t1, . . . , tn). Okuyama–Saito [12] fix a fake exponent v and
an ordered negative support family N , construct the ambient coefficient space, and compare
it with the coefficient space obtained by intrinsic perturbation within L; their Theorem 5.5
identifies the ambient coefficient space with the full coefficient space, and their Proposition 6.2
characterizes the equality of the intrinsic and ambient coefficient spaces by an equality of
two colon ideals. Question 7.3 of [12] asks whether that equality can fail, and the discussion
there records that the problem remains open even for the set that we call the distinguished
collection Nv. In this paper, we answer this question affirmatively, both for a general ordered
negative support family and for the distinguished collection, and we measure the failure by
an intrinsic-perturbation obstruction module.

We work in R̂ = C[[t1, . . . , tn]] with the ideal U = ⟨At⟩, the monomial ideals MN and
PN (t) of (2) and (3), and the monomial e = tnsupp(v)\KN , where nsupp(v) is the set of
indices j with vj a negative integer and KN is the intersection of the members of N . We
define the intrinsic-perturbation obstruction module by

DN (e) = (U + PN (t)) : e

(UMN + PN (t)) : e
.

Theorem 3.3 identifies this module with the classes represented by multiples of e in a quotient
of Tor1, and shows that for an ordered negative support family the module DN (e) vanishes
precisely when the intrinsic coefficient space equals the ambient coefficient space. In the
lattice coordinates, Theorem 3.7 presents DN (e) by two antichains as a graded quotient
J intr

N /Jamb
N of two ideals in r variables, and Proposition 3.8 identifies the graded dual of that
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quotient with the ambient coefficient space modulo the intrinsic one, so the Hilbert series of
J intr

N /Jamb
N records the missing coefficients degree by degree.

Fix a generic weight w, and write C(w) ⊆ L for the affine semigroup generated by the
reduced Gröbner basis vectors of the toric ideal of A in the direction w. Theorem 5.1 answers
Question 7.3 by a five-column configuration of lattice rank 2 for which C(w) is normal, and
Theorem 4.17 settles the distinguished-collection case left open in [12] by an example that fails
two of the three hypotheses of the vanishing criterion in Theorem 4.11. Neither normality of
C(w) nor connectivity of the column matroid forces equality: Theorem 5.6 gives a six-column
configuration whose column matroid is three-connected, and Theorem 6.2 gives, for every
integer q ≥ 1, a configuration of lattice rank 2, with a connected column matroid and normal
C(w), whose obstruction module has dimension q2. In a companion paper, we use these
obstruction modules to compute, inside the solution space of a homogeneous system, the
codimension of the span of the series obtained by intrinsic perturbation.

We use Theorem 5.5 of [12], and the regular-sequence criteria and bounds below correspond
to Proposition 6.6 and Corollary 6.7 there. Nagamine [10] computes the Hilbert series of
the local fake indicial inverse system itself, where the Artinian object is a quotient of a
Stanley–Reisner ring. The quotient studied here measures the failure of intrinsic perturbation
to realize the ambient coefficient space and is a quotient of two colon ideals. The ancillary
scripts use exact arithmetic on specified inputs to check the successive colon ideals and the
Hilbert series identities for two orders of the factors of e, the formulas for Jamb

N and J intr
N , the

colon ideals in the five- and six-column examples, and the Hilbert series of the obstruction
modules for q = 1, 2, 3, 4 in Section 6.

2. Fake exponents and negative supports

In this section, we recall the A-hypergeometric system, the negative support families, and
the perturbation constructions.

2.1. The A-hypergeometric system
Let A = [a1, . . . , an] ∈ Zd×n have rank d, and assume throughout this paper that the

columns of A lie in an affine hyperplane not containing the origin. Set L = kerZ(A) and
r = rank L = n − d. For u ∈ L, define |u| by |u| =

∑n
j=1 uj . Throughout, N = {0, 1, 2, . . .}.

The toric ideal is IA = ⟨∂u+ − ∂u− | u ∈ L⟩ ⊆ C[∂1, . . . , ∂n], where u = u+ − u− has
disjoint nonnegative parts. For β ∈ Cd, the A-hypergeometric ideal HA(β) is generated in the
Weyl algebra D by IA and the Euler operators Ei − βi =

∑n
j=1 aijxj∂j − βi for i = 1, . . . , d.

Here x = t(x1, . . . , xn) and ∂ = t(∂1, . . . , ∂n), and we write MA(β) = D/HA(β). For the
foundational construction and the fake-exponent formalism, see [6, 7, 14, 16].

Fix a generic weight w ∈ Rn. Here and below, genericity means that the initial ideal
inw(IA) is monomial and that w lies in the interior of a full-dimensional cone of the small
Gröbner fan of HA(β), so the initial ideal in(−w,w)(HA(β)) in the Weyl algebra is constant
on that interior; see [16]. Every full-dimensional Gröbner cone of IA contains such weights.
Each wall of these fans is the locus where two monomials of the same A-degree acquire
equal w-weight, and the difference of their exponents is a nonzero element of L. A weight
is therefore generic if its values on the nonzero elements of L are all nonzero, since such a
weight lies on no wall. The column matroid of A is the matroid represented over Q by the
columns of A. Let Gw =

{
∂g

(i)
+ − ∂g

(i)
−

∣∣∣ i = 1, . . . , gw

}
be the reduced Gröbner basis of IA,

written so that in each binomial the first monomial is the initial one. Thus w · g(i) > 0, where
g(i) = g

(i)
+ − g

(i)
− . Define the affine semigroup associated with w by C(w) =

∑gw

i=1 Ng(i) ⊆ L.
We say that C(w) is normal if C(w) contains every element of the group generated by C(w)
that lies in the real cone spanned by C(w). This semigroup lies in L, so its normality is not
the normality of the affine semigroup generated by the columns of A.
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For v ∈ Cn, define nsupp(v) = {j | vj ∈ Z<0}. A vector v is a fake exponent of HA(β) in
the direction w if Av = β and v is a zero of the fake indicial ideal of [16, Section 3.2]. By [16,
Corollary 3.2.3], a vector v with Av = β is a fake exponent if and only if there is a standard
pair (a, σ) of inw(IA) such that vj = aj for j /∈ σ. We use this equivalence repeatedly.

2.2. Negative support families
Fix a fake exponent v, and, for u ∈ L, put Iu = nsupp(v + u), I0 = nsupp(v), and

S (v) = {Iu | u ∈ L}. For I ∈ S (v), we call FI(v) = {u ∈ L | Iu = I} the support fiber of
I, and we write FI when v is fixed. We call the set defined in [12, Section 3] the distinguished
collection and write

Nv = {I ∈ S (v) | w · u ≥ 0 for every u ∈ FI} .

Since v is a fake exponent, I0 ∈ Nv; see the discussion preceding [12, Definition 3.1]. A
negative support family for v is a subset N satisfying I0 ∈ N ⊆ Nv. In the terminology of
[12, Definition 3.1], a negative support family N is ordered if, for I ∈ N and J ∈ S (v), the
inclusion J ⊆ I implies J ∈ N . We do not assume that the distinguished collection Nv is
ordered. Put KN =

⋂
I∈N I.

2.3. The perturbation constructions
Choose a Gale dual B = (b(1), . . . , b(r)) of A whose columns form a Z-basis of L, and

let s = t(s1, . . . , sr). For z ∈ Cn and p ∈ Nn, define the falling factorial by [z]p =∏n
j=1 zj(zj − 1) · · · (zj − pj + 1). For u ∈ L, set

au(s) =
[v + Bs]u−

[v + Bs + u]u+

.

For a negative support family N , put mv,N (s) =
∏

j∈I0\KN
(Bs)j , and define the intrinsic

perturbation series by

ΨN (x, s) = mv,N (s)
∑
u∈L

Iu∈N

au(s)xv+Bs+u.

The full coefficient space at v for N is the space of logarithmic polynomials that occur as the
coefficient of xv in a formal series solution of HA(β) in the direction w all of whose negative
supports Iu lie in N . If N is ordered, the intrinsic coefficient space at v for N is the space
of coefficients of xv obtained from ΨN (x, s) by the construction in [12, Theorem 3.2]. Under
the same hypothesis, the ambient coefficient space at v for N is the space of coefficients of
xv obtained by the ambient perturbation construction in [12, Theorem 5.5]. Theorem 5.5 of
[12] identifies the ambient coefficient space with the full coefficient space, and Proposition 6.2
of [12] compares the intrinsic and ambient coefficient spaces. The index set of mv,N is
independent of B, but the polynomial expression of mv,N depends on B. If B′ = BT
with T ∈ GLr(Z), then the substitution f(s) 7→ f(Ts) carries the expression for B to the
expression for B′.

For each i, put G(i)(v) = I−g(i) \ I0, and define

PB(v) =
〈 ∏

j∈G(i)(v)

(Bs)j

∣∣∣∣∣∣ i = 1, . . . , gw

〉
⊆ C[s].

For f(s) ∈ C[s] and q(∂s) ∈ C[∂s], put
⟨f, q(∂s)⟩s = q(∂s)f(s)|s=0 .

For a homogeneous ideal I ⊆ C[s], the inverse system is
I⊥ = {q(∂s) | ⟨f, q(∂s)⟩s = 0 for every f ∈ I} .

We use this construction for PB(v) and, in Section 3.3, for the ideals Jamb
N and J intr

N .
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The A-hypergeometric system and the fake exponents are taken from [6, 7, 14, 16]; the
negative support families, the perturbation constructions, and the ideal PB(v) are taken from
[15, 11, 12]. The affine semigroup C(w), generated by the reduced Gröbner basis vectors,
also occurs in [10].

Remark 2.1. The standing assumption on the columns of A is equivalent to the existence of
a linear functional h with haj = 1 for every j, and this assumption makes IA homogeneous
for the standard grading. The algebraic part of this paper does not use that grading. The
following results use only rank(A) = d and the standard gradings of R0 and S0, introduced
in Section 3.3, in which every entry of At and every linear form (Bs)j has degree one: the
obstruction module, the two right-exact sequences, the finite presentation by two antichains,
the localization and completion arguments, the Artinian conclusion for the distinguished
collection, the Cohen–Macaulay criterion and its refinement at each factor, and the local
obstruction computations and vanishing results in low lattice rank. The assumption enters
through the results of [12], which are stated for a homogeneous configuration and supply the
identification of the ambient coefficient space with the full coefficient space. We therefore
keep the assumption throughout rather than tracking it statement by statement.

3. The obstruction to intrinsic perturbation

Okuyama–Saito’s ambient perturbation construction allows perturbation outside L and
realizes the full coefficient space for an ordered negative support family [12, Theorem 5.5].
Their intrinsic perturbation construction gives a subspace of the ambient coefficient space,
and Proposition 6.2 of [12] characterizes the equality of the intrinsic and ambient coefficient
spaces by an equality of two colon ideals. In this section, we form the quotient of these two
colon ideals, prove that, for an ordered negative support family, this quotient is the graded
dual of the quotient of the ambient coefficient space by the intrinsic coefficient space, and
give a finite presentation of the quotient of the colon ideals.

Table 1 lists the notation used in this section.

S (v) the set of realized negative supports Iu

Nv the distinguished collection
N a negative support family
R̂, R0 C[[t1, . . . , tn]] and C[t1, . . . , tn], respectively
Ŝ, S0 C[[s1, . . . , sr]] and C[s1, . . . , sr], respectively
KN , E, e

⋂
I∈N I, I0 \ KN , and tE , respectively

MN the monomial ideal in (2)
PN (t) the monomial ideal in (3)
GN , HN the antichains in (13) and (14), respectively
QN (t) UMN + PN (t)
DN (e) the intrinsic-perturbation obstruction module
TN the module in (6)
Jamb

N , J intr
N the two colon ideals in (18)

ΓN , ϵN the matrix whose kernel gives Jamb
N in (25) and the class in (17),

respectively
Table 1. Notation for the obstruction module.

3.1. The obstruction module
Fix a fake exponent v and a negative support family N as in Section 2. The algebraic

constructions below do not require N to be ordered. The additional hypothesis that N
is ordered is used for the interpretation in terms of the ambient and intrinsic coefficient
spaces. The obstruction depends on N ; it is not an invariant of A, w, and v alone. Put
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tJ =
∏

j∈J tj , with t∅ = 1, and e = tI0\KN . In the complete local ring R̂ = C[[t1, . . . , tn]],
write t = t(t1, . . . , tn) and define

U = ⟨At⟩,(1)

MN =
〈

tI\KN
∣∣∣ I ∈ N

〉
,(2)

PN (t) =
〈

t(I∪J)\KN
∣∣∣ I ∈ N , J ∈ S (v) \ N

〉
,(3)

QN (t) = UMN + PN (t).(4)

Let Ŝ = C[[s1, . . . , sr]], and consider the surjection

Φ : R̂ −→ Ŝ, tj 7−→ (Bs)j .

The kernel of Φ is U . Write ΠN = Φ(PN (t)) and mv,N = Φ(e).

Fact 3.1. Let A be homogeneous, let w be generic, let v be a fake exponent of HA(β) in the
direction w, and let N be an ordered negative support family for v. By [12, Theorem 5.5],
each series obtained by ambient perturbation is a formal series solution of HA(β) in the
direction w, and the coefficients of xv in these series are exactly the elements of the full
coefficient space at v for N .

Fact 3.1 states that the ambient coefficient space at v for N equals the full coefficient
space at v for N .

Fact 3.2. Let A, w, v, and N be as in Fact 3.1, and fix a Gale dual B of A and the resulting
map Φ. By [12, Proposition 6.2], the intrinsic coefficient space at v for N is contained in the
ambient coefficient space, and the two are equal if and only if Φ

(
QN (t) : e

)
= ΠN : mv,N .

Define the intrinsic-perturbation obstruction module by

(5) DN (e) = (U + PN (t)) : e

(UMN + PN (t)) : e
.

Define also

(6) TN = (U ∩ MN ) + PN (t)
UMN + PN (t) .

Theorem 3.3. For a fixed Gale dual B and the resulting map Φ, there are natural Ŝ-module
isomorphisms

DN (e) ≃ ΠN : mv,N

Φ(QN (t) : e)(7)

≃
eR̂ ∩

(
(U ∩ MN ) + PN (t)

)
eR̂ ∩

(
UMN + PN (t)

) .(8)

If N is ordered, the intrinsic coefficient space equals the ambient coefficient space if and only
if DN (e) = 0.

