TRANSFORMATIONS OF LAURICELLA’S Fp AND
CORRESPONDENCES BETWEEN HYPERELLIPTIC CURVES

NAKANO RYUNOSUKE

ABSTRACT. We construct rational coordinates on the curves defined by norm
equations for quintic and sextic polynomial families and parametrize the real
paths on which all zeros of the selected factors lie in the left half-plane. We
use these coordinates to obtain Lauricella integral representations with speci-
fied branches for every nonnegative parameter of both pencils. We construct
finite correspondences from smooth curves of genera seven and four to smooth
curves of genus two at exponent one half. We show that the adjoint homo-
morphisms of Jacobians are twice homomorphisms whose adjoint compositions
equal multiplication by four and three, respectively, and that these latter ho-
momorphisms are not divisible by an integer greater than one. We prove that
these latter homomorphisms embed the source Jacobians, with induced polar-
ization types (4,4) and (3, 3), respectively.

1. INTRODUCTION

Lauricella’s function Fp is defined by the series (2.1). We study its restriction
PRV (8+ 58N NBswy, . an), N e (5,6},

where 3 is a complex parameter and SV denotes N copies of 8. The arguments are
determined by a polynomial pencil and depend on the real family parameter o > 1
and the real pencil parameter E. The Euler integral for Fpp is given in [MOO09,
Eq. (1)].

In this paper, we use a norm identity and a trace formula for odd power sums
of the roots to construct algebraic correspondences. For the specified quintic and
sextic families, we use rational coordinates on conics to parametrize the whole real
paths. We summarize the geometric result for the two pencils of Theorems 4.1 and
5.1. For the quintic pencil, we use Qo from (4.1) and M, « from (4.4). For the
sextic pencil, we put Qo = H?, where H, a, and M are defined in (5.1), (5.4), and
(5.5), respectively. For E € C, we put

Cp: y*>=Qo(v)+ Ev,

Tp: & =M(r)— Er®/a® for the quintic pencil,

Tp: €= M(zx)— Ez®/a® for the sextic pencil.
The same letters denote the smooth projective models when the defining polyno-
mials are squarefree. For each fixed o, the defining polynomials of Cr and Tg

are squarefree for all but finitely many values of E. Then we have the following
theorem.
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Theorem 1.1. Suppose that 0 > 1 and E € C, with Qo, M,« as in (4.1) and
(4.4) for the quintic pencil, or (5.1), (5.4), and (5.5) for the sextic pencil. Suppose
also that the defining polynomials of Cg and Tg are squarefree. There is a finite
correspondence
Cp <> Dp - Tg
whose degrees and genera, together with the integer in the composition formula
below, are
| 9(Cp) g(Tw) degp degg m

quintic 2 7 16 ) 16

sextic 2 4 10 6 12.
Here Dg is the disjoint union of the compact normalizations of all components, and
the degrees include all components. The homomorphism

U =p,q" : Jac(Tg) — Jac(Cg)

is surjective. For the adjoint U1 = q,.p* with respect to the canonical principal
polarizations, the composition is multiplication by m on Jac(Cg):

WU = [m).

We put f = Ut and n = m/4. There is a unique homomorphism fo : Jac(Cg) —
Jac(Tr) such that

f=2fo,  fifo=Il.  f5[Or] =n[OC).

Here [O¢], O] are the canonical principal polarization classes. The homomor-
phism fqo is not an integer multiple dg of another homomorphism with d > 2. The
homomorphism fqy is an embedding, and the induced polarization on its image has
type (n,n), namely (4,4) for the quintic pencil and (3,3) for the sextic pencil. The
kernel of f is exactly Jac(Cg)[2]. The adjoint fg is surjective with connected kernel.
By addition, we obtain an isogeny from the product of im fy and ker fg to Jac(Tg).
This isogeny has degree n*, namely 256 in the quintic case and 81 in the sextic
case.

Theorem 6.11 gives the correspondence and the traces of a basis of regular differ-
entials. Theorem 6.12 computes the composition and its polarization consequences.
Proposition 6.14 proves the divisibility by two in the group of homomorphisms.
Theorem 6.17 determines the kernel, and Corollary 6.18 gives the induced polar-
izations and isogeny degrees. In particular, the correspondence specifies a rational
idempotent of the target Jacobian. These assertions concern smooth curves at
B =1/2. We treat the general complex exponent by Mellin integrals and analytic
continuation.

The quintic correspondence is obtained from the construction of Kanev and
Lange [KLO08, §§2.13-2.14 and Remark 3.9, author manuscript arXiv:0707.0364v1].
Proposition 6.19 identifies the selected component and gives the ramification of
the double cover in the construction. Pullback and norm maps are adjoint for the
canonical principal polarizations; see [KM16, § 2, (2.1)—(2.3), (4.6)]. The cotangent
action of a correspondence is computed by pullback followed by a field trace [KM16,
(4.1)—(4.2)]. Theta-divisor embeddings are related to hyperelliptic curves of genus
four whose Jacobians contain complementary surfaces with restricted polarization
of type (1,3) in [BS17, Theorem 3.8]. Polarized (2,2) decompositions are related
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to double covers and Prym varieties in [BK25, Theorem 1.1]. Isogeny decompo-
sitions are described by rational idempotents in [BK25, Remark 1.2]. Lange and
Ortega show that a connected non-cyclic etale triple covering of a curve of genus
two has a hyperelliptic covering curve of genus four and that its Prym variety, with
its principal polarization, is a Jacobian of genus two; see [LO11, Corollary 3.4 and
Theorems 4.9 and 4.17, arXiv:0911.5224v2]. The canonical principal polarization of
the Jacobian of the covering curve induces a polarization of type (3, 3) on the Prym
variety; see [LO11, Proposition 3.3, the same author manuscript]. For the speci-
fied sextic family, we construct the curves and the correspondence explicitly and
determine ker UT and ker fy, where T = 2, whenever the defining polynomials of
both curves are squarefree. The real path of spectral factors also gives the trans-
formation in Theorem 5.1 with its specified branches. We compute the pullback of
the canonical principal polarization of Jac(Tg) by W', which has finite kernel. We
prove that ker UT is exactly the two-torsion subgroup of Jac(Cg). After division
by two in the group of homomorphisms of abelian varieties, monodromy excludes
a nonzero kernel in every smooth fiber. For the quintic pencil, continuation of the
roots around loops induces an irreducible action on the two-torsion subgroup. For
the sextic pencil, the monodromy at infinity acts irreducibly on the three-torsion
subgroup. Thus the correspondences identify the source Jacobians with polarized
subvarieties of the target Jacobians; see Corollary 6.18.
For P(z) = Hj-vzl(l + p;z), we consider the coefficient equation

P(VTIVO)P(—VIV0) = Qolv) + o,

where Qp € R[v], deg Qo = N, Qo(0) = 1, Qp(v) > 0 for v > 0, and p > 0. We
choose the numbers p; with Rep; > 0 and put A_(u) = Zj pj*l. The coefficients of
P define an algebraic curve, and the inequalities Rep; > 0 select a real path on that
curve. The resulting identity is P(2)P(—2) = Qo(—2?) — uz?, with P(0) = 1 and all
zeros of P in the left half-plane. Selecting the factor with these zeros is polynomial
spectral factorization. We use this factorization to construct rational coordinates on
the selected components of the curve defined by the norm equation and to determine
their whole real paths. The norm identity alone gives the algebraic correspondence
and expresses the traces through odd power sums of the roots; see Proposition 6.5.
For the specified families, the coefficient equations reduce to double covers with
discriminants of degree six. We remove the squared factors to obtain conics and
use their rational coordinates to express A_ as rational functions whose derivatives
consist of two monomials. We choose the two families by their factorizable fibers
in (4.1)—(4.2) and (5.2). These fibers give squared factors in the discriminants
obtained by eliminating coefficients; after removing these factors, we obtain conics
with rational coordinates. We then verify that these coordinates cover the real
paths; factorization at the selected fibers alone does not prove this assertion. The
positive integral for A’ identifies the whole real paths and proves that the pencil
parameter has nonzero derivative at their finite endpoints. Both real paths include
E = 0. For o > 1, the factorizable sextic fiber in (5.2) is an explicit interior point
of this path. The continuation in Lemma 3.3 includes positive integer values of 3.

The number of Lauricella terms records the number of monomials in the poly-
nomial factor of the transformed integrand. The finite expansion with upper pa-

rameters —1 also gives a single an or Fgo); see Fact 2.2 and (5.10)—(5.11). We
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use the two-term forms to retain 3 as the repeated upper parameter of each Lauri-
cella function. Transformations by polynomial substitutions and by two orders of
integration are treated in [EK24, §2] and [WYZ26, §§5.2.1-5.2.2], respectively. For
integer samples of powers of a reciprocal quadratic rational function, the generating
function is reduced to a Mellin integral with a quadratic denominator by Raghava
[Rag26, Eqgs. (1.4), (6.2)—(6.4)]. Here we use Mellin integrals and rational coordi-
nates on the real paths of spectral factors to construct Lauricella transformations;
see Proposition 3.2 and Theorems 4.1 and 5.1. The real paths also identify two real
Abelian integrals, with specified endpoints, as integrals of the explicit traces on Tg.

At 0 = 1, Corollaries 4.2 and 5.2 express the source functions by 5F;. The
sums of the reciprocals of the numbers p; at this parameter belong to the algebraic
hypergeometric family in [Mail4, Theorem 4.4(ii), arXiv:0906.3485v4]. To specify
the parameters and branches, we take N =50r 6,0 < < 1, and put ¢t; =1 —pj_2

and t; = u~'/Nt;, with the positive real Nth root of y. Then
N+t —p=0, N +pNt;—1=0.

We put ey = exp(27i/N) and number the roots so that £; — 5;\,071) aspu — 0%, In
Maier’s notation, we take p=1,g=N -1, n=N,g=—p'N, B=1,a = -1/2,
and ¢ = k = 0. His variable then satisfies (7% = —(N — 1)¥~14/N¥ and the
powers of the roots in his sum satisfy

_1~1N/2 _
[ 5] = (=12 = p; .

All powers in this equality are the branches tending to 1 as © — 0T. Since his
function Fy equals 1, his theorem represents N—1 > j pj_1 near u = 0. The choice
Rep; > 0 continues this sum along p > 0; at multiple roots, the sum is interpreted
by continuity as in Section 3. For ¢ > 1, the quintic and sextic pencils have
fibers with multiplicity partitions 2 + 2 4+ 1 and 2 + 2 + 2, respectively. These
partitions do not occur in the pencils (1 + v)¥ + pv. The multiplicity partitions
exclude equivalence under a Mobius change of v and a projective change of the
pencil generators; see Proposition 6.3.

The construction also has a relation to the coefficient method in Integer Parame-
ter Shifts in One-Variable Restrictions of Lauricella’s Fo [Nak26]. In both papers,
we start from a product of factors at cyclically related arguments and obtain Lauri-
cella representations from a rationality property. Here we construct rational coor-
dinates on a curve defined by the norm equation and use Mellin integrals to obtain
the Lauricella representations. In the F paper, the shifted coefficients are prod-
ucts of rational functions of the index and the terms of one coefficient sequence, and
the passage uses multiplication by upper Pochhammer factors. The two methods
use the rationality of different intermediate objects under different hypotheses.