Moreover, (8) identifies DN (e) with the submodule of TN consisting of the classes repre-
sented by multiples of e. The module TN is a quotient of

TorR̂
1
(
R̂/U, R̂/MN

)
≃ U ∩ MN

UMN
.

In particular,
U ∩ MN ⊆ UMN + PN (t) =⇒ DN (e) = 0.

Proof. Every generator of PN (t) is divisible by a generator of MN , so PN (t) ⊆ MN ; also
e ∈ MN , whence eU ⊆ UMN ⊆ QN (t) and U ⊆ QN (t) : e. For f ∈ R̂, the surjectivity
of Φ and the equality ker Φ = U make the following three conditions equivalent: f ∈
Φ−1(ΠN : mv,N ), ef ∈ U + PN (t), and f ∈ (U + PN (t)) : e. Taking the quotient by
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QN (t) : e, which already contains U , then proves (7). If N is ordered, Fact 3.2 states
that the intrinsic coefficient space equals the ambient coefficient space if and only if the
two ideals in (7) are equal. Multiplication by e maps the quotient in (5) injectively onto
(eR̂ ∩ (U + PN (t)))/(eR̂ ∩ QN (t)), and since eR̂ ⊆ MN and PN (t) ⊆ MN , the modular law
gives MN ∩ (U + PN (t)) = (U ∩ MN ) + PN (t), which proves (8) and the assertion concerning
TN . Finally, tensoring 0 → MN → R̂ → R̂/MN → 0 with R̂/U gives the description of Tor1
in the statement; see [18, Section 3.2]. □

Remark 3.4. The word “natural” in Theorem 3.3 refers to the fixed Gale dual B and the
resulting map Φ. If B′ = BT with T ∈ GLr(Z), then the substitution f(s) 7→ f(Ts) identifies
the quotient J intr

N /Jamb
N formed from B with the one formed from B′. The same substitution

identifies the completions of these two quotients and the resulting two presentations of DN (e).
Thus the obstruction module is compatible with changes of B.

Remark 3.5. No finite-length hypothesis is imposed on DN (e). When DN (e) has finite
length, we write dimC DN (e) for its dimension. For an ordered negative support family,
Proposition 3.8 identifies this number with the dimension of the ambient coefficient space
modulo the intrinsic coefficient space. Theorems 5.1, 5.6, and 6.2 concern this finite-length
case.

3.2. Exact sequences of Koszul homology
The exact sequences of this subsection describe the quotient of Tor1 in Theorem 3.3 and

the submodule of that quotient consisting of the classes represented by multiples of e. For
the next theorem, abbreviate M = MN , P = PN (t), and Q = UM + P .

Theorem 3.6. There are natural right-exact sequences

(9) TorR̂
1 (R̂/U, R̂/P ) −→ TorR̂

1 (R̂/U, R̂/M) −→ TN −→ 0
and

(10) TorR̂
1 (R̂/⟨e⟩, R̂/Q) −→ TorR̂

1 (R̂/⟨e⟩, R̂/(U + P )) −→ DN (e) −→ 0.

In (9) and (10), the first maps are induced by the quotient maps associated with P ⊆ M and
with Q ⊆ U + P , respectively. The second sequence is induced by the natural exact sequence

TorR̂
1 (R̂/⟨e⟩, R̂/Q) −→ TorR̂

1 (R̂/⟨e⟩, R̂/(U + P )) ∂e−→ U + P

Q

−→ R̂

Q + ⟨e⟩
−→ R̂

U + P + ⟨e⟩
−→ 0.(11)

The image of ∂e is naturally isomorphic to DN (e). Equivalently,

(12) DN (e) ≃ ker
(

U + P

Q
−→ R̂

Q + ⟨e⟩

)
.

Under multiplication by e, the last term in (10) is identified with the submodule of TN
consisting of the classes represented by multiples of e.

Proof. The entries θ1, . . . , θd of At are linearly independent, so the Koszul complex on them
resolves R̂/U . Tensoring that complex with 0 → M/P → R̂/P → R̂/M → 0 gives the
homology sequence

TorR̂
1 (R̂/U, R̂/P ) −→ TorR̂

1 (R̂/U, R̂/M) −→ M/(UM + P ) −→ R̂/(U + P ),
whose last map has kernel M ∩ (U + P )/(UM + P ) = ((U ∩ M) + P )/(UM + P ) = TN by
the modular law. This proves (9).

Since e is a nonzero monomial, the one-element Koszul complex on e resolves R̂/⟨e⟩ and
gives TorR̂

1 (R̂/⟨e⟩, R̂/Q) ≃ (Q : e)/Q and TorR̂
1 (R̂/⟨e⟩, R̂/(U + P )) ≃ ((U + P ) : e)/(U + P ).
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The inclusions eU ⊆ UM and eP ⊆ P give U + P ⊆ Q : e, so the image of the first map in
(10) is (Q : e)/(U +P ) and its cokernel is DN (e). The same inclusions give e(U +P ) ⊆ Q, so e

annihilates (U +P )/Q, and applying R̂/⟨e⟩⊗L
R̂

− to 0 → (U +P )/Q → R̂/Q → R̂/(U +P ) → 0
yields (11). At the chain level ∂e is multiplication by e, which sends the class of f ∈ (U +P ) : e
to the class of ef in TN ; this class is zero exactly when f ∈ Q : e, so the image of ∂e consists
of the classes represented by multiples of e, and the last assertion follows. □

3.3. A finite presentation of the two colon ideals
We next describe the two colon ideals in Theorem 3.3 by a finite presentation. This

presentation gives a necessary and sufficient criterion for the vanishing of DN (e) in terms of
finite data.

Set R0 = C[t1, . . . , tn], S0 = C[s1, . . . , sr], and m = ⟨s1, . . . , sr⟩. For 1 ≤ i ≤ d, put
θi =

∑n
j=1 aijtj , and put

U0 = ⟨θ1, . . . , θd⟩, Φ0 : R0 −→ S0, tj 7−→ ℓj = (Bs)j .

Thus ker Φ0 = U0. Let M0
N and P 0

N (t) be the monomial ideals of R0 generated by the
monomials in (2) and (3), respectively, and write Q0

N (t) = U0M0
N + P 0

N (t). For a set
Y ⊆ {1, . . . , n}, use the notation ℓY =

∏
j∈Y ℓj and ℓ∅ = 1.

The two antichains used below are
GN = min

⊆
{I \ KN | I ∈ N } = {G1, . . . , Gg},(13)

HN = min
⊆

{(I ∪ J) \ KN | I ∈ N , J ∈ S (v) \ N } = {H1, . . . , Hh}.(14)

The second antichain is empty when S (v) = N . Each Ha contains Gi for some index i.
Choose one such index ι(a). Let

FN =
g⊕

i=1
S0(−|Gi|)ηi

be the free graded S0-module with basis η1, . . . , ηg, and let ZN ⊆ FN be the submodule
generated by

τij = ℓGj\Giηi − ℓGi\Gj ηj (1 ≤ i < j ≤ g),(15)

ρa = ℓHa\Gι(a)ηι(a) (1 ≤ a ≤ h).(16)
Put E = I0 \ KN . Since I0 ∈ N , some Gi is contained in E. For any such i, define
(17) ϵN = ℓE\Giηi ∈ FN /ZN .

Finally, define two homogeneous ideals of S0 by
(18) Jamb

N = AnnS0(ϵN ), J intr
N = ⟨ℓH1 , . . . , ℓHh⟩ : ℓE .

For every j ∈ E, there are I, I ′ ∈ N with j ∈ I and j /∈ I ′, so the j-th row of B and the
linear form ℓj are nonzero. Thus ℓE ̸= 0. If h = 0, then J intr

N is zero. For the distinguished
collection, if rank L ≥ 1, then we have h ≥ 1, because L contains some u with w · u < 0, and
such a u gives Iu ∈ S (v) \ Nv.

For the completed obstruction module, we write u for the variable of the Hilbert series
and use the notation
(19) Hilb

(
DN (e); u

)
=
∑
q≥0

dimC
(
J intr

N /Jamb
N

)
q

uq.

The definition in (19) uses the graded quotient J intr
N /Jamb

N ; we do not regard the completed
module as a direct-sum graded module.

Let ΓN be the matrix whose columns are the vectors in (15) and (16), followed, as the last
column, by a lift of ϵN to FN . Grade the source so that ΓN becomes a homogeneous map



8 NAKANO RYUNOSUKE⊕
j S0(−dj) → FN , where dj is the degree of the j-th column. For a vector z, write zlast for

its last coordinate.

Theorem 3.7. Up to a graded relabeling of the basis, the submodule ZN , the class ϵN , and
the ideals Jamb

N and J intr
N are independent of the orderings and choices made above. Moreover,

(20) Jamb
N = Φ0

(
Q0

N (t) : e
)

⊆ J intr
N ,

and there is an isomorphism

(21) DN (e) ≃ Ŝ ⊗S0,m

(
J intr

N
Jamb

N

)
m

≃ Ŝ ⊗S0

J intr
N

Jamb
N

.

In particular,
(22) DN (e) = 0 ⇐⇒ Jamb

N = J intr
N .

Furthermore,
(23) Hilb

(
DN (e); u

)
= Hilb(S0/Jamb

N ; u) − Hilb(S0/J intr
N ; u).

For the distinguished collection at a fake exponent, both quotient rings on the right are
Artinian, and hence
(24) dimC DNv (e) = dimC(S0/Jamb

Nv
) − dimC(S0/J intr

Nv
).

If Z is any generating set of ker ΓN , then
(25) Jamb

N = ⟨zlast | z ∈ Z⟩ .

The extensions of Jamb
N and J intr

N to Ŝ are Φ(QN (t) : e) and ΠN : mv,N , respectively. Thus
the obstruction module is determined by the antichains GN and HN , the monomial e, and
the linear forms ℓj, and hence so are its vanishing and its Hilbert series.

Proof. We first work over R0. Set

F̃N =
g⊕

i=1
R0(−|Gi|)ηi.

Map the free graded R0-module F̃N onto M0
N by ηi 7−→ tGi . The kernel of this map is

generated by the pairwise Taylor relations tGj\Giηi − tGi\Gj ηj . This description of the
kernel is the first-syzygy part of the Taylor resolution [9, Chapter 4]. For completeness, this
description of the kernel also follows from the Zn-grading. In a fixed multidegree α, every
nonzero term of a syzygy is a scalar multiple of tα−1Gi ηi, and the sum of those scalars is zero;
here 1Y denotes the indicator vector of a set Y . Fixing one index i whose term is nonzero,
we express the vanishing of that sum of scalars as a sum of pairwise differences. Multiplying
the corresponding Taylor relations by tα−1Gi∪Gj gives the original homogeneous syzygy.

The ideal P 0
N (t) is generated by the monomials tHa . Since Gι(a) ⊆ Ha, the element

tHa\Gι(a)ηι(a) is a lift of tHa . Consequently, adjoining these h relations to the Taylor relations
yields a presentation of M0

N /P 0
N (t). The lifts corresponding to two choices of ι(a) differ by a

Taylor relation. Hence the resulting relation module does not depend on the choice of ι(a).
Tensor this presentation with S0 = R0/U0. Under the identification S0 ⊗R0 F̃N = FN , the

images of the Taylor relations and of the h additional relations generate ZN . Right exactness
of the tensor product gives

(26) FN

ZN
≃ S0 ⊗R0

M0
N

P 0
N (t) ≃ M0

N
U0M0

N + P 0
N (t) .

Under the isomorphisms in (26), the class in (17) is the class of e = tE . In particular, the
class ϵN is independent of the chosen Gi ⊆ E. The annihilator of this class is therefore{

Φ0(f)
∣∣ fe ∈ U0M0

N + P 0
N (t)

}
= Φ0

(
Q0

N (t) : e
)
, which proves the equality in (20).
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On the other hand, Φ0(P 0
N (t)) = ⟨ℓH1 , . . . , ℓHh⟩ and Φ0(e) = ℓE . Thus J intr

N is the
counterpart of ΠN : mv,N in S0. If Φ0(f) ∈ Jamb

N , applying Φ0 to fe ∈ U0M0
N + P 0

N (t) shows
that Φ0(f)ℓE belongs to Φ0(P 0

N (t)). Hence Jamb
N ⊆ J intr

N .
The completion maps R0,⟨t1,...,tn⟩ → R̂ and S0,m → Ŝ are faithfully flat, and forming a

colon ideal commutes with flat base change, because (a : y)/a is the kernel of multiplication
by y on the quotient by a. Since U0 ⊆ Q0

N (t) : e, it follows that Jamb
N Ŝ = Φ

(
QN (t) : e

)
and,

by the same argument over S0, that J intr
N Ŝ = ΠN : mv,N , so Theorem 3.3 gives (21). The

quotient J intr
N /Jamb

N is a finitely generated graded S0-module, and a nonzero homogeneous
element of such a module survives localization at m, so this quotient vanishes if and only if its
localization does; faithful flatness of S0,m → Ŝ then gives (22). The m-adic completion of a
finitely generated graded module is the product of its homogeneous components, which are the
components used in (19), and the exact sequence 0 → J intr

N /Jamb
N → S0/Jamb

N → S0/J intr
N → 0

gives (23).
It remains to bound dimC(S0/Jamb

N ) for the distinguished collection at a fake exponent.
Since w · g(i) > 0, the point −g(i) has negative weight and lies in the fiber of I−g(i) ,
so I−g(i) ∈ S (v) \ Nv. With I = I0 and J = I−g(i) in (3), and with KN ⊆ I0 and
G(i)(v) ∩ I0 = ∅, the resulting generator is e tG(i)(v); hence tG(i)(v) ∈ Q0

N (t) : e, and (20)
gives PB(v) ⊆ Jamb

N .
We show that PB(v) is primary to m. Let s0 ∈ Cr be a common zero of the generators of

PB(v), put u = Bs0, and fix i. Since
∏

j∈G(i)(v) ℓj(s0) = 0, we may choose j ∈ G(i)(v) with
uj = ℓj(s0) = 0; then vj is not a negative integer but vj −g

(i)
j is, so vj ∈ {0, 1, . . . , (g(i)

+ )j −1}
and the distraction of ∂g

(i)
+ vanishes along the whole line v + Cu. Since AB = 0, every point

of v + Cu has A-image β, and the description of the fake indicial ideal by distractions in
[16, Section 3.2] shows that every such point is a fake exponent. There are only finitely
many fake exponents for β and w. For a standard pair (a, σ) of inw(IA), the columns of
A indexed by σ are linearly independent. Otherwise, a nonzero integral relation among
these columns would give a lattice binomial supported in σ. The initial monomial of this
binomial, multiplied by ∂a, would belong to inw(IA). This membership contradicts the
defining property that every monomial obtained by multiplying ∂a by a monomial supported
in σ is standard for inw(IA). The conditions Av = β and vj = aj for j /∈ σ therefore
determine v, and there are finitely many standard pairs. Hence u = 0, and s0 = 0 because
the columns of B are linearly independent. Hilbert’s Nullstellensatz gives

√
PB(v) = m,

so dimC(S0/Jamb
N ) ≤ dimC(S0/PB(v)) < ∞ and S0/Jamb

N is Artinian; when the quotient
S0/Jamb

N is nonzero, Jamb
N is primary to m. Since Jamb

N ⊆ J intr
N , the quotient S0/J intr

N is
Artinian as well, and it is zero if J intr

N = S0, so the Hilbert-series identity gives (24). Finally,
an element f ∈ S0 annihilates ϵN exactly when ΓN

t(q, −f) = 0 for some vector q of relation
coefficients, so the image of ker ΓN under the last-coordinate projection is the annihilator
ideal, which proves (25). □

For a homogeneous subspace W ⊆ S0,i, let W ⊥ ⊆ C[∂s]i denote its orthogonal complement
under ⟨·, ·⟩s. Put V amb

N ,i = (Jamb
N )⊥

i and V intr
N ,i = (J intr

N )⊥
i .