2. SERIES AND EULER INTEGRALS

In this section, we collect the series and integral formulas used in the proofs. For
z € Cand m € Z>g, we put (2)g =1 and (2), = 2(z+1)--- (2 +m —1). We fix
a positive integer k. For m = (mq,...,my) € Z’%o and © = (z1,...,7) € C*, we

put
k

k k
m m;
|m| = E m;, m!:Hmi!, T :sz‘ )
i=1 i=1 ;
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‘We use the definition

(2.1) Fyl(ashy,... bisca) =y

m>0

(@) [1;(bi)m; om

(c)|m|m!

Here the lower parameter avoids Z<g. The series converges absolutely on
max; |z;| < 1. We put
ULy ooy Up ) H§:1(uj)m 2™
rFa <U v ’Z>Zq.|-
15---,Vq >0 j:l(vj)m m:
We use ,Fy; with p = ¢+ 1 as its ordinary series for |z| < 1 and then continue the
germ along the specified path.
We put B(u,v) = I'(u)I'(v)/I'(u+v).
We specify the branches in the Euler formula before stating the formula. We
take z; € C\ [1,00) and use the logarithms of 1 — z;t that vanish at ¢ = 0. These
logarithms exist on 0 < ¢ < 1. Then we have the following fact.

Fact 2.1. For Rec > Rea > 0, we have
FS asby,... by iz, .. ap)

(2:2) L T@ iy pyeant T oyt
_F(a)F(cfa)/ot (1—1t) E(l zit) " dt;

see [MOO09, Eq. (1)].

For P(z) = ]_[N:l(l +p;z), we define the norm for the quadratic extension given
by 22 = —v by
N
Na[Pl(v) = P(V/=TV0) P(—v=Tv&) = [ (1 + p2).
j=1
We fix polynomials @, R with Q(0) = 1, R(0) = 0, and deg R < deg@ = N. We
also fix the constant coefficient of P and one value of its leading coefficient. Then
the equation

(2.3) Na[P](v) = Q(v) + AR(v)

defines a curve in the coefficients of P. The parameter A determines the polynomial
in the pencil. We write 8™ for a list of m copies of the complex parameter 5. When
a polynomial is written as [ j(l — x;t), we count the numbers z; with multiplicity
and append zeros if the degree drops.

We record the finite expansion obtained by multiplying the Euler integrand by
a polynomial.

Fact 2.2 ([EK24, Theorems 6-7, Egs. (13), (15)]). For positive integers n,m and
complex parameters a,by, ..., by, c with ¢ ¢ Z<y, we have the following identity of
germs at the origin.

(n+m) . e
Fp a;bi, . bn, =1, =16 21,y 2y W e, Wy

m
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a n
= > 08I ws ()'S‘F,g>(a+|5\;b1,...,bn;c+|5|;z1,...,zn>.
SC{1,..,m} jes (©)ys)

The identity continues when both sides follow the same paths in their arguments
and the Fuler integrals use the same logarithms.

ProoF. For Rec > Rea > 0, expand H;.nzl(l — w;t) in the Euler integral (2.2).
The beta factor for a term of degree |S| changes by (a)|s|/(c)|s|. Coefficient com-
parison and meromorphic continuation give the stated identity near the origin and
its continuation along the same paths on both sides. (Il

3. MELLIN INTEGRALS AND REAL PATHS

In this section, we express Mellin integrals by sums of the numbers p; and their
reciprocals. Throughout this section, we assume

Q,ReRv], QO0)=1, QW)>0(v>0), Rw) >0 (v>0),
R(0)=0, M=degR < N =degQ, m = ordy,—g R > 1.

For A > 0, we set @y = Q + AR and denote the roots of @y by p1(A),...,pn(N).
We choose

(3.1)

N
pi(N) = (=p;(N)"V2 Rep;(\) >0, Pi(z) = [[(1 +p,(0)2).

j=1
We have Py(2)Py(—2) = Qa(—2?) and P(0) = 1. Every zero of Py lies in the
left half-plane. The factor determined by these conditions is the spectral factor
of Qx(—22). The coefficients of Py, with A\ > 0, define a real path on the curve
determined by (2.3). The polynomial Py has real coefficients and satisfies (2.3).
Its leading coefficient is the positive square root of the leading coefficient of Q.
The coefficients of Py are real analytic in A, including values at which roots of
@» coincide. For a fixed A\g > 0, we choose positively oriented contours = in
C\ [0,00) enclosing all roots of Q»,. The same contours work for all polynomials
with coefficients near those of @),,, and

N
. k_; _ 7]@/282Q7)\(Z) .
;pJ(A) = 271_\/_—1/7( 2) o) dz, k=—1,1,...,N.

These contour integrals are holomorphic in the coefficients of Q). Newton’s identi-
ties give the asserted analyticity of the coefficients of Py.
We put

N N
Ar(A) = ijm, A-(N\) = ij(k)’l.

We use these symmetric expressions in the Mellin integral identities. The following
lemma gives the two kernels used below.

Lemma 3.1. Under (3.1), we have
R(v)

(3.2) 2rAlL(N) = /OOO v_3/2mdv,
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(3.3) 2t A (\) = /Ooo v1/2ci(8)dv

Both derivatives are positive for A > 0.

PROOF. We assume first that the roots of Q5 are simple. Differentiating Qx(p;) =0
gives
R(p;) 1~ (=p5) "' *R(p))
I J A = Z J J)

DT TR T T 25T p0,Q0(0))

By the assumptions on the degrees and the constant terms, we have
R(v) _ Z R(pj) 1
vQA(v) S pi0uQx(pj) v = p;

We use the beta integral [DLMF, (5.12.3)], also given in [OLBC10, Chapter 5], in
the form