Proposition 3.8. For every i ≥ 0, there is an inclusion V intr
N ,i ⊆ V amb

N ,i , and ⟨·, ·⟩s induces a
perfect pairing

(27)
(

J intr
N

Jamb
N

)
i

×
V amb

N ,i

V intr
N ,i

−→ C.

In particular, (
J intr

N
Jamb

N

)
i

≃

(
V amb

N ,i

V intr
N ,i

)∨

.
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If N is ordered, Theorem 5.5 and Proposition 6.2 of [12] identify V amb
N ,i and V intr

N ,i with the
degree-i ambient and intrinsic coefficient spaces at v, respectively.

Proof. The inclusion Jamb
N ⊆ J intr

N gives the reverse inclusion of the orthogonal complements.
The restriction of ⟨·, ·⟩s to S0,i ×C[∂s]i is perfect. Finite-dimensional linear duality therefore
identifies the dual of (J intr

N /Jamb
N )i with V amb

N ,i /V intr
N ,i , and this identification proves (27).

The last assertion follows from the two cited results and the description of J intr
N /Jamb

N in
Theorem 3.7. □

The second right-exact sequence (10) also gives the following description of the quotient
of the ambient coefficient space by the intrinsic coefficient space. This description does not
involve the completion.

Corollary 3.9. Put

(28)
CN = coker

(
TorR0

1 (R0/⟨e⟩, R0/Q0
N (t))

−→ TorR0
1 (R0/⟨e⟩, R0/(U0 + P 0

N (t)))
)

.

There is a natural graded isomorphism

(29) CN (|E|) ≃ J intr
N

Jamb
N

,

where the shift by |E| cancels the Koszul shift by deg e = |E|. For every i ≥ 0, there is an
exact sequence
(30) 0 −→ V intr

N ,i −→ V amb
N ,i −→

(
CN (|E|)i

)∨ −→ 0.

If N is ordered, the first two terms are the intrinsic and ambient coefficient spaces at v,
respectively.

Proof. Applying the one-element Koszul calculation in Theorem 3.6 over R0 gives CN (|E|) ≃
((U0 +P 0

N (t)) : e)/(Q0
N (t) : e). For f ∈ R0, the membership f ∈ (U0 +P 0

N (t)) : e is equivalent
to Φ0(f)Φ0(e) ∈ Φ0(P 0

N (t)), hence to Φ0(f) ∈ J intr
N . Equation (20) identifies the image of

the denominator with Jamb
N . Since U0 ⊆ Q0

N (t) : e, taking the quotient proves (29), and
Proposition 3.8 gives (30) and the last assertion. □

3.4. Two elements in the antichain GN

In this subsection, we compute Jamb
N and J intr

N when GN has two elements. Throughout
this subsection, we assume that GN = {G1, G2}, and we label these sets so that G1 ⊆ E.
Define α, β, and χ by α = ℓG1\G2 , β = ℓG2\G1 , and χ = ℓE\G1 . For i ∈ {1, 2}, define the
homogeneous ideal ai of S0 by

(31) ai =
〈

ℓHa\Gi

∣∣∣ 1 ≤ a ≤ h, ι(a) = i
〉

,

where the ideal generated by the empty set is zero.
The following theorem gives Jamb

N and J intr
N .

Theorem 3.10. We have
(32) Jamb

N =
(
a1 + β(a2 : α)

)
: χ, J intr

N =
(
a1 + (βa2 : α)

)
: χ.

Proof. The Taylor relation between η1 and η2 is βη1 −αη2, so the presentation in Theorem 3.7
gives

(33) FN

ZN
≃ S0η1 ⊕ S0η2

⟨βη1 − αη2, a1η1, a2η2⟩
.

An element f ∈ S0 annihilates η1 if and only if there are c ∈ S0, a ∈ a1, and b ∈ a2 with
f = cβ + a and cα = b, so AnnS0(η1) = a1 + β(a2 : α). Since ϵN = χη1, taking the colon by
χ proves the formula for Jamb

N in (32).
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For every j ∈ G1 ∪ G2, there are I, I ′ ∈ N with j ∈ I and j /∈ I ′, so the j-th row of B and
the linear form ℓj are nonzero. Define κ by κ = ℓG1∩G2 . The generators lifted from G1 have
images under Φ0 that generate καa1, and those lifted from G2 have images that generate
κβa2, so ⟨ℓH1 , . . . , ℓHh⟩ = κ(αa1 + βa2) and ℓE = καχ. Canceling κ in the domain S0 gives
J intr

N = (αa1 + βa2) : αχ. If fα = aα + βb with a ∈ a1 and b ∈ a2, then f − a ∈ (βa2 : α),
and the reverse inclusion follows from the same equality, so (αa1 + βa2) : α = a1 + (βa2 : α).
Taking the colon by χ proves the formula for J intr

N in (32). □

When E = G1 and a2 is principal, the quotient J intr
N /Jamb

N of the ideals in Theorem 3.10
is cyclic.
Corollary 3.11. Suppose that E = G1 and that there is a nonzero homogeneous polynomial γ
such that a2 = ⟨γ⟩. Choose representatives of the greatest common divisors, which are defined
up to nonzero constants, and define g0, h0, and ω by g0 = gcd(α, γ), h0 = gcd(α/g0, β), and
ω = (β/h0)(γ/g0). Then
(34) Jamb

N = a1 + ⟨h0ω⟩, J intr
N = a1 + ⟨ω⟩,

and multiplication by ω gives a graded isomorphism

(35) S0

⟨h0⟩ + (a1 : ω) (− deg ω) −→ J intr
N

Jamb
N

.

Suppose further that there is a nonzero homogeneous polynomial δ such that a1 = ⟨δ⟩, and
define δω, dh, dδ, and dh,δ by δω = δ/ gcd(δ, ω), dh = deg h0, dδ = deg δω, and dh,δ =
deg gcd(h0, δω). Then

(36) J intr
N

Jamb
N

≃ S0

⟨h0, δω⟩
(− deg ω),

and

(37) Hilb
(
DN (e); u

)
= udeg ω 1 − udh − udδ + udh+dδ−dh,δ

(1 − u)r
.

The obstruction vanishes if and only if h0 or δω is a nonzero constant.
Proof. Write α = g0α′ and γ = g0γ′, where α′ and γ′ are relatively prime, so that gcd(α, βγ) =
g0 gcd(α′, β) = g0h0. Theorem 3.10 and Euclid’s lemma give β(⟨γ⟩ : α) = ⟨βγ/g0⟩ = ⟨h0ω⟩
and (β⟨γ⟩ : α) = ⟨βγ/ gcd(α, βγ)⟩ = ⟨ω⟩, which proves (34). The quotient of these two ideals
is generated by the class of ω, and an element f ∈ S0 annihilates this class if and only if
fω ∈ a1 + ⟨h0ω⟩, which is equivalent to f ∈ (a1 : ω) + ⟨h0⟩; this proves (35).

If a1 = ⟨δ⟩, then Euclid’s lemma gives (a1 : ω) = ⟨δω⟩, which proves (36). The first syzygy
module of ⟨h0, δω⟩ is generated by the syzygy obtained by dividing the two generators by
their greatest common divisor, so S0/⟨h0, δω⟩ has the graded free resolution

0 −→ S0(−dh − dδ + dh,δ) −→ S0(−dh) ⊕ S0(−dδ) −→ S0 −→ S0

⟨h0, δω⟩
−→ 0.

Taking the Hilbert series and applying the shift in (36) proves (37). The polynomials h0 and
δω generate the unit ideal if and only if one of them is a nonzero constant, which proves the
last assertion. □

Corollary 3.11 gives the following condition on the rows of B.
Corollary 3.12. Suppose that E = G1, that there is a nonzero homogeneous polynomial γ
such that a2 = ⟨γ⟩, and that DN (e) ̸= 0. Then there are indices i ∈ G1 \ G2 and j ∈ G2 \ G1
such that the i-th and j-th rows of B are nonzero and proportional.
Proof. The isomorphism (35) shows that h0 is not a nonzero constant. Every irreducible
factor of h0 = gcd(α/g0, β) is a linear form that divides one factor of α and one factor of β.
The corresponding indices lie in the two asserted sets, and the corresponding rows of B are
proportional. □
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3.5. A Cohen–Macaulay vanishing criterion
In this subsection, we give a condition under which the module TN vanishes. Retain R0, U0,

and M0
N from Section 3.3. If M0

N = R0, then MN = R̂ and every conclusion of Theorem 3.13
holds directly; henceforth assume that M0

N is proper. Since the monomial generators of M0
N

are squarefree, there is a simplicial complex ∆N whose Stanley–Reisner ideal I∆N equals
M0

N . For a face F of ∆N , denote by AF the submatrix of A whose columns are indexed by F .
For the standard facts about Cohen–Macaulay Stanley–Reisner rings, systems of parameters,
and regular sequences, we refer to [2, Chapters 1–2] and [9, Chapter 13].

Theorem 3.13. Let w be generic, let v be a fake exponent, and let N be a negative support
family. Suppose that the Stanley–Reisner ring C[∆N ] = R0/M0

N is Cohen–Macaulay and
that every facet F of ∆N satisfies rank(AF ) = d. Then TorR̂

i

(
R̂/U, R̂/MN

)
= 0 for i > 0.

In particular, U ∩ MN = UMN , TN = 0, and DN (e) = 0. If N is ordered, the intrinsic
coefficient space equals the ambient coefficient space.

Proof. The case M0
N = R0 is settled before the statement, so assume that M0

N is proper.
Since C[∆N ] is Cohen–Macaulay, the simplicial complex ∆N is pure. Put q = dimC[∆N ].
Every facet of ∆N has cardinality q. For a facet F , let pF = ⟨tj | j /∈ F ⟩. The restrictions of
the linear forms θ1, . . . , θd to R0/pF have coefficient matrix AF . Hence the rank assumption
gives

dim R0

pF + U0
= |F | − rank(AF ) = q − d.

The minimal primes of I∆N are the ideals pF . Therefore,

dim R0

M0
N + U0

= q − d.

Thus θ1, . . . , θd form a partial homogeneous system of parameters for C[∆N ]. Since C[∆N ] is
Cohen–Macaulay, these linear forms form a regular sequence on C[∆N ].

Since rank(A) = d, the linear forms θ1, . . . , θd are linearly independent, hence a regular
sequence in R0. The Koszul complex on these forms is therefore a free resolution of R0/U0.
Tensoring this complex with R0/M0

N gives a complex whose homology vanishes in positive
degrees. Consequently, TorR0

i

(
R0/U0, R0/M0

N
)

= 0 for i > 0. Completion at ⟨t1, . . . , tn⟩ is
flat, so the same vanishing holds over R̂. The case i = 1 gives

U ∩ MN

UMN
= 0.

The remaining assertions follow from Theorem 3.3. □

Remark 3.14. Theorem 3.13 proves the equality U ∩ MN = UMN by showing that the linear
forms θ1, . . . , θd form a regular sequence on R0/M0

N . The hypotheses are sufficient but not
necessary: failure of either hypothesis does not by itself imply a nonzero obstruction.

3.6. A criterion applied at each factor
The preceding criterion yields the vanishing of the entire module TN . For intrinsic

perturbation, this conclusion is stronger than necessary: only the classes of TN represented
by multiples of e matter. We now give a criterion that applies at each factor of e and isolates
these classes.

Retain S0, Φ0, and P 0
N (t) from Section 3.3. Write E = I0 \ KN = {j1, . . . , jc} and

e =
∏c

a=1 tja
, where the displayed ordering of E is arbitrary. Define recursively

(38) P (0) = P 0
N (t), P (a) = P (a−1) : tja , ja = P (a−1) + ⟨tja⟩.

All the ideals in (38) are squarefree monomial ideals.
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Theorem 3.15. For every a = 1, . . . , c, multiplication by tja
induces an exact sequence

(39) TorR0
1 (S0, R0/ja) −→ S0

Φ0(P (a))
(−1) ·ℓja−−−−→ S0

Φ0(P (a−1))
.

In particular, the image of the first map is

(40) Φ0(P (a−1)) : ℓja

Φ0(P (a))
.

Let w be generic, let v be a fake exponent, and let N be a negative support family. Suppose
that, for some ordering of E, for every index a, either ja = R0, or else the Stanley–Reisner
ring R0/ja is Cohen–Macaulay and every facet F of the Stanley–Reisner complex of ja satisfies
rank(AF ) = d. Then ΠN : mv,N = Φ

(
PN (t) : e

)
= Φ

(
QN (t) : e

)
. Consequently, DN (e) = 0.

Proof. Multiplication by tja gives a short exact sequence

0 −→ R0

P (a) (−1) ·tja−−−→ R0

P (a−1) −→ R0

ja
−→ 0,

whose first map is injective precisely because P (a) = P (a−1) : tja . Tensoring with S0 = R0/U0
gives (39), and the kernel of the multiplication map there is the quotient in (40).

Assume the stated combinatorial hypotheses. If ja ̸= R0, the Cohen–Macaulay hypothesis
and the rank assumption imply that the linear forms θ1, . . . , θd form a partial homogeneous
system of parameters for R0/ja, so the proof of Theorem 3.13, applied to ja, shows that these
linear forms form a regular sequence on R0/ja. Hence TorR0

i (S0, R0/ja) = 0 for i > 0, and
the same vanishing is immediate when ja = R0. Formula (40) therefore gives Φ0(P (a−1)) :
ℓja

= Φ0(P (a)) for 1 ≤ a ≤ c, and iterating these identities with (J : f) : g = J : (fg) gives
Φ0(P (0)) :

∏c
a=1 ℓja = Φ0(P (c)) = Φ0(P (0) : e).

All the ideals above are homogeneous, localization of S0 at its homogeneous maximal ideal
followed by completion is flat, and taking the colon by a fixed element commutes with this
base change, so extending the last identity to Ŝ gives ΠN : mv,N = Φ(PN (t) : e). Since
PN (t) : e ⊆ QN (t) : e, and since the inclusion proved in Theorem 3.3 gives Φ(QN (t) : e) ⊆
ΠN : mv,N , the three ideals in the display of the statement are equal. Theorem 3.3 now gives
DN (e) = 0. □

The exact sequences in Theorem 3.15 also give bounds whose proofs use neither the
Cohen–Macaulay hypothesis nor the rank assumption of that theorem.

Proposition 3.16. Retain the notation of Theorem 3.15. If c = 0, then Jamb
N = J intr

N .
Suppose that c ≥ 1. For 0 ≤ a ≤ c, define homogeneous ideals ba and ca of S0 by ba = Φ0(P (a))
and ca = Φ0(P (0)) :

∏a
b=1 ℓjb

, where the product for a = 0 is 1. For 1 ≤ a ≤ c, define the
graded module Ea by

(41) Ea = ba−1 : ℓja

ba
.

Then ba ⊆ ca, and multiplication by ℓja
gives an exact sequence

(42) 0 −→ Ea(−1) −→
(
ca

ba

)
(−1) ·ℓja−−−−→ ca−1

ba−1
−→ ca−1

ba−1 + ℓja
ca

−→ 0.

Moreover, bc = Φ0(P 0
N (t) : e) and cc = J intr

N , and there is an exact sequence

(43) 0 −→ Jamb
N
bc

−→ cc

bc
−→ J intr

N
Jamb

N
−→ 0.

The quotient J intr
N /Jamb

N admits a filtration

(44) 0 = H0 ⊆ H1 ⊆ · · · ⊆ Hc = J intr
N

Jamb
N
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such that Hk/Hk−1 is a subquotient of Ec−k+1(k − 1) for 1 ≤ k ≤ c. Consequently,

(45) SuppS0

(
J intr

N
Jamb

N

)
⊆

c⋃
a=1

SuppS0(Ea) ⊆
c⋃

a=1
SuppS0

(
TorR0

1 (S0, R0/ja)
)
,

and for every i ≥ 0 we have the degree bound

(46) dimC

(
J intr

N
Jamb

N

)
i

≤
c∑

a=1
dimC(Ea)i+c−a.

If all the modules Ea have finite length, then

(47) dimC DN (e) ≤
c∑

a=1
dimC Ea.

If N is ordered, the left-hand side of (46) is the dimension of the degree-i ambient coefficient
space modulo the degree-i intrinsic coefficient space.

Proof. If c = 0, then e = 1 and M0
N = R0, so Q0

N (t) = U0 +P 0
N (t) and Jamb

N = J intr
N ; suppose

that c ≥ 1. Since (
∏

b≤a tjb
)P (a) ⊆ P (0), applying Φ0 gives ba ⊆ ca, and associativity of the

colon operation gives ca = ca−1 : ℓja . The inclusion tjaP (a) ⊆ P (a−1) makes multiplication by
ℓja the middle map in (42), and ba−1 ⊆ ca−1 gives ba−1 : ℓja ⊆ ca, so the kernel of that map
is Ea(−1) and its cokernel is the last quotient in (42). Successive colons give P (c) = P 0

N (t) : e,
hence cc = J intr

N , and P 0
N (t) ⊆ Q0

N (t) with Theorem 3.7 give bc ⊆ Jamb
N ⊆ J intr

N and hence
(43).

Put Fa = ca/ba and let Ka ⊆ Fa−1 be the image of the middle map, so that shifting the
kernel sequence gives 0 → Ea → Fa → Ka(1) → 0. We start from F0 = 0 and, for each a,
intersect a filtration of Fa−1 with Ka, shift, and adjoin Ea; this construction gives inductively
a filtration of Fa whose k-th factor is a subquotient of Ea−k+1(k − 1). Passing to the quotient
in (43) gives (44). Shifts do not change the support, so the filtration gives the first inclusion
in (45), and (40) identifies Ea with the image of the first map in (39), which gives the second.
Taking degree-i components gives (46), taking lengths in the finite-length case gives (47)
because completion preserves the length of J intr

N /Jamb
N , and the last assertion follows from

Proposition 3.8. □

For matroid connectivity, we follow the conventions of [13, Chapter 8]. The criterion of
Theorem 3.15 takes the following form when every ideal ja is either R0 or generated by two
monomials.

Corollary 3.17. Retain the notation of Theorem 3.15. Suppose that E has an ordering for
which, for every a, either ja = R0 or

(48) ja =
〈

tja
,
∏

k∈Wa

tk

〉
for a nonempty set Wa ⊆ {1, . . . , n} \ {ja}. If rank(A{1,...,n}\{ja,k}) = d for k ∈ Wa, then
DN (e) = 0.

When rank L = 2 and the column matroid of A is three-connected, the rank condition is
automatic. Thus, in that case, condition (48) alone implies DN (e) = 0.

Proof. If the ideal (48) is proper, then the quotient R0/ja is a hypersurface ring in the
variables other than tja

. The quotient R0/ja is therefore Cohen–Macaulay. The facets of the
Stanley–Reisner complex of ja are the sets {1, . . . , n} \ {ja, k} for k ∈ Wa. The first assertion
follows from Theorem 3.15.

For the last assertion, recall that duality preserves three-connectivity. A three-connected
matroid of rank 2 is simple, and hence is the uniform matroid of rank 2 on n elements. The
dual of the column matroid of A is therefore the uniform matroid of rank 2 on n elements, so
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the column matroid of A is the uniform matroid of rank n − 2 on n elements. Since d = n − 2,
every submatrix A{1,...,n}\{ja,k} has rank d. □

Remark 3.18. The hypotheses of Theorem 3.13 make θ1, . . . , θd a regular sequence on R0/M0
N .

The hypotheses of Theorem 3.15 make these linear forms a regular sequence only on the
successive quotients R0/ja. Theorem 3.15 does not assume that the module TN vanishes; the
criterion tests only the classes represented by multiples of e. Formula (40) identifies, at each
factor, the image of the map out of the Tor term, and this image is what can give rise to
such a class.

4. Low lattice rank

In this section, we work in low lattice rank and distinguish ordered negative support
families from the distinguished collection.

4.1. Lattice rank 1
A proper ordered family can already have a nonzero obstruction in lattice rank 1, but the

distinguished collection cannot.

Theorem 4.1. There exist a homogeneous A-hypergeometric system with rank L = 1, a
generic direction, a fake exponent v, and a proper ordered negative support family N ⊊ Nv

such that Jamb
N = ⟨s1⟩ and J intr

N = C[s1], and hence DN (e) ≃ C[s1]/⟨s1⟩. In particular,
the obstruction has dimension one, the intrinsic coefficient space is zero, and the ambient
coefficient space has dimension one.

Proof. Set

A =


1 1 1 1 1
2 1 0 0 0
2 0 1 0 0

−1 0 0 1 0

 , b = t(1, −2, −2, 1, 2),

and take w = (1, 0, 0, 0, 0), v = t(−2, −2, 0, −1, 0), and β = Av = t(−5, −6, −4, 1). The
equality Ab = 0 and the unimodular minor on columns 2, 3, 4, 5 show that L = Zb, and the
first row of A shows that A is homogeneous. Since b is primitive, IA = ⟨∂1∂4∂2

5 − ∂2
2∂2

3⟩,
where the underlined monomial is the initial monomial with respect to w. The distraction
of that monomial vanishes at v because v5 = 0, so v is a fake exponent. For k ∈ Z, direct
substitution gives nsupp(v + kb) = {1, 4, 5} for k ≤ −1, {1, 2, 4} for k = 0, {1, 2, 3} for
k = 1, and {2, 3} for k ≥ 2. Since the weight of kb is k, the distinguished collection is
Nv = {{1, 2, 4}, {1, 2, 3}, {2, 3}}, and the same classification shows that the proper subfamily
N = {{1, 2, 4}, {2, 3}} is ordered. The definitions give KN = {2}, e = t1t4, MN = ⟨t1t4, t3⟩,
and PN (t) = ⟨t1t3, t1t4t5⟩. Since Φ sends t1, t2, t3, t4, t5 to s1, −2s1, −2s1, s1, 2s1, respectively,
we obtain ΠN = ⟨s2

1⟩, mv,N = s2
1, and J intr

N = C[s1]. Recall that U = ⟨At⟩ = ker Φ and
QN (t) = UMN + PN (t). Since e ∈ MN and et5 ∈ PN (t), the ideal Φ(QN (t) : e) contains s1.
Since the degree-two part of QN (t) is contained in ⟨t3⟩, we have e /∈ QN (t), so Φ(QN (t) : e)
is proper. The homogeneous ideal Φ(QN (t) : e) equals ⟨s1⟩Ŝ, and hence Jamb

N = ⟨s1⟩ ⊆ S0.
The assertions now follow from Theorem 3.7 and Proposition 3.8. □

We now turn to the distinguished collection. Let L = Zb, where b is primitive and has
its sign chosen so that w · b > 0. Put Ik = nsupp(v + kb) for k ∈ Z; in particular, I0 = I0.
Since L = Zb, every binomial ∂(kb)+ − ∂(kb)− is divisible by ∂b+ − ∂b− , so IA is generated
by the single binomial ∂b+ − ∂b− , whose initial monomial is ∂b+ because w · b > 0. Thus
C(w) = Nb. The distinguished collection Nv consists of the negative supports whose support
fibers have nonnegative weight.

The following lemma determines these support fibers.
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Lemma 4.2. Suppose that L = Zb, that w · b > 0, and that v is a fake exponent. For every
realized negative support I, the set {k ∈ Z | Ik = I} is an interval in Z. The support fiber of
I0 has minimum 0, the distinguished collection is Nv = {Ik | k ≥ 0}, and Nv is ordered.

Proof. If vj /∈ Z, then the index j belongs to none of the sets Ik. Suppose that vj ∈ Z. If
bj > 0, the condition j ∈ Ik defines a left half-line in Z; if bj < 0, the condition defines a
right half-line; and if bj = 0, the condition holds either for every k or for no k. Hence the
fiber of every negative support is an intersection of integer half-lines, and such an intersection
is an interval.

In lattice rank 1, the initial monomial of the toric ideal is ∂b+ . Since v is a fake exponent,
there is an index j such that bj > 0 and vj ∈ {0, . . . , bj − 1}. Thus j /∈ I0 and j ∈ I−1. The
support fiber of I0 contains 0 but does not contain −1, so its minimum is 0.

If a support fiber met both Z<0 and Z≥0, it would contain 0. It would then be the fiber of
I0, which contradicts the fact that this fiber has minimum 0. Hence every fiber that meets
Z≥0 is contained in Z≥0. Since w · b > 0, the definition of Nv gives the asserted description
of the distinguished collection. The index found above belongs to every support Ik with k < 0
and to no support Ik with k ≥ 0. Thus no support outside Nv is contained in a member of
Nv, which proves that Nv is ordered. □

Theorem 4.3. Suppose that rank L = 1, let v be a fake exponent, and take N = Nv. Then
Φ(QN (t) : e) = ΠN : mv,N . Equivalently, DN (e) = 0. The distinguished collection is ordered,
and its intrinsic coefficient space equals its ambient coefficient space.

Proof. By Lemma 4.2, we have Nv = {Ik | k ≥ 0}.
Set K =

⋂
k≥0 Ik, E = I0 \ K, and H = I−1 \ I0. An index j ∈ E has bj > 0: if an index

j with bj < 0 belongs to I0, then j belongs to Ik for every k ≥ 0, and an index j with bj = 0
belongs either to every Ik or to none. The same argument gives bj > 0 for every j ∈ H. In
particular, none of the linear forms Φ(tj) = bjs1, with j ∈ E ∪ H, is zero.

For k < 0, every index j ∈ I−1 with bj > 0 belongs to Ik. If an index j with bj < 0 belongs
to I−1, then j belongs to Ik for every k ≥ −1, hence belongs to K, and is therefore absent
from I−1 \ K. Thus (I−1 \ K) = E ⊔ H ⊆ Ik \ K for k < 0. For k ≥ 0, the set of indices
j ∈ Ik \ K with bj > 0 is contained in E. Therefore every generator of PN (t) is divisible by
tE⊔H , and the pair (I0, I−1) contributes exactly this monomial. Hence PN (t) = ⟨tE⊔H⟩ and
e = tE .

Since Φ(tj) = bjs1, there are nonzero constants cE , cH such that mv,N = cEs
|E|
1 and

ΠN = ⟨cEcHs
|E|+|H|
1 ⟩. It follows that ΠN : mv,N = ⟨s|H|

1 ⟩. On the other hand, tH ∈ PN (t) :
e ⊆ QN (t) : e, and Φ(tH) = cHs

|H|
1 . Since Φ(UMN ) = 0, the inclusion Φ(QN (t) : e) ⊆ ΠN :

mv,N holds in general; the computation above gives the reverse inclusion and hence the
equality. □

The following lemma extends this argument from a fake exponent to an arbitrary vector
a ∈ Cn.