0 ,U—1/2
/ dv =n(—p)~Y2, p€C\[0,00).
o v—p
Substituting the beta integral into the partial fraction expansion, we obtain (3.2).
To include multiple roots, we fix Ag > 0 and replace @ by Q.(v) = Q(v) + ev,
where e > 0. This replacement preserves (3.1) and the leading coefficient, since
N > 2. All but finitely many & give simple roots at Ag. To see this, we put f(v) =
Q(v) 4+ oR(v). If f(v)+ev has a multiple root p, then p # 0 and pf’(p) — f(p) = 0.
This last polynomial has constant term —1, so it has only finitely many roots, each
determining one value of ¢. The contour integral gives the convergence of A’, (Ag)
as € | 0. On the right-hand side of (3.2), the perturbed integrand is bounded by
the unperturbed one, which has orders v 3/2 at zero and v™~N=3/2 at infinity.
Dominated convergence proves (3.2) at A\g. This argument also covers pencils in
which @ has a multiple root for every value of .
Let gn > 0 be the leading coefficient of Q). We put

Q) =ay'v"Q(1/v),  R(v) =gy'vVR(1/v).
These polynomials satisfy (3.1). The numbers obtained by the same choice of square
roots for the pencil CAQ + AR are pj_l. We apply (3.2) to this pencil and substitute
v = 1/u, which gives (3.3). Both kernels are positive. O

By this lemma, we obtain the following proposition.
Proposition 3.2. Under (3.1), we have
oo ,8 o0
(3.4) /0 v3/2 (ggzg) dv = 2sin(n3) /0 APAL (N,
(o) B o0
(3.5) / o1z (BWNT 2sin(7f) / ATPA(N)d),
0 Q(v) 0

where 1/(2m) < Ref < 1 in (3.4) and 1/(2(N — M)) < Ref < 1 in (3.5). Al
integrals converge absolutely, and powers of positive real numbers are defined by the
real logarithm.
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PROOF. We use the beta integral [DLMF, (5.12.3)] and the reflection formula
[DLMF, (5.5.3)] in the form

= —p R(’U) _ s R(U) fB .
/0 4 Q(U)Jr/\R(v)dA sin(73) (Q(U)> , 0<Ref <1

For real 8, Tonelli’s theorem applies to each nonnegative kernel. The integrand of
the source integral in (3.4) has orders v ~3/2 at zero and v~ (N =M)B=3/2 at infinity.
For the source integral in (3.5), the orders are v™#~1/2 at zero and v~ (N—M)#=1/2
at infinity. The stated bounds on S give the convergence of the source integrals.
For complex 3, we apply the same estimates with Re § in place of 5 and obtain the
absolute convergence of the source integrals. Fubini’s theorem and Lemma 3.1 give
both equalities. O

The following lemma specifies the continuation of the target Euler integrals in
the parameter (.

Lemma 3.3. Let 0 < By < 1 and Q@ = {f € C : Ref > Bo}. Suppose that
a,c,by, ..., b, are holomorphic functions on €, with Rea > 0, Rec > 0, and c—a =
1—p5. Let zj € C\ [1,00). For By < ReB < 1, the branch of

FE(a(8):b1(8) - ba(B): c(B)i w1, ., wn)
is defined by (2.2). This branch extends holomorphically to §, including positive
integer values of 3.

PrOOF. We use the logarithms of 1 — z;t that vanish at ¢ = 0. We set
b(t,8) = 1“@ T (1 - aj0) 2P,
j=1

The function % is holomorphic near ¢ = 1, locally uniformly in 5. We expand
in powers of 1 —¢. On a compact subset of {2, we fix a small € > 0 and subtract
sufficiently many Taylor terms from the integral over [1—¢,1]. A term hy(8)(1—1t)*

contributes
ck+1-8

hk(ﬂ)m

on [1—¢,1]. The remainder integral is holomorphic after sufficiently many subtrac-
tions, and the integral over [0, 1—¢] is holomorphic because Rea > 0. Thus the only
possible poles of the unnormalized Euler integral are simple poles at § = 1,2,....
The normalizing factor is

I'(c(8))

I'(a(B) (1= B)
The zeros of 1/I'(1 — ) cancel all the poles of the unnormalized Euler integral.
The other gamma factors are holomorphic and finite under the assumptions on a
and c. ]

Remark 3.4. Suppose that a parametrization P, on a real interval satisfies
Mo|P] = Qo + p(r)R and agrees with a spectral factor at one endpoint of this
interval. On any interval where the linear factors of P, over C have the form 1+p;z
with Rep; > 0, Lemma 3.1 determines the sign of x’ from the derivative of Ay or
A_. The parametrizations below have no poles on their specified real intervals. In
each case, we prove the continuation of the parametrization to the other endpoint.
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4. QUINTIC PENCILS WITH TWO SQUARED QUADRATIC FACTORS

In this section, we give a two-term transformation from a rational component of
the curve defined by the norm equation for a quintic pencil. We fix a real number
o > 1 and put

B 402(0? + 0 +2) 80t
T S
(4.1) 5 (o - 1)5
Qo) = 1+ o)1+ Boter’)’ =) g/, A= "o
7=0

For the pencil Qo + pv, we have the identity
40(20% + 0 +1) € ?
_ v .
(0 +1)3
The values 0 and A of the pencil parameter are distinct for o > 1. For example, at

o = 2 this identity is

v
(1+40) (14 S0+ $07)° = (1) (1 + o+ 20%)" = 2

(4.2) Qo(v) + Av = (1 + %) (1 +

For r # 0, we define rational functions by

_o/r—r—2(c+1) _o/r+r
T<r) - 2% ) C(T) - Ta
e(r) = 67(276_%, d(r) = er(r),
e(r(r) —1)(o7(r) — 1)C(r
a(r) = q3 — c(r)? + 2eb(r)7(r)
2e ’
p(r) = a(r)? = 2b(r) — qu,
P.(2) =14 a(r)z +b(r)2* + c(r)z® + d(r)2* + ezP.
We use the positive square root of 2.
We put
q=+e, h=+/B+ 2q, 7'0:1+%, wo =019+ 0+ 1,
To