Lemma 4.4. Let L = Zb, choose the sign of b so that w · b > 0, and, for a vector a ∈ Cn,
put Jk = nsupp(a + kb) for k ∈ Z. Suppose that the fiber of J0 has minimum 0. For the
collection W = {Jk | k ≥ 0}, the obstruction vanishes. Here the obstruction is defined with
the set {Jk | k ∈ Z} of all realized negative supports in place of S (v).

Proof. By the first paragraph of the proof of Lemma 4.2, every support fiber is an interval.
If a fiber met both Z<0 and Z≥0, it would contain 0, and hence would be the fiber of J0.
This contradicts the assumption that the fiber of J0 has minimum 0. Thus W is precisely
the collection of supports whose fibers are contained in the nonnegative half-line.

Put K =
⋂

k≥0 Jk, E = J0 \ K, and H = J−1 \ J0. The proof of Theorem 4.3 uses
only this interval description. That proof gives PW(t) = ⟨tE⊔H⟩ and e = tE , and therefore
ΠW : ma,W = ⟨s|H|

1 ⟩ = Φ(QW(t) : e). The obstruction vanishes by Theorem 3.3. □
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These results yield the following corollary.

Corollary 4.5. Lattice rank 1 is the least rank in which a nonzero obstruction for a negative
support family can occur, and the ordered family in Theorem 4.1 has a nonzero obstruction in
that rank. For the distinguished collection, the obstruction vanishes whenever the lattice rank
is at most 1. The distinguished collection in the five-column example of Theorem 5.1 has a
nonzero obstruction in lattice rank 2, but that collection is not ordered. The distinguished
collection in Theorem 4.17 is ordered and also has a nonzero obstruction in lattice rank 2.

Proof. If rank L = 0, then I0 is the only realized negative support, KN = I0, e = 1, and
PN (t) = 0; both ideals in (7) are zero. Theorem 4.1 gives the example with an ordered
negative support family in lattice rank 1, and Theorem 4.3 proves the assertion for the
distinguished collection in lattice rank 1. The matrix in (64) has lattice rank 2. □

In the next corollary, we use the notation α, β, g0, h0, ω, δω, dh, dδ, and dh,δ from
Theorem 3.10 and Corollary 3.11. Combining Corollary 4.5 with Corollary 3.11, we obtain
the following.

Corollary 4.6. Let v be a fake exponent, and take N = Nv. Suppose that GN = {G1, G2}
and E = G1, and suppose that there are nonzero homogeneous polynomials δ and γ such that,
for some choice of ι in (16), the ideals in (31) satisfy a1 = ⟨δ⟩ and a2 = ⟨γ⟩. If DN (e) ̸= 0,
then rank L = 2, gcd(δ, ω) = 1, and gcd(h0, δ) = 1. In that case, δω = δ and dh,δ = 0.
Moreover, dh, dδ ≥ 1 and dimC DN (e) = dhdδ, and

J intr
N

Jamb
N

≃ S0

⟨h0, δ⟩
(− deg ω),(49)

Hilb
(
DN (e); u

)
= udeg ω(1 + u + · · · + udh−1)(1 + u + · · · + udδ−1).(50)

Proof. Theorem 3.7 shows that S0/Jamb
N is Artinian. Since the obstruction is nonzero, the

ideal Jamb
N is proper. Corollary 3.11 gives Jamb

N = ⟨δ, h0ω⟩. Krull’s height theorem gives
r ≤ 2. Corollary 4.5 gives r ≥ 2, and hence r = 2. The proper Artinian ideal ⟨δ, h0ω⟩ has
height 2, so its two generators are relatively prime. Thus gcd(δ, ω) = 1 and gcd(h0, δ) = 1.
The vanishing statement in Corollary 3.11 gives dh, dδ ≥ 1. Equation (36) now gives (49).
The polynomials h0 and δ form a homogeneous regular sequence in S0. The quotient of S0
by ⟨h0, δ⟩ has Hilbert series

(1 − udh)(1 − udδ )
(1 − u)2 = (1 + u + · · · + udh−1)(1 + u + · · · + udδ−1).

Applying the degree shift by − deg ω proves (50), and evaluating the Hilbert series at u = 1
gives dimC DN (e) = dhdδ. □

4.2. Proportional rows of a Gale dual in lattice rank 2
The rank 2 counterexample in Theorem 5.1 has two proportional rows in its Gale dual. We

now give a nonproportionality condition on pairs of rows of B under which the obstruction
vanishes.

Let bj denote the j-th row of an n × 2 Gale dual B. For v ∈ Cn, put JZ(v) = {j | vj ∈ Z},
and define Jmov(v) by
(51) Jmov(v) = {j ∈ JZ(v) | bj ̸= 0}.

Also put J−
const(v) = {j ∈ JZ(v) | bj = 0, vj < 0}. The set Jmov(v) does not depend on the

choice of the Gale dual B. No index outside JZ(v) belongs to a negative support. An index j
with bj = 0 either belongs to every negative support or belongs to none.

Lemma 4.7. Suppose that rank L = 2, and put p = #Jmov(v). Then

(52) #S (v) ≤ Rp = 1 + p(p + 1)
2 .
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More precisely, consider the affine line arrangement

(53) bjz + vj + 1
2 = 0 (j ∈ Jmov(v)),

and label each region by adjoining J−
const(v) to the set of indices j ∈ Jmov(v) whose lines have

the region on their negative side. The realized negative supports are exactly the labels of the
regions that contain an integral point.

Proof. If j /∈ JZ(v), then vj + bjz is nonintegral for every z ∈ Z2, so j belongs to no negative
support, and if bj = 0, then j belongs to every negative support precisely when j ∈ J−

const(v).
For every remaining index, both vj and bjz are integral, so

(54) j ∈ nsupp(v + Bz) ⇐⇒ bjz + vj + 1
2 < 0.

No integral point lies on a line in (53), so every integral point lies in a region whose label
is its negative support, and a region label is realized precisely when the region contains an
integral point. Adding the k-th line to an arrangement of k − 1 lines creates at most k new
regions, so starting from one region gives at most 1 +

∑
k≤p k = 1 + p(p + 1)/2 regions, and

coincident or parallel lines only decrease this number. □

Suppose that vj ∈ {−1, 0} for j ∈ Jmov(v). For j ∈ Jmov(v), put b̂j = −bj if j ∈ I0 and
b̂j = bj otherwise. Put

(55) K0(v, B) =
{

z ∈ R2
∣∣∣ b̂jz ≥ 0 for j ∈ Jmov(v)

}
.

Remark 4.8. Put c = wB. The condition used below is
(56) c ̸∥ bj (j ∈ Jmov(v)).
Here ̸∥ means that the two row vectors are linearly independent. After Jmov(v) is fixed, this
condition holds outside a finite union of proper hyperplanes in every full-dimensional Gröbner
cone. This condition is weaker than requiring cz ̸= 0 for every nonzero z ∈ Z2. In fact, a
nonzero rational row vector can avoid the finitely many directions of the rows of B and still
vanish on a nonzero vector in Z2.

T1
T2

T0

T3
cz = 0

cz > 0
j

Figure 1. The central line arrangement with three lines in the proofs of
Lemmas 4.9 and 4.10: the regions T1 and T2 lie in the open semicircle of
directions with cz > 0, the regions T0 and T3 are adjacent across the two
ends of that semicircle, and the two antipodal directions on the dashed j-th
line are marked.

We prepare a lemma on central line arrangements; see Figure 1.
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Lemma 4.9. Let distinct central lines in R2 be indexed by a finite set J , for each j ∈ J choose
an open half-plane bounded by the j-th line, and label each region by the set of indices whose
chosen half-planes contain that region. Let T1, . . . , Tm be the consecutive regions contained in
an open half-plane whose boundary contains no ray of the arrangement. Denote by T0 and
Tm+1 the regions adjacent across the initial and terminal boundary rays of that half-plane,
respectively. The label of each region Ti is also denoted by Ti. Distinct regions have distinct
labels.

Fix j ∈ J . Suppose that the regions among T1, . . . , Tm whose labels omit j form a nonempty
initial segment and that T0 also omits j. Let I be the label of one of T1, . . . , Tm, and let J ′ be
the label of a region not among T1, . . . , Tm. If both labels omit j, then
(57) T0 ∪ T1 ⊆ I ∪ J ′.

The analogous statement holds at the terminal end: if the regions among T1, . . . , Tm whose
labels omit j form a nonempty terminal segment and Tm+1 omits j, then
(58) Tm ∪ Tm+1 ⊆ I ∪ J ′.

Both conclusions remain valid after the same fixed set is adjoined to every region label.

Proof. Two distinct regions are separated by at least one of the lines, so their labels differ in
the index of that line. The regions whose labels omit j are exactly the regions contained in
the open semicircle Cj of directions outside the half-plane chosen for j. Every central line
other than the j-th line has exactly one of its two rays inside Cj . Hence, along any arc inside
Cj , the membership of an index k ̸= j in the region labels changes at most once.

The regions T0 and T1 omit j, and they are adjacent across the initial boundary ray of the
open half-plane containing T1, . . . , Tm. That ray is not contained in the j-th line, because
the boundary of that half-plane contains no ray of the arrangement; hence that ray lies in
Cj , and the antipodal terminal boundary ray does not. The regions omitting j therefore
form a block of consecutive regions that crosses the initial boundary ray and not the terminal
one: inside that half-plane they are the regions of the given initial segment, and outside that
half-plane they begin with T0. Order this block linearly, starting outside that half-plane; then
the region labeled J ′ precedes or equals T0, and T1 precedes or equals the region labeled I.
Choose an arc inside Cj from the region labeled J ′ to the region labeled I; this arc passes
through T0 and T1.

Let k ∈ T0 ∪ T1, and note that k ̸= j because T0 and T1 omit j. If k belonged to neither I
nor J ′, the membership of k would change at least twice along the chosen arc: once between
the region labeled J ′ and the first of T0, T1 containing k, and once between the last of T0, T1
containing k and the region labeled I. This contradicts the bound established in the first
paragraph of this proof. Hence k ∈ I ∪ J ′, which proves (57). Reversing the circular order
proves (58). Adjoining the same fixed set to every label adds that set to both sides of (57)
and (58). □

By this lemma, we obtain the following.

Lemma 4.10. Suppose that rank L = 2, that v is a fake exponent, that vj ∈ {−1, 0} for
j ∈ Jmov(v), that the rows of B indexed by Jmov(v) are pairwise nonproportional, and that
c = wB satisfies (56). Put p = #Jmov(v). Then p ≥ 2, and, for the distinguished collection
Nv, we have

#Nv =
{

p − 1, K0(v, B) has nonempty interior,

p, K0(v, B) = {0}.

Moreover, the set E = I0 \ KNv admits an ordering satisfying condition (48).

Proof. Write c = wB ∈ R2, and put J = Jmov(v) and F = I0 \ J . Every index in F has a
zero row of B and belongs to every realized negative support. Every index outside JZ(v)
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belongs to no realized negative support. Hence, for z ∈ Z2, integrality gives

(59) nsupp(v + Bz) = F ∪
(

(I0 ∩ J) △
{

j ∈ J
∣∣∣ b̂jz < 0

})
,

where △ denotes symmetric difference. Label each region of the central line arrangement
b̂jz = 0 for j ∈ J by the value that the right-hand side of (59) takes on that region. The
hypotheses on the rows make these lines distinct, so consecutive regions have labels differing
in exactly one index, distinct regions have distinct labels by convexity, and each index in
J changes its membership in the region labels exactly once along any open semicircle. A
nonzero point on the line b̂jz = 0 carries the label of the adjacent region on the side b̂jz > 0,
and every region is a nonempty rational open cone and hence contains a lattice point; the
supports realized at nonzero lattice points are therefore exactly the region labels.

Because v is a fake exponent, every lattice point in the support fiber of I0 has nonnegative
c-weight. For p = 0, that fiber is all of Z2, and for p = 1, it consists of the lattice points
in a rational closed half-plane; genericity and (56) then supply a lattice point of negative
c-weight in that fiber, and hence p ≥ 2. A region label belongs to Nv precisely when the
region is contained in the open half-plane cz > 0: the boundary rays of such a region also
have positive c-weight, and scaling a rational point of a region meeting the open half-plane
cz < 0 gives a lattice point of negative c-weight. The region labels in Nv therefore form a
consecutive block T1, . . . , Tm in the open semicircle of directions with cz > 0; this semicircle
crosses each of the p central lines once, its two end regions are cut by the line cz = 0, and a
central ray contributes no additional support, so m = p − 1.

A nonzero point of K0(v, B) lies on at most one line of the arrangement, and perturbing
the point off that line when necessary gives an interior point; hence K0(v, B) is either {0} or
a cone with nonempty interior. If K0(v, B) has nonempty interior, then K0(v, B) is contained
in the closed half-plane cz ≥ 0, because a closed convex cone with nonempty interior is the
closure of that interior, so I0 is one of T1, . . . , Tm. If K0(v, B) = {0}, then I0 is realized only
at the origin and is an additional member of Nv. This proves the asserted formula for #Nv.

Let T0 and Tm+1 be the region labels adjacent to the two ends of this block; both lie
outside Nv. Every index in F belongs to KNv , so E ⊆ J , and each index in J changes
its membership in the region labels at most once in passing from T0 to Tm+1. Hence, for
j ∈ E, the labels among T1, . . . , Tm omitting j form a nonempty initial segment, a nonempty
terminal segment, or all of T1, . . . , Tm, and in the last case exactly one of T0 and Tm+1 omits
j because the two corresponding regions are antipodal. Call j initial if the labels omitting
j form a proper initial segment, or if all of T1, . . . , Tm omit j and T0 omits j, and terminal
otherwise; then an initial index is omitted by both T0 and T1, and a terminal index is omitted
by both Tm and Tm+1. Ordering the initial indices first and the terminal indices after them
gives an ordering j1, . . . , jc of E.

Lemma 4.9 shows that T0 ∪ T1 is contained in every union I ∪ J ′ in which I ∈ Nv and
J ′ ∈ S (v) \ Nv both omit an initial index ja, and that Tm ∪ Tm+1 has the same property
for a terminal index. The pairs (T1, T0) and (Tm, Tm+1) realize these two unions, and, when
I0 is an additional member of Nv, the set I0 is realized only at the origin, contains ja,
and hence does not occur among these pairs. Put Ya−1 = {j1, . . . , ja−1}, and note that
taking the colon by the product of the variables indexed by Ya−1 deletes those indices from
every squarefree generator and preserves the inclusions supplied by Lemma 4.9. Therefore
P (a−1) + ⟨tja

⟩ =
〈
tja

, t(T0∪T1)\(KNv ∪Ya−1)〉 for an initial index, and the same formula with
T0 ∪ T1 replaced by Tm ∪ Tm+1 holds for a terminal index. If the second monomial is 1, this
ideal is the unit ideal; otherwise the second monomial is the unique minimal generator not
divisible by tja

, so the ideal has the form (48). □

We call a fake exponent v binary if vj ∈ {−1, 0} for every j. We call v moving-binary if
vj ∈ {−1, 0} for j ∈ Jmov(v).
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Theorem 4.11. Suppose that rank L = 2, that v is a moving-binary fake exponent for a
generic direction satisfying (56), and that the rows of B indexed by Jmov(v) are pairwise
nonproportional. Then, for the distinguished collection, DNv (e) = 0. Moreover, if p =
#Jmov(v), then

#Nv =
{

p − 1, K0(v, B) has nonempty interior,

p, K0(v, B) = {0}.

If the distinguished collection is ordered, then its ambient and intrinsic coefficient spaces are
equal.

Proof. Lemma 4.10 supplies an ordering satisfying condition (48). Every index occurring
in a generator of one of the corresponding ideals ja belongs to Jmov(v). If j and k are
two distinct such indices, the rows bj and bk are linearly independent. Gale duality gives
rank A{1,...,n}\{j,k} = d. Corollary 3.17 therefore gives DNv (e) = 0. □

Remark 4.12. The row matroid of a Gale dual is the dual of the column matroid of A; see
[13, Chapter 2]. The cosimplicity of the column matroid implies the hypothesis on the rows
in Theorem 4.11. The theorem requires this hypothesis only for the rows indexed by Jmov(v).
Rows of B whose indices lie outside JZ(v) can be proportional, and an index with a zero row
of B either belongs to every member of S (v) or belongs to none.

Remark 4.13. In lattice rank 2, the finite presentation is effective for one fake exponent
v, under an exact input model in which A, B, JZ(v), and the integers vj , j ∈ JZ(v), are
given exactly and each entry of c = wB is a real algebraic number represented by a defining
polynomial in Z[x] and a rational isolating interval. The regions of the arrangement in (53)
are enumerated by incremental insertion of the lines, and Lemma 4.7 bounds their number,
so the subsets of Jmov(v) need not be enumerated. A region label I is realized exactly when
an integral point lies in the polyhedron cut out by bjz ≤ −vj − 1 for j ∈ I and bjz ≥ −vj for
j ∈ JZ(v) \ I. Whether a polyhedron contains an integral point is decidable [17, Chapters 16
and 18], and each fiber is Presburger-definable, so Theorem 1.3 of [8] gives an effectively
computable semilinear description of the fiber. Proposition 3 of [3] gives explicit bounds
for a semilinear decomposition of the integral solutions of a system of linear inequalities.
Membership in Nv is then given by a finite list of sign conditions on the generators of
the semilinear pieces, decided by exact real-algebraic arithmetic [1, Chapter 2], so ΓNv is
computable with entries in Q[s1, s2]. Gröbner bases compute ker ΓNv and the Hilbert series of
S0/Jamb

Nv
and S0/J intr

Nv
[5, Chapter 5, Sections 2–3], [4, Chapters 2 and 9]. Theorem 3.7 gives

the Hilbert series of DNv (e) as the first series minus the second and the dimension of DNv (e)
as the value of this difference at u = 1. This procedure treats one fake exponent; it does
not enumerate isomorphism classes of rank 2 obstruction modules and gives no complexity
bound.

The negative support of a fake exponent does not determine the obstruction, as the
following proposition shows.

Proposition 4.14. The negative support of a fake exponent does not determine the rank 2
obstruction, even when a proportional pair of integral rows of B is fixed. More precisely, let

(60) A =

 1 1 1 0 0
−1 −2 0 1 0
1 2 0 0 1

 , B =


1 2
0 −1

−1 −1
1 0

−1 0

 .

Put
ε =

√
2

100 , w = (5, 3 − ε, 0, 0, 0),
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and take v = t(0, 0, −3, 0, −2) and v♭ = t(0, 0, −1, 0, −1). Then both vectors are fake exponents
for the same generic direction, and nsupp(v♭) = nsupp(v). For ṽ ∈ {v, v♭}, put e

ṽ
=

t
nsupp(ṽ)\KN

ṽ . Then
(61) DNv (ev) = 0, Hilb

(
DN

v♭
(ev♭); u

)
= u.

Proof. We have AB = 0 and (1, 1, 1)A = (1, 1, 1, 1, 1), and the minor of B on rows two and
four is 1. Thus the columns of B form a Z-basis of L, and A is homogeneous. Moreover,
wB = (5, 7 + ε), so the direction is generic and wB is not proportional to any row of B.
A Buchberger calculation gives the reduced toric Gröbner basis with initial monomials ∂2

1 ,
∂1∂4, ∂1∂5, and ∂2∂2

4 ; see [4, Chapter 2] for the criteria used. Each of these monomials
contains a variable indexed by 1, 2, or 4, and the corresponding coordinates of v and v♭

vanish, so v and v♭ are fake exponents. For compactness, write i1 · · · ik for {i1, . . . , ik}. By
solving the five sign inequalities in (54) over the integers and comparing the weights of the
resulting support fibers, we obtain Nv = {35, 235, 2345} and Nv♭ = {234, 35, 235}. The
linear forms are (ℓ1, . . . , ℓ5) = (s1 + 2s2, −s2, −s1 − s2, s1, −s1). For v, the two antichains
and the set Ev are GNv = {∅}, HNv = {24, 1}, and Ev = ∅, so Theorem 3.7 gives
Jamb

Nv
= J intr

Nv
= ⟨s2

2, s1 + 2s2⟩ and hence DNv (ev) = 0. For v♭, the corresponding data are
GN

v♭
= {24, 5}, HN

v♭
= {24, 15}, and Ev♭ = 5, and the matrix ΓN

v♭
in Theorem 3.7 gives

Jamb
N

v♭
= ⟨s1 + 2s2, s2

2⟩ and J intr
N

v♭
= ⟨s1, s2⟩. The quotient of these two ideals is generated in

degree one by the class of s2 and has square zero, so the second identity in (61) follows.
Finally, the fourth and fifth rows of B are nonzero and proportional. □

Theorem 4.11 yields the following corollary.

Corollary 4.15. Suppose that rank L = 2, that v is a fake exponent for a generic direction
w, that the column matroid of A is cosimple, that v is moving-binary, and that wB is not
proportional to any row of B. Then the obstruction for the distinguished collection vanishes.

Proof. Since the column matroid of A is cosimple, the rows of a rank 2 Gale dual are nonzero
and pairwise nonproportional. Theorem 4.11 applies. □

Corollary 4.15 yields the following lower bound on the lattice rank.

Corollary 4.16. Suppose that v is a moving-binary fake exponent for a generic direction w,
that the direction is nonzero on every nonzero element of L, and that the column matroid of
A is cosimple. If the intrinsic-perturbation obstruction module for the distinguished collection
is nonzero, then rank L ≥ 3. The three-connected example in Theorem 5.6 attains this bound.

Proof. If wB were proportional to a row of B, then wB would vanish on a nonzero integral
vector in the kernel of that row, contrary to the hypothesis on the direction. Hence the rank
2 case follows from Corollary 4.15, and the rank 0 and rank 1 cases follow from Corollary 4.5.
The column matroid in Theorem 5.6 is three-connected and has six elements, and hence it is
cosimple. The fake exponent in Theorem 5.6 is binary. Item (6) of Theorem 5.6 states that
the direction there is nonzero on every nonzero element of L. □

The hypotheses of Theorem 4.11 cannot be replaced by the assumption that the distin-
guished collection is ordered.

Theorem 4.17. An ordered distinguished collection can have a nonzero obstruction. More
precisely, let

(62) A =

 20 −5 3 0 0
−3 2 −1 1 0
−16 4 −1 0 1

 , B =


0 −1
3 −4
5 0

−1 5
−7 0

 .



THE OBSTRUCTION TO INTRINSIC PERTURBATION 23

Put
ϑ = 15 +

√
2

100 , w = (ϑ − 4, 1, 0, 0, 0),

so that wB = (3, −ϑ), and take v = t(0, 1, 0, −2, −3). Then A is homogeneous, the direction
is generic, and v is a fake exponent for β = Av = t(−5, 0, 1). The distinguished collection is
Nv =

{
{3, 4}, {4, 5}

}
, this collection is ordered, and

(63) Jamb
Nv

= ⟨s2, s2
1⟩ ⊊ ⟨s1, s2⟩ = J intr

Nv
.

Hence dimC DNv (e) = 1.

Proof. We have AB = 0, and the minor of B on rows one and four is −1, so the
columns of B form a Z-basis of L. Since (1, 1, 1)A = (1, 1, 1, 1, 1), the matrix A is ho-
mogeneous. A Buchberger calculation gives the reduced toric Gröbner basis with initial
monomials ∂1∂4

2 , ∂3
2∂5

3 , ∂1∂2∂7
5 , and ∂1∂14

5 ; the corresponding exponent differences have
w-weights ϑ, 3, ϑ − 3, and ϑ − 6. These weights are positive. The irrationality of ϑ
makes this direction generic, because 3z1 − ϑz2 vanishes for z ∈ Z2 only at the origin,
so no nonzero element of L has zero w-weight. Each initial monomial is divisible by
∂1 or by ∂3

2 , and v has v1 = 0 and v2 = 1, so v annihilates the distraction of inw(IA);
together with Av = β, this shows that v is a fake exponent. Writing z = t(plat, qlat),
we have v + Bz = t(−qlat, 1 + 3plat − 4qlat, 5plat, −2 − plat + 5qlat, −3 − 7plat) and
wBz = 3plat − ϑqlat, so the five sign conditions read qlat ≥ 1, 3plat − 4qlat ≤ −2,
plat ≤ −1, plat − 5qlat ≥ −1, and plat ≥ 0. Solving them over the integers gives
S (v) =

{
{2, 3}, {1, 2, 3}, {3, 4}, {2, 3, 4}, {1, 5}, {1, 2, 5}, {4, 5}, {1, 4, 5}

}
, and comparing

the weights of the resulting support fibers leaves Nv =
{

{3, 4}, {4, 5}
}

. No member
of S (v) other than {3, 4} is contained in {3, 4}, and none other than {4, 5} is con-
tained in {4, 5}, so Nv is ordered. Here KNv = {4} and e = t5, the two antichains
are GNv =

{
{3}, {5}

}
and HNv =

{
{2, 3}, {1, 5}

}
, and E = {5}. The linear forms are

(ℓ1, . . . , ℓ5) = (−s2, 3s1 − 4s2, 5s1, −s1 + 5s2, −7s1), so J intr
Nv

=
〈
5s1(3s1 − 4s2), 7s1s2

〉
:

(−7s1) = ⟨s1, s2⟩, and the matrix ΓNv in Theorem 3.7 gives Jamb
Nv

= ⟨s2, s2
1⟩. The quotient in

(63) is spanned by the class of s1, so the obstruction has dimension one. □

Remark 4.18. The example in Theorem 4.17 fails two of the three hypotheses of Theorem 4.11.
The fake exponent is not moving-binary, because v4 = −2 and v5 = −3. The rows b3 = (5, 0)
and b5 = (−7, 0) of B are proportional, so the column matroid is not cosimple. The remaining
hypothesis holds: since ϑ is irrational, wB is not proportional to any row of B, so (56) is
satisfied. The example therefore shows that the assumption that the collection is ordered
does not by itself force the obstruction to vanish, and it does not show that either of the two
failing hypotheses is individually necessary.

Since the distinguished collection here is ordered, its intrinsic and ambient coefficient
spaces are defined and differ. This settles the case of an ordered distinguished collection in
Question 7.3 of [12].

5. Normality of C(w) does not eliminate the obstruction

In this section, we give two counterexamples for which C(w) is normal.

5.1. A counterexample of lattice rank 2
The following theorem gives a counterexample of lattice rank 2.

Theorem 5.1. There exist a homogeneous A-hypergeometric system, a generic direction,
a fake exponent v, and an ordered negative support family N ◦ ⊆ Nv for which Φ(QN ◦(t) :
e) ⊊ ΠN ◦ : mv,N ◦ . The affine semigroup C(w) is normal, and dimC DN ◦(e) = 1. The
distinguished collection Nv is not ordered, but it gives the same two monomial ideals, the
same monomial e, and hence the same obstruction module as the ordered family N ◦. For



24 NAKANO RYUNOSUKE

the ordered family N ◦, ambient perturbation supplies a logarithmic coefficient that cannot be
obtained by intrinsic perturbation.

Proof. Let

(64) A =

1 1 1 1 1
2 0 0 3 3
3 3 2 0 3

 , B =


3 0
2 3

−3 −3
1 1

−3 −1

 .

We have AB = 0, and the minor of B on rows two and four is −1, so the columns of B form
a Z-basis of L. The first row of A also shows that the configuration is homogeneous. Fix
ϑ = 40 +

√
2 and w = (−(2ϑ + 3)/9, ϑ/3, 0, 0, 0), so that wB = (−1, ϑ); the irrationality of

ϑ makes this direction generic. The reduced toric Gröbner basis is

(65)

f1 = ∂3
3∂3

5 − ∂3
1∂2

2∂4,

f2 = ∂3
2∂4 − ∂3

3∂5,

f3 = ∂2∂2
5 − ∂3

1 .