. o
\/w8+0+w07

where all square roots are positive.
We define the constant o and the polynomial M by
e(3 - 2v2) ru(r)
4.4 =—= M(r) = .
(44) o= ) =
The polynomial M has degree 16 and satisfies M (0) = 1. The Laurent expansion

of a gives

a(r) = ar™* + or™3) (r—0), a(r) = %ﬁ +0(r®)  (r — o0).
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The exponents occurring in the Laurent expansion of b lie between —3 and 3. Since
i = a® —2b — qy, these two facts give the assertions on M. We fix 0 < L < ry and
set
E = u(L), H=a/L*, n=1L?/o,
5
W(t)= (1+ (B -2)t+ (e~ B+1)*)" + Bt(1 - t)* = [J(1 - ait),
(4.5) i=1
15

Fr(u) = M(Lu)l:t M(L) = H(l — zZju).

j=1
The numerator defining Fj, vanishes at v = 1, and F1,(0) = 1. Both W and F,
are positive on [0, 1], as shown in the proof of Theorem 4.1. We use the logarithms
of the linear factors of W and Fp, that vanish at the origin. The sums of these
logarithms are the real logarithms of W and Fr. We use the real logarithm of H.
For Re 8 > 1, the target functions are the analytic continuations in 3 of their Euler
integrals from 1/8 < Re 8 < 1 with the specified argument branches.
Then we have the following theorem.

Theorem 4.1. Suppose 0 > 1 and 0 < L < rg, with the notation and branches of
(4.1)—(4.5). For Re B > 1/8, we have

LHPF) (8+ 38558501, a5)
- 7'(88 — 1)I'(53)
T TBIIAHTGE+ DI — 1)
x {FS™ (881817821, . 215
(4.6)

85 —1
+77MF1()15) (85 +1; 80578 4+ 2524, . .. 7215)} .
(78)2
PROOF. Coefficient comparison. We write P = 1+ az + bz? + ¢z + dz* + e2® and
compute

Na[P](v) = 1+ (a* — 2b)v + (b* + 2d — 2ac)v?

4.7
(4.7) + (c® — 2bd + 2ae)v® + (d* — 2ce)vt + e*0®.

We set 7 = d/e and Z = b — cr. The coefficient equations for v* and v® determine
c and a as in (4.3). The remaining coefficient equation is

872 7 —1)2(c17 = 1)2
(4.8) = ( );4 ) (ot +0+1)*+0).
The quadratic factor on the right has distinct roots and is not a square in C(7).
Thus the curve defined by the norm equation is irreducible. Its function field is the
function field of the conic

e(r—1)(or = 1)¢
2v/2 52

The coordinate r = ( — (67 + o + 1) gives the rational expressions in (4.3). The
conic is nondegenerate, so the normalization of the projective closure of the curve

C=(or+0+1)>2+o0, 7 =—
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defined by the norm equation is P*. Substitution into (4.7) gives

Na[Pr)(v) = Qo(v) + pu(r)v.

Real path. For > 0, we denote the roots of Qo 4+ uv by p; and choose p; =
(—,oj)_l/2 with positive real parts. The product of the numbers p; is e, since the
square of this product is e? and the roots occur in conjugate pairs together with
negative real roots. The polynomial [[,(1 + p;z) has real coefficients. At =0, it
is

(1+2)(1 + hz + ¢2%)2
The coefficients of the displayed polynomial satisfy d/e = 79 and b — ¢7p < 0. In
fact, b= B + 4q + 2h, c = B + 4q + 2hq, and ¢ > 1.
We put
@(v) = e 205Qo(1/v), E(v) =e 2t
The numbers selected as in Section 3 for the pencil defined by the displayed poly-
nomials are pj_l, and their sum is 7 = d/e. By Lemma 3.1 applied to this pencil,

we have
dr 1 [ R(v)
— >0, T( —70:—/ 0_3/210g 1+ p— dv.
dp () 27 Jo Qv)

Restricted to any fixed compact subinterval of (0, 00), the integral tends to infinity
with g. Thus 7 increases from 7y to infinity. The factors 7 — 1 and o7 — 1 remain
positive. Equation (4.8) therefore shows that Z = b — ¢7 remains negative on this
path. The positive coordinate r = /(o7 + 0 +1)2+ 0 — (o7 + o + 1) decreases
from r¢ to zero. Consequently, (4.3) gives the spectral factor on the whole path.
On this real path, we have

5
Yoot =M o), =

Ll
22 20 '
Thus 0 < r < r( gives the real path, and p(r) decreases strictly from infinity to zero.
More precisely, let A_(u) = >, p}l for Qo + pv. The identity A_(pu(r)) = 7(r)
and Lemma 3.1 give
!
/ (1)
p(r) =
)= )

The denominator is finite and strictly positive at every finite u > 0. In particular,
E=u(L)>0and p/(L) #0.

Mellin integral. We apply (3.5) with @ = Qo + Ev and R = v. The symmetric
expression A_ on the real path is 7. For 1/8 < Re 8 < 1, we put

a3 = [ (W)de

J(B) = 2sin(nB) /O T e %d)\.

We set r = Lu. Since p(r) decreases strictly from infinity to zero on 0 < r < rg,
the function A(u) = pu(Lu) — E decreases from infinity to zero on 0 < u < 1, and
d 1+ nu?

Mu) = H?*u=8(1 — u)Fy(u), —%T(Lu) = I

< 0.

and obtain
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These identities give Fy,(u) > 0 on [0,1) and Fy(1) = —Ly'(L)/H? > 0. Thus

sin(7f3)
LH?8
On the source side, we put v = t/(1 — t) and obtain

(4.9) J(B) =

/1 P21 —w)PFL(w) P (1 + pu?)du.
0

1
J(B):/O tA=Y2(1 — )32 W (1) Pt

= BB+ 5,48~ DES (8+ 3875501, 5)

The equality W (¢) = (1 — ¢)°>(Qo(t/(1 —t)) + Et/(1 — t)) gives the positivity of W
on [0,1), and W (1) = €2 > 0. At L = 1y, we have E = 0, and the positivity and
the nonzero endpoint derivative remain valid. The polynomial W then has degree
four for ¢ > 1, and W =1 for ¢ = 1. We add zero arguments according to the
convention in Section 2. Thus the integral transformation includes the endpoint,
at which the source curve is singular. Apply (2.2) to the two terms in (4.9). By
[DLMF, (5.12.1), (5.5.3)], the beta factors satisfy

Bg+1,1-5) (88—-1)

B(8—1,1—-8)  (7B8)2
sin(78)B(86 — 1,1 — j3) I'(88 — 1)I'(54)

and

B(B+ 3,48 — 3) LBIL(IB)L(B+ )1 (48— 3)
This proves (4.6) for 1/8 < Ref < 1. The source integral is holomorphic for
Ref > 1/8. Since Fr, > 0 on [0,1], none of the arguments z; lies in [1,00).
In each target function, the parameters a and ¢ of (2.2) satisfy c —a = 1 —
and Rea,Rec > 0 on this half-plane. By Lemma 3.3, both target functions are
holomorphic there. The gamma factors and the ratio (88 —1)2/(7/5)2 have no poles
there, so the identity theorem gives (4.6) on the stated half-plane. (]

At 0 = 1, we obtain the following specialization.

Corollary 4.2. Suppose 0 = 1, 0 < L < 52 — 7, and Ref3 > 1/8. With
E . H,n,z1,...,215 defined by (4.5) at B =2 and e = 1, we have
1 _1 1 3 5 9256F
LHZﬁF 5+275 876+8’B+8’ﬂ+8._
° 4( B+t B+2 p+2 p+4 3125
_ mI'(88 — 1)I'(58)
rBrag)r+5)r4s - 3)

< P (38— 1807 78; 21, 215 )

+n@(ﬁ7g)?2F85) (85 + 1809578 422, ,215)} .

The 5Fy function is continued from zero along the negative real axis. The other
branches are those of Theorem 4.1.

PRrOOF. We have Qo(v) = (14v)® and W (t) = 1+ Et(1—t)*. For |256E/3125| < 1,
expand W ()" in the source integral. After division by B(3 + 3,48 — 1), the
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coefficient of (—E)™ is

We split the Pochhammer symbols by the multiplication formula [DLMF, (5.5.6)]
and obtain the stated 5F}y series. The source integral gives the continuation of the
5Fy function for £ > 0. Apply Theorem 4.1. ]

Remark 4.3. The known Euler—Pfaff substitution [EK24, (7)] gives
FY (8+ 485801, 25)

= (1 —a5) P 2FD (B4 L gi5p, 2L 08 T4 T8
( 1’5) D ﬁ+27ﬂ 75ﬁa 1—.1‘5’ ) 1—.’1)5

This is the case in which the sum of the parameters b; of (2.2) equals c¢. For the
branches on the right, use the image of 0 < ¢ < 1 under

(]. — 1’5)t

1— a5t
The positivity of W gives x5 ¢ [1,00), so the denominator does not vanish for
0<t<1 WeputV; = (x; —x5)/(1 —x5) and transport the logarithms of the
linear factors by

log(1 — Y;u) = log(1 — x;t) — log(1 — x5t), 1=1,...,4.
The logarithm in the prefactor is the value of log(1 — z5t) at t = 1. The remaining
powers in the Fuler integral are transported along the same path, starting from

xr1 =--- = x5 = 0 and following z; — sx;, 0 < s < 1. This specifies the continued
right-hand side even when some Y; lies in [1, 00).

5. SEXTIC PENCILS WITH TWO FACTORIZABLE FIBERS

In this section, we construct a rational component of the curve defined by the
norm equation of a sextic pencil and its real path. We fix ¢ > 1 and put

o(50% + 803 +220% + 80 +5)

A:
(0 +1)* ’
B:4ﬁ®ﬁ+zwﬁx e m&v
(5.1) (c+1)* (c+1)*
. _ 2 3 _(0*1)6
H(U)—1+AU+BU -’-}71/7 A—m7
~ 402(30% + 20 + 3) 160* 5

Bv)=1+

CES NI

For the pencil H(v)? + uv, we have the identity

(5.2) H()? + Av = (14 0)(1 +o*v)B(v)%

For o > 1, the values 0 and A of the pencil parameter are distinct. At o = 2, the
identity is

2 v 2
@+%%+%ﬁ+%%)+§:G+MLMWQ+%%+%ﬁy
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We set
2560° 40960
For r # 0, we define rational functions by
q -1 q, 1
e(r)=—Fx=""—r), w(r)=Z(r—"+7),
()= =07 =0 wl) =G0 )

_ —e(r)(e(r)2 +4BF) + (e(r)? — U)w(r)

C(T) - 8F2 )
e(r)? — 2BF B? +2AF — d(r)? + 2¢(r)e(r
s COPSBE | BARdOR k)
a(r) = 4F +2AB — ¢(r)? + 2b(r)d(r)
2¢e(r) ’

b(r) = a(r)? — 26(r) — 24,
Po(2) =14+ a(r)z + b(r)2* 4+ c(r)2® + d(r)z* 4+ e(r)2® + F2°.

We extend these functions across their removable singularities. All square roots of

constants in this section are positive.
We define

(c+1++/D,),

_ 1 D — a:805—n¢®&ﬂ
Vit 22+ 2 °" Vo 125(c + 1)

We denote the spectral factor of H(—z2), with constant term one, by
Se(z) =1+az+b22+ f25, f=VF>o.

We have a1,b; > 0, since the real linear factors and the real quadratic factors of
S, have positive coefficients. We put

%, f \/56(2)4—1/—\/560 q
€o = 401/, T'start = = .
o q VEeZ+v+V5e

The endpoint 74 corresponds to the polynomial H? at u = 0. The point r,
corresponds to the factorized fiber in (5.2). In the proof of Theorem 5.1, we show
that repary > 74 for o > 1 and rgart = 7 for o = 1.