The first two initial monomials are relatively prime. The remaining two S-polynomials satisfy
S(f1, f3) = −∂3

1f2 and S(f2, f3) = −f1, so Buchberger’s criterion applies [4, Chapter 2].
To see that the ideal generated by f1, f2, f3 is all of IA, write the exponent difference
of two standard monomials of the same A-degree as B

t(plat, qlat). In each of the cases
plat + qlat > 0, plat + qlat < 0, and plat + qlat = 0, the three displayed initial monomials
force plat = qlat = 0, so distinct standard monomials cannot have the same A-degree.
Thus every lattice binomial reduces to zero, which proves that f1, f2, f3 generate IA. The
three binomials in (65) have lattice coordinates (−1, 0), (0, 1), and (−1, 1), and hence
C(w) = N(−1, 0) + N(0, 1) = {(plat, qlat) ∈ Z2 | plat ≤ 0, qlat ≥ 0}. This affine semigroup
is saturated and therefore normal. Take v = t(−1, 0, −1, 0, 0) and β = Av = t(−2, −2, −5).
Every initial monomial in (65) contains ∂2 or ∂5, so the distraction of that monomial vanishes
at v, and v is a fake exponent. If we write a lattice point as B

t(plat, qlat), the negative
support tests are

(66)

1 ∈ I(plat,qlat) plat ≤ 0
2 ∈ I(plat,qlat) 2plat + 3qlat ≤ −1
3 ∈ I(plat,qlat) plat + qlat ≥ 0
4 ∈ I(plat,qlat) plat + qlat ≤ −1
5 ∈ I(plat,qlat) 3plat + qlat ≥ 1.

A direct case distinction using these five integral inequalities gives exactly the following eight
supports.

(67)

I (plat, qlat) semigroup containment or negative weight
{1, 3} (0, 0) FI ⊆ C(w)
{1, 4} (−3, 2) FI ⊆ C(w)

{1, 3, 5} (0, 1) FI ⊆ C(w)
{2, 4} (1, −3) −1 − 3ϑ < 0

{1, 2, 4} (0, −1) −ϑ < 0
{3, 5} (1, 0) −1 < 0

{2, 3, 5} (1, −1) −1 − ϑ < 0
{2, 4, 5} (1, −2) −1 − 2ϑ < 0.

The inequalities in (66) also show that the first three fibers lie in C(w). In every other fiber,
the displayed point has negative weight. Consequently,
(68) Nv = {{1, 3}, {1, 4}, {1, 3, 5}}, KNv = {1}.
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The realized negative support {3, 5} is properly contained in {1, 3, 5}, so Nv is not ordered.
Set N ◦ = {{1, 3}, {1, 4}}. The same support table shows that N ◦ is ordered and that the
two families give the same two monomial ideals and the same monomial e:
(69) MN ◦ = MNv = ⟨t3, t4⟩, PN ◦(t) = PNv (t) = ⟨t2t4, t3t5⟩, e = t3.

Write N = N ◦, and let (ℓ1, . . . , ℓ5) = (3s1, 2s1 + 3s2, −3s1 − 3s2, s1 + s2, −3s1 − s2). The
linear forms satisfy ℓ4 = (2ℓ2 − ℓ5)/7. The two antichains and the set E are GN = {{3}, {4}},
HN = {{2, 4}, {3, 5}}, and E = {3}. Corollary 3.11 therefore gives
(70) Jamb

N = ⟨ℓ5, ℓ2ℓ4⟩ = ⟨3s1 + s2, (s1 + s2)2⟩, J intr
N = ⟨ℓ2, ℓ5⟩ = ⟨s1, s2⟩.

Equivalently, we take inverse images under Φ and reduce the linear generators of U = ⟨At⟩
to obtain

(UMN + PN (t)) : t3 = ⟨2t1 + 3t4, 2t2 − 7t4, t3 + 3t4, t5, t2
4⟩,(71)

(U + PN (t)) : t3 = ⟨t1, t2, t3, t4, t5⟩.(72)

Theorem 3.7 now yields DN (e) ≃ ⟨s1, s2⟩/⟨3s1 + s2, (s1 + s2)2⟩ = C s1 + s2, of dimension
one. The inverse systems of J intr

N and Jamb
N are C and SpanC{1, ∂s1 − 3∂s2}, respectively, so

the additional coefficient supplied by ambient perturbation has the leading logarithmic term
(b(1) − 3b(2)) · log x = 3 log x1 − 7 log x2 + 6 log x3 − 2 log x4. Theorem 5.5 and Proposition 6.2
of [12] identify this coefficient as an element of the ambient coefficient space that does not lie
in the intrinsic coefficient space. □

Proposition 5.2. In the notation of Theorem 5.1, let θ1, θ2, θ3 be the entries of At, and
recall that R0 = C[t1, . . . , t5]. The element

z =
(

−2t1, 0,
2
3 t1

)
∈ K1(θ1, θ2, θ3; R0/M0

N )

is a cycle whose image under the connecting map used in (9) is

7t3t4 ∈ (U0 ∩ M0
N ) + P 0

N (t)
U0M0

N + P 0
N (t) .

This class is nonzero. The class of t4 in TorR0
1
(
R0/⟨t3⟩, R0/(U0 + P 0

N (t))
)

maps to a gener-
ator of the cokernel in (28). The class of t4 maps under Φ0 to s1 + s2 ∈ (J intr

N /Jamb
N )1. The

operator ∂s1 − 3∂s2 represents a class in V amb
N ,1 /V intr

N ,1 that pairs nontrivially with s1 + s2.

Proof. The element z has a lift z̃ =
(
−2t1 + 6t4, 1

3 t3 − 2t4, 2
3 t1
)

∈ K1(θ1, θ2, θ3; R0), and a
direct calculation gives

(73) θ1(−2t1 + 6t4) + θ2

(
1
3 t3 − 2t4

)
+ θ3

(
2
3 t1

)
= 7t3t4 + 6t2t4 + t3t5.

The right-hand side belongs to M0
N , so z is a cycle; the right-hand side differs from 7t3t4 by

6t2t4 +t3t5, which belongs to P 0
N (t) = ⟨t2t4, t3t5⟩, and this containment gives the stated image

under the connecting map. Equation (71) and the relation Φ0(t4) = s1 + s2 /∈ Jamb
N show that

t3t4 /∈ U0M0
N + P 0

N (t), so the class is nonzero. Equation (73) also gives t3t4 ∈ U0 + P 0
N (t),

so t4 represents the stated Tor1 class. This class does not come from the first term in (28),
because otherwise we would have t4 ∈ Q0

N (t) : t3, contrary to (71). Since the cokernel is
one-dimensional, this class generates the cokernel. Finally, (∂s1 − 3∂s2)(s1 + s2) = −2, and
the last assertion follows from (30). □

Remark 5.3. The strict inclusion in Theorem 5.1 answers the question of nonequality in [12,
Proposition 6.2 and Question 7.3] for the fixed fake exponent v and the ordered family N ◦.
The distinguished collection Nv is not ordered. We obtain the same intrinsic-perturbation
obstruction module from Nv as from N ◦, without using the coefficient spaces of Nv. Theo-
rem 4.17 answers the same question for an ordered distinguished collection.
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Remark 5.4. For the ideal MN in (69), the complex ∆N is the simplex with facet F = {1, 2, 5}.
Thus the Stanley–Reisner ring of ∆N is C[t1, t2, t5], which is Cohen–Macaulay. On the other
hand,

AF =

1 1 1
2 0 3
3 3 3

 , rank(AF ) = 2 < 3.

Hence the linear forms θ1, . . . , θd do not form a system of parameters for the Stanley–
Reisner ring C[∆N ]. The nonzero class s1 + s2 ∈ J intr

N /Jamb
N computed above shows that the

conclusion of Theorem 3.13 fails here.

Remark 5.5. The fake exponent in Theorem 5.1 is binary, and the direction is nonzero on
every nonzero element of L. Condition (48) holds with a single step:

P 0
N (t) + ⟨t3⟩ = ⟨t3, t2t4⟩.

The Stanley–Reisner complex of ⟨t3, t2t4⟩ has facets {1, 4, 5} and {1, 2, 5}. The submatrix of
A on the facet {1, 2, 5} has rank 2, as displayed above. Equivalently, the third and fourth
rows of B in (64) are proportional. Since wB = (−1, ϑ) with ϑ irrational, and since every row
of B is rational and nonzero, condition (56) holds. Thus every hypothesis of Theorem 4.11
holds except the nonproportionality of the third and fourth rows of B, and this failure is the
reason that the rank condition in Theorem 3.15 does not hold here.

5.2. A three-connected counterexample
The following theorem shows that three-connectivity of the column matroid does not force

the obstruction to vanish.

Theorem 5.6. There exist a homogeneous A-hypergeometric system of lattice rank 3, a
generic direction, a fake exponent v, and an ordered negative support family N ◦ ⊆ Nv such
that the following properties hold.

(1) The column matroid of A is three-connected.
(2) The affine semigroup C(w) is generated by a Z-basis of L. In particular, this affine

semigroup is normal and free, and its cone is unimodular.
(3) The Stanley–Reisner ring C[∆N ◦ ] is a polynomial ring.
(4) The obstruction module satisfies Hilb

(
DN ◦(e); u

)
= u.

(5) The fake exponent v is binary.
(6) The direction is nonzero on every nonzero element of L.

The distinguished collection Nv is not ordered, but it gives the same two monomial ideals, the
same monomial e, and hence the same obstruction module as the ordered family N ◦. For the
ordered family N ◦, ambient perturbation supplies a coefficient with the leading logarithmic
term log x2 − 2 log x3 + log x6, and intrinsic perturbation does not supply this coefficient at
the fake exponent v.

Proof. Set

A =

1 1 1 1 1 1
2 4 2 −5 1 0
1 3 2 −3 0 1

 , B =


3 0 −3
2 3 −1

−3 −3 1
1 1 −1

−3 −1 3
0 0 1

 .

We have AB = 0, and the minor of B on rows two, four, and six is −1, so the columns of B
form a Z-basis of L. The first row of A also shows that the configuration is homogeneous.
Put ε = 1/1000, ϑ = 41 + ε

√
2, and ϖ = 3 + ε

√
3, and choose w = (−ϖ/3 − ϑ/9, 1 − ϖ +

2ϑ/3, 1 − ϖ + ϑ/3, 0, 0, 0). Then wB = (−1, ϑ, ϖ), whose entries are linearly independent
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over Q, so the direction is generic and is nonzero on every nonzero element of L. Consider
the eight binomials

f1 = ∂2
2∂4 − ∂3∂5∂6, f2 = ∂3

3∂4 − ∂5∂3
6 , f3 = ∂2∂3∂4 − ∂5∂2

6 ,

f4 = ∂2
3∂2

5 − ∂3
1∂6, f5 = ∂2∂2

5 − ∂3
1 , f6 = ∂3∂3

5∂6 − ∂3
1∂2∂4,

f7 = ∂2∂6 − ∂2
3 , f8 = ∂3

5∂2
6 − ∂3

1∂3∂4.

The underlined monomials are the initial monomials for the weighted-degree order with
weight (1, 279, 156, 51, 51, 51) and lexicographic tie-breaking, and also for the w-weight order.
The S-polynomials of the pairs not covered by the product criterion reduce to zero, so
Buchberger’s criterion [4, Chapter 2] shows that these binomials form a reduced Gröbner
basis of the ideal J that they generate. No initial monomial is divisible by ∂1, and the
division algorithm therefore gives J : ∂∞

1 = J . After we invert ∂1, the binomial f5 makes
∂2∂2

5 a unit, and each factor of a unit in a commutative ring is a unit, so f5, f7, f1 give
∂2 = ∂3

1∂−2
5 , ∂6 = ∂−3

1 ∂2
3∂2

5 , and ∂4 = ∂−9
1 ∂3

3∂7
5 , after which the remaining five binomials

vanish. The minor of A on columns one, three, and five is 1, so the toric monomials of these
three columns are algebraically independent, whence J [∂−1

1 ] = IA[∂−1
1 ] and J : ∂∞

1 = J
give J = IA. Among the lattice coordinates of the eight binomials are g1 = (−3, 1, −3),
g2 = (1, 0, 1), and g3 = (0, 0, 1). All eight lattice coordinates are nonnegative integral
combinations of these three vectors, whose matrix has determinant of absolute value one, so
C(w) = Ng1 + Ng2 + Ng3 = {(plat, qlat, rlat) ∈ Z3 | qlat ≥ 0, plat + 3qlat ≥ 0, rlat − plat ≥ 0}.
This affine semigroup is normal and free, and it is generated by a lattice basis.

Take v = t(−1, 0, −1, 0, 0, 0) and β = Av = t(−2, −4, −3). Every initial monomial contains
a variable at which v is zero, so v is a fake exponent, and the coordinates of v lie in {−1, 0}, so
v is binary. For B

t(plat, qlat, rlat), the index j belongs to I(plat,qlat,rlat) exactly when plat ≤ rlat,
2plat+3qlat−rlat ≤ −1, rlat ≤ 3plat+3qlat, plat+qlat−rlat ≤ −1, −3plat−qlat+3rlat ≤ −1, and
rlat ≤ −1 for j = 1, . . . , 6, respectively. A direct case distinction using these six inequalities
gives exactly twenty-eight realized negative supports, of which exactly the eight supports
{1, 3}, {1, 4}, {1, 3, 5}, {1, 6}, {1, 3, 6}, {1, 4, 6}, {1, 5, 6}, and {1, 3, 5, 6} index fibers contained
in C(w); these eight sets form Nv. For each of the remaining twenty fibers, direct substitution
gives an integral point whose (−1, 41, 3)-weight is at most −1, and the perturbation to
(−1, ϑ, ϖ) changes each of these weights by less than 48/1000, so every remaining fiber
contains a negative-weight point. The realized negative support {3, 5} is properly contained
in {1, 3, 5}, so Nv is not ordered. Set N ◦ = {{1, 3}, {1, 4}, {1, 6}, {1, 3, 6}, {1, 4, 6}}. The
case distinction shows that N ◦ is ordered and that it gives the same two monomial ideals
M = ⟨t3, t4, t6⟩ and P = ⟨t2t4, t3t4, t3t5, t2t6, t5t6⟩ and the same monomial e = t3 as Nv.