The functions a, ¢, e are odd Laurent polynomials in r, and b, d are even Laurent
polynomials. By U2?v = 256F°, we see that the apparent pole at e = 0 in the
expression for a cancels. The Laurent expansion of a gives

a(r)=ar®+0(r~3) (r—0),
25 4+ 11 5/2
a(r) = 8(25 + 11vV5)o i~

125(0 + 1)*
The exponents occurring in the Laurent expansion of b lie between —4 and 4.
Consequently

Da:50'2+60'+57 7 =

s

(5.4)

=

T

+0(r®) (r— o0).

u’pu(v/u)

(5.5) M(u) = =53
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is a polynomial of degree ten with M (0) = 1. The polynomial M does not depend
on the choice of \/u. We fix 0 < L < rgary and put

E = (L) >0, C=a/L’ Q(v) = H(v)* + Ew,
t

6
5.6 T{t)=(1-t)>*H <H> , W) =T+ Et(1 —t)° = E(l — x;t),

24\ _ 45 2 9
VL(t) = M(E t)l _ttM(L ) _ H(l — zjt).

Both W and Vi, are positive on [0, 1], as shown in the proof of Theorem 5.1. We
use the logarithms of the linear factors of W and V7, that vanish at the origin. The
sums of these logarithms are the real logarithms of W and V7. We use the real
logarithm of C. For Re 8 > 1, the target functions are the analytic continuations
in 8 of their Euler integrals from 1/10 < Ref < 1 with the specified argument
branches.

Then we have the following theorem.

Theorem 5.1. Suppose o0 > 1 and 0 < L < rypar, with the notation and branches
of (5.1)~(5.6). For Ref > 1/10, we have

LC?8
il Q) (ﬁ + 1896821, .,xﬁ)

Dy
7I'(65)

L(B)I(B+3)I(4B + 3)

X {Fl(jg) <5ﬂ — %;5[9];4,3 + %;zl, .. .,Zg)
58— %
4B+ %
PRrROOF. Coefficient comparison. We write P = 14 az+bz? 4 c23 +dz* + ez’ + F 26
and compute

Na[P](v) = 1+ (a* — 2b)v + (b + 2d — 2ac)v?
+ (¢ + 2ae — 2bd — 2F)v® + (d* + 2bF — 2ce)v*
+ (€% — 2dF)v® + F%5.
The coefficients of v®,v*,v? determine d,b,a in that order when e # 0. After
substitution, the coefficient equation for v? is equivalent to
(5.8) (4BFe +4F%c — ¢*)G(c,e) = 0,
where
G(c,e) = 16F*c? + (16BF3e 4+ 4F%e3)c + 16 AF3e? + 4BFe* — 64F° — 5.
As a quadratic polynomial in ¢, G has the discriminant
16F*{5¢5 — 8BFe* + 16 F?(B? — 4AF)e* + 256 F°}.
For the constants A, B, F' of (5.1), the expression in braces equals
(e —U)*(5e* +v).

(5.7) +I? FS)) (5&4—;;6[9];464—S;zl,...,zg)}.
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Since v > 0, the polynomial 5e¢? + v has distinct roots. Thus G is irreducible over
C(e), and the function field of G is that of w? = 5e2 + v. Solving the quadratic
equation for ¢ gives the expression in (5.3). The coordinate r = (w — v/5e)/q gives
the displayed expressions for e and w. Thus the normalization of the projective
closure of this irreducible component has genus zero. Substitution gives

Na[P)(v) = H(v)* + pu(r)v.

Real path. We set
_ 20vD, 402

= k= ——.
(0 +1)% (o +1)
At u = A, the spectral factor is
(5.9) P.(2) = (1 4+ 2)(1 4+ 02)(1 + gz + kz?)2.

The linear factors of P, over C have the form 1+p;z with Rep; > 0, since g,k > 0.
The coefficient of 2° in P, is

1604
e :ﬁ(a“l‘l‘f'\/l)o) > VU.

Substitute (5.4) into (5.3) to obtain (5.9). For this substitution, we use

e(r.) o+4+14++D, ~ 160*(50 + 5+ v/D,)
F o ’ wlre) = (c+1)* '
For every p > 0, the polynomial H? + uv is positive on [0, 00), so its substitution
v = —2% admits a spectral factor. At p = 0, this spectral factor is S2. We write
Sy = (1+pz)(1 + hz + ki 2%), with p, h, k; > 0. This factorization also includes the
case in which all three zeros of S, are real. Since a; = p + h, by = k1 + ph, and
f = pk1, we have

arby — f = h(ky + p* + ph) > 0.
The factor 4BFe 4+ 4F?c — €3 in (5.8) has the value 8f4(f — a1b1) # 0 at p = 0.
Hence G = 0 holds near 1 = 0 and, by analyticity of the coefficients of the spectral
factor, for every pu > 0.

The identity N>[S,] = H gives

ai —2by=A, b} —2a,f=B.

Consequently,
4BF 4(c% +1)

et = 4BF + 8a, f* > ABF, — =1+

1.
U (o +1)2 -

Thus ey > VU, including the case o = 1.
We denote the coefficient of 25 on the real path by e(u). By (3.3), we have

e’ (1) 1 /OO vl/2
= — ———dv >0 >0).
F 2 Jo H(v)?+ v Y (n20)
This integral is finite, including at p = 0. Integration of this kernel gives
e(n)—eo 1 /°° iy (H@©)? + o
= — 1 d .
F o Jy 0 B\ H@)? v

Integrating the same kernel from A, we obtain

e(p) —ex 1 /OO —1/2 H(v)* + pv
A e _ log | 2T R g,
F 27 Jo Y °8 H@w)?+ Av dv
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Restricted to a fixed compact subinterval of (0, 00), the integral tends to infinity as
 tends to infinity. Thus e(u) increases from eg to infinity as p ranges over [0, 00).