Put U = ⟨At⟩, Q = UM + P , and Q′ = ⟨t2
6, t1, t2 − t6, t3 + 2t6, t4, t5⟩. Multiply-

ing each generator of Q′ by t3 and reducing by the three linear generators of U and
by the generators of P , we obtain Q′ ⊆ Q : t3. To prove equality, let φ be the lin-
ear functional on quadratic forms that vanishes on every quadratic monomial except
the nine monomials t1t4, t1t6, t2t3, t2

3, t3t6, t2
4, t4t5, t4t6, t2

6, on which it takes the values
−3/4, −3/8, 1, −2, 1, −1/6, 2/3, 1/4, −7/8, respectively. Direct substitution gives φ(Q2) = 0
and φ(t3t6) = 1, so t6 /∈ Q : t3, and 1 /∈ Q : t3 by degree. Since R̂/Q′ ≃ C[t6]/⟨t2

6⟩,
these exclusions prove Q : t3 = Q′, and the same reductions show that every vari-
able lies in (U + P ) : t3, so (U + P ) : t3 = ⟨t1, . . . , t6⟩. Applying Φ to these two
identities yields Φ(Q : t3) = ⟨s1 − s3, s2, s2

3⟩ and ΠN ◦ : mv,N ◦ = ⟨s1, s2, s3⟩, whence
DN ◦(e) ≃ ⟨s1, s2, s3⟩/⟨s1 − s3, s2, s2

3⟩ = C s3 with deg s3 = 1. The complex ∆N ◦ is the
simplex on {1, 2, 5}, so C[∆N ◦ ] is the polynomial ring C[t1, t2, t5]. Every pair of columns of
A is independent, the only dependent triples are {1, 2, 5} and {2, 3, 6}, and every four-column
submatrix has rank 3, so the connectivity function of the column matroid has value at
least two on every subset of size between two and four, which proves that this matroid
is three-connected. Finally, the inverse systems of ⟨s1 − s3, s2, s2

3⟩ and ⟨s1, s2, s3⟩ are
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SpanC{1, ∂s1 + ∂s3} and C, respectively. Since b(1) + b(3) = t(0, 1, −2, 0, 0, 1), Theorem 5.5
and Proposition 6.2 of [12] yield the logarithmic coefficient asserted in the statement. □

Theorem 5.6 yields the following corollary to Theorem 3.13.

Corollary 5.7. In the notation of Theorem 5.6, we can neither omit the hypothesis that
rank(AF ) = d on every facet from Theorem 3.13 nor replace this hypothesis by three-
connectivity of the column matroid, even when the affine semigroup C(w) is generated by a
lattice basis and the Stanley–Reisner ring C[∆N ◦ ] is a polynomial ring.

Proof. The system in Theorem 5.6 satisfies all the stated conditions and has a nonzero
intrinsic-perturbation obstruction module. The unique facet F = {1, 2, 5} of ∆N ◦ satisfies
rank(AF ) = 2 < 3. □

6. A family whose obstruction modules have unbounded dimension

In this section, we construct a family of lattice rank 2 whose obstruction modules have
unbounded dimension.

Write J0 = {1, 3}, J1 = {1, 4}, and J2 = {1, 3, 5} for the three members of the distinguished
collection of the five-column example in (68).

We prepare a lemma on images of Gröbner bases under a monomial homomorphism.

Lemma 6.1. Let ρ : C[x] → C[z] be a monomial homomorphism that is injective on
monomials. Suppose that
(74) lcm(ρ(m), ρ(m′)) = ρ(lcm(m, m′))
for all monomials m and m′, and that monomial orders ≺ on C[x] and ≺′ on C[z] satisfy

m ≺ m′ ⇐⇒ ρ(m) ≺′ ρ(m′).
If G is a monic Gröbner basis with respect to ≺, then ρ(G) is a Gröbner basis of the ideal
generated by ρ(G) with respect to ≺′. If G is reduced, then ρ(G) is reduced.

Proof. The lcm identity and the compatibility of the two orders give S(ρ(g), ρ(h)) = ρ(S(g, h)),
and every reduction by G maps to a reduction by ρ(G). Buchberger’s criterion [4, Chapter 2]
proves the first assertion. The lcm identity and the injectivity of ρ also show that ρ reflects
divisibility of monomials, and hence that ρ(G) is reduced. □

6.1. A family of lattice rank 2
The next construction repeats the rows of the matrix B in (64). Thus the number

of columns increases, and the lattice rank remains 2. In C[[s1, s2]], put λ1 = 2s1 + 3s2,
λ2 = 3s1 + s2, and λ3 = s1 + s2.

Theorem 6.2. For every integer q ≥ 1, there exist a homogeneous A-hypergeometric system
of lattice rank 2 with 5q columns, with a connected column matroid and with a normal
affine semigroup generated by the reduced Gröbner basis vectors, a generic direction that is
nonzero on every nonzero element of L, a binary fake exponent v△

q , and an ordered negative
support family N △,◦

q , such that Hilb
(
DN △,◦

q
(e△

q ); u
)

= uq(1 + u + · · · + uq−1)2. In particular,
dimC DN △,◦

q
(e△

q ) = q2. The two ideals in (7) are

(75) Φ
(
QN △,◦

q
(t) : e△

q

)
= ⟨λq

2, λq
1λq

3⟩, ΠN △,◦
q

: mv△
q ,N △,◦

q
= ⟨λq

1, λq
2⟩.

There is a graded isomorphism

DN △,◦
q

(e△
q ) ≃ C[s1, s2]

⟨λq
2, λq

3⟩
(−q).
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Proof. Let A0 and B0 be the matrices in (64), and let B△
q = t(tB0 · · · tB0), with q copies

of B0. The unimodular minor on rows two and four of any block shows that the columns of
B△

q span a saturated lattice of rank 2, and since the all-ones row annihilates B△
q , a basis

of kerZ(t(B△
q )) beginning with this row gives a homogeneous matrix A△

q with kerZ(A△
q ) =

imZ(B△
q ). Choose w△

0 with w△
0 B0 = (−1, ϑ) for ϑ = 40 +

√
2, and set w△

ij = q−1w△
0j , so that

w△
q B△

q = (−1, ϑ) and the direction is generic and nonzero on every nonzero element of L.
Consider the monomial homomorphism ρq from C[∂1, . . . , ∂5] to C[∂ij | 1 ≤ i ≤ q, 1 ≤ j ≤ 5]
sending ∂j to

∏q
i=1 ∂ij . After removal of a common monomial factor, every lattice binomial

for A△
q is the image under ρq of a lattice binomial for A0, because the exponent difference of a

lattice binomial for A△
q repeats in all q blocks. Thus the images of the three binomials in (65)

generate IA△
q

. The map ρq is injective on monomials and preserves least common multiples,
and a compatible target monomial order is obtained by first comparing the exponent sums
over the q blocks in the base monomial order and then breaking ties lexicographically. For a
monomial m, the exponent sum of ρq(m) over the q blocks is q times the exponent vector of
m, so the base and target monomial orders agree on the image of ρq, and Lemma 6.1 shows
that the three images form the reduced toric Gröbner basis of IA△

q
. Their lattice coordinates

are (−1, 0), (0, 1), and (−1, 1), so C(w△
q ) = {(plat, qlat) ∈ Z2 | plat ≤ 0, qlat ≥ 0}, whose

primitive generators form a lattice basis; this semigroup is therefore normal.
Define v△

q by repeating v0 = t(−1, 0, −1, 0, 0) in the q coordinate blocks. Every initial
monomial of the reduced Gröbner basis annihilates xv△

q , so v△
q is a binary fake exponent,

and for each (plat, qlat) the negative support at (plat, qlat) is the union of the q indexed copies
of the one-block negative support. Writing J△

k for the union of the q indexed copies of Jk, we
obtain N △

q = {J△
0 , J△

1 , J△
2 } and N △,◦

q = {J△
0 , J△

1 }, and the one-block support table shows
that N △,◦

q is ordered but that N △
q is not. Put Tj =

∏q
i=1 tij . The definitions and (69) give

e△
q = T3, MN △,◦

q
= MN △

q
= ⟨T3, T4⟩, and PN △,◦

q
(t) = PN △

q
(t) = ⟨T2T4, T3T5⟩.

We use the map Φ that sends (ti1, ti2, ti3, ti4, ti5) to (3s1, λ1, −3λ3, λ3, −λ2) on every block.
Up to nonzero constants, the two monomials tG with G ∈ GN △,◦

q
both map to λq

3, and the
complementary factors of the two monomials tH with H ∈ HN △,◦

q
generate ⟨λq

2⟩ and ⟨λq
1⟩,

respectively. Corollary 3.11 gives the two identities in (75) and the graded isomorphism
DN △,◦

q
(e△

q ) ≃ S0/⟨λq
2, λq

3⟩(−q). Since λ2 and λ3 are linearly independent linear forms, the
graded quotient S0/⟨λq

2, λq
3⟩(−q) has Hilbert series uq(1−uq)2/(1−u)2 = uq(1+u+· · ·+uq−1)2

and C-dimension q2. The quotient is unchanged by localization at m and completion, and
hence DN △,◦

q
(e△

q ) has the same C-dimension and the same Hilbert series in the sense of
(19). Finally, the nonzero rows of B△

q form four parallel classes in a connected matroid of
rank 2: two rows in one parallel class form a two-element circuit, and two rows in distinct
parallel classes, together with a row in a third parallel class, form a three-element circuit. The
column matroid of A△

q is the dual of this matroid and is therefore connected [13, Chapters 2
and 8]. □

We summarize the least lattice ranks and the growth of the dimension of the obstruction
module. For ordered negative support families, Corollary 4.5 shows that lattice rank 1 is the
least rank in which a nonzero obstruction can occur, and Theorem 6.2 shows that at lattice
rank 2 the dimensions of the obstruction modules are unbounded. For the distinguished
collection, Corollary 4.5 shows that the obstruction vanishes in lattice rank at most 1, and
Corollary 4.16 shows that a nonzero obstruction forces lattice rank at least 3 when the fake
exponent is moving-binary for a generic direction, the direction is nonzero on every nonzero
element of L, and the column matroid is cosimple. The example in Theorem 5.6 attains this
bound with a three-connected column matroid and an affine semigroup C(w) generated by a
lattice basis.



30 NAKANO RYUNOSUKE

Remark 6.3. Corollary 4.16 is restricted to moving-binary fake exponents. No reduction
from arbitrary integral exponents to the moving-binary case is used. Remark 4.13 treats
every specified fake exponent in lattice rank 2 by means of the matrix ΓNv . Proposition 4.14
shows that two fake exponents with the same negative support can have different obstruction
modules.

Acknowledgments

This work was supported by JST SPRING, Grant Number JPMJSP2119. Large language
models were used in the preparation of this paper. Codex was used to write the scripts that
search for the configuration of Theorem 4.17 and that recompute its data independently,
and Claude was used to revise the exposition. Every mathematical statement was checked
by the author against the definitions and the cited results, and the author is responsible
for the content. The ancillary scripts reproduce selected computations in exact arithmetic
in the environment specified in the ancillary README, which describes the scope of the
independent checks in SageMath, Macaulay2, and Risa/Asir.

References
[1] S. Basu, R. Pollack, and M.-F. Roy, Algorithms in Real Algebraic Geometry, second ed., Algorithms and

Computation in Mathematics 10, Springer, Berlin, 2006.
[2] W. Bruns and J. Herzog, Cohen–Macaulay Rings, revised ed., Cambridge Studies in Advanced Mathe-

matics 39, Cambridge University Press, Cambridge, 1998.
[3] D. Chistikov and C. Haase, The taming of the semi-linear set, Proc. 43rd International Colloquium on

Automata, Languages, and Programming (ICALP 2016), Leibniz Int. Proc. Inform. 55, Schloss Dagstuhl,
2016, Art. No. 128.

[4] D. A. Cox, J. Little, and D. O’Shea, Ideals, Varieties, and Algorithms, fourth ed., Undergraduate Texts
in Mathematics, Springer, Cham, 2015.

[5] D. A. Cox, J. Little, and D. O’Shea, Using Algebraic Geometry, second ed., Graduate Texts in Mathematics
185, Springer, New York, 2005.

[6] I. M. Gel’fand, A. V. Zelevinsky, and M. M. Kapranov, Hypergeometric functions and toral manifolds,
Funct. Anal. Appl. 23 (1989), 94–106.

[7] I. M. Gel’fand, M. M. Kapranov, and A. V. Zelevinsky, Discriminants, Resultants, and Multidimensional
Determinants, Birkhäuser, Boston, 1994.

[8] S. Ginsburg and E. H. Spanier, Semigroups, Presburger formulas, and languages, Pacific J. Math. 16
(1966), 285–296.

[9] E. Miller and B. Sturmfels, Combinatorial Commutative Algebra, Graduate Texts in Mathematics 227,
Springer, New York, 2005.

[10] M. Nagamine, Hilbert series and logarithmic degrees of A-hypergeometric series, arXiv:2608.01778, 2026.
[11] G. Okuyama and M. Saito, Logarithmic A-hypergeometric series II, Beitr. Algebra Geom. 64 (2023),

1057–1086.
[12] G. Okuyama and M. Saito, Logarithmic A-hypergeometric series III, arXiv:2504.02501v2, 2026.
[13] J. Oxley, Matroid Theory, second ed., Oxford Graduate Texts in Mathematics 21, Oxford University

Press, Oxford, 2011.
[14] M. Saito, Logarithm-free A-hypergeometric series, Duke Math. J. 115 (2002), 53–73.
[15] M. Saito, Logarithmic A-hypergeometric series, Internat. J. Math. 31 (2020), Art. No. 2050110.
[16] M. Saito, B. Sturmfels, and N. Takayama, Gröbner Deformations of Hypergeometric Differential

Equations, Algorithms and Computation in Mathematics 6, Springer, New York, 2000.
[17] A. Schrijver, Theory of Linear and Integer Programming, Wiley-Interscience Series in Discrete Mathe-

matics, John Wiley & Sons, Chichester, 1986.
[18] C. A. Weibel, An Introduction to Homological Algebra, Cambridge Studies in Advanced Mathematics 38,

Cambridge University Press, Cambridge, 1994.

Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan
Email address: nakano.ryunosuke.i3@elms.hokudai.ac.jp


	1. Introduction
	2. Fake exponents and negative supports
	2.1. The A-hypergeometric system
	2.2. Negative support families
	2.3. The perturbation constructions

	3. The obstruction to intrinsic perturbation
	3.1. The obstruction module
	3.2. Exact sequences of Koszul homology
	3.3. A finite presentation of the two colon ideals
	3.4. Two elements in the antichain G(N)
	3.5. A Cohen–Macaulay vanishing criterion
	3.6. A criterion applied at each factor

	4. Low lattice rank
	4.1. Lattice rank 1
	4.2. Proportional rows of a Gale dual in lattice rank 2

	5. Normality of C(w) does not eliminate the obstruction
	5.1. A counterexample of lattice rank 2
	5.2. A three-connected counterexample

	6. A family whose obstruction modules have unbounded dimension
	6.1. A family of lattice rank 2

	Acknowledgments
	References