For e > eq > /U, the two roots of G as a polynomial in ¢ are distinct. The root
with the negative sign in (5.3) is negative. The coefficients of a real polynomial
with constant term one and all zeros in the left half-plane are positive, since its
real linear factors and real quadratic factors have positive coefficients. Hence the
real path has the positive sign in (5.3) for every g > 0. On this branch, we have

w = v/be2 + v, and
w—+vbe dr NGX:

:7>0, — =
" q de w

< 0.

As p ranges from zero to infinity, this coordinate decreases from rgg,,¢ to zero. Thus
0 < 7 < 7gpart gives the whole real path for g > 0, and

(rstart) = 0, 17}%1 p(r) = oc.

Since pu(r) = A, we have rgare > 74 for ¢ > 1. At 0 = 1, we have S; = (1 + 2)3,

ep = 6, and
7-3V5

Tstart = T'x =

2
The symmetric expression A_ and its derivative are
e(r) _ - de(r) -2
= = Dy(r r), = Dy(r==+1) > 0.
Let A_(n) =3, pj_1 for H? + pw. Differentiating A_ (u(r)) = e(r)/F gives
- _DO (7"72 + 1)

KO = gy <

because the denominator is finite and strictly positive by Lemma 3.1. This formula
also holds at r = rgpart. Thus 0 < L < rgpart gives E = p(L) > 0 and p/(L) # 0.

Mellin integral. We apply (3.5) with R = v and Q = H? + Ev. For 1/10 <
Ref < 1, we put r = Ly/t. Then

d e(L\t) Dy
dt F 2L
The function A decreases from infinity to zero. Thus V() > 0 for 0 < ¢ < 1 and
V(1) = —Lu'(L)/(2C?) > 0. The source integral becomes

[ (i)

D() . /1 56—3/2 -8 -8 2
= sin(wf t 1—-8)""V(t 1+ L°t)dt.

On the other hand, v =¢/(1 — t) gives

[ Gaia)

=B(8+3,58— DFY (B+ 8% 6801, a6)

At) = u(LVt) — E = C*75(1 — )V (1), t3/2(1 + L),
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The polynomial W is positive on [0,1) by the positivity of Q, and W (1) = F? > 0.
Apply (2.2) to the two terms of the target integral. By [DLMF, (5.12.1), (5.5.3)],
the ratio of their beta factors is (58 — 3)/(48 + 1), and

sin(m3)B(55 — 3,1 8) _ ©(68)
B(B+5.56 — 3) BB +3)r4s+3)
This proves (5.7) for 1/10 < Ref < 1. The source integral is holomorphic for
Re > 1/10. Since Vi > 0 on [0, 1], none of the arguments z; lies in [1,00). Both
target functions satisfy the assumptions of Lemma 3.3 on this half-plane. The
gamma factors and the ratio (58 — 1)/(48 + 3) also have no poles there. The
identity theorem gives (5.7) on the stated half-plane. O

At 0 = 1, we obtain the following specialization.

Corollary 5.2. Under the assumptions of Theorem 5.1 with o = 1, we have
2 1 1 3 1 7
LC 65F4 B+, 514_?0, 514_?0’ 254_5, ?+T0'—3125E
Dy B+g,ﬁ+§,5+§,ﬁ+é " 46656
I (65)

L(B)L(B+5) (48 + 3)
X {Fl(jg) <5ﬂ — %;5[9];4B + %;21, .. .,29>

1
58— 5

1
48+ 5
Here we specialize the polynomials determining the arguments and the constants at

o =1. We continue the 5F, function from zero along the negative real axis.

PROOF. We have H(v) = (1+v)% and W (t) = 1+ Et(1—t)°. Expanding the source
integral near £ = 0 and dividing by its beta factor, we obtain the general term
By the multiplication formula [DLMF, (5.5.6)], the factors (3),, and (8+ 1), cancel

against the denominator. This cancellation gives the stated 5F} series. Continue
along E > 0 and apply Theorem 5.1. O

+12

FY (5ﬁ+ 38948 + S;Z1,-~-’Z9)}-

We use additional upper parameters equal to —1 to represent the polynomial
factors in the target integrals.

Remark 5.3. Under the assumptions and branches of Theorem 4.1, we put n =
L?/o > 0. Fact 2.2 gives

F5” (85 — 18785 2, -’215)

86 —1
+ WMFSE’) (85 +1; 80578+ 22, Z15>
(78)2
(5.10) =F\7 (8[3 — 1A 1 1B 2, s =L f\/fl\/ﬁ) .
The two added factors have product 1+ nu? on the integration interval. Under the
assumptions and branches of Theorem 5.1, we have

Fs) <56 _ %;5[9];454_ %;zh...,Zg)
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56— 1 |
+L245+ 2Ff) (5ﬁ+ 1848 + g;zl,...,z9>
2

The added factor is 1 4+ L?t. Both equalities hold first in the strips in which the
Euler integrals converge and then on the half-planes of the respective theorems by
Lemma 3.3.

6. NORM EQUATIONS AND HYPERELLIPTIC PERIODS

In this section, we determine the normalizations of the curves defined by the
norm equations and construct the correspondences of their hyperelliptic integrals.

6.1. Normalization of the curves defined by the norm equation

In this subsection, we determine the normalization of the two selected curves
defined by the norm equation. We use the notation of (4.1) and (5.1) in the corre-
sponding cases. Then we have the following proposition.

Proposition 6.1. Suppose that o > 1. The projective closure of the quintic curve
defined by the norm equation has normalization isomorphic to P'. For the sextic
component G = 0 in (5.8), the normalization of its projective closure is isomorphic
to P1. Before specializing the coefficients to the two families, we obtain double
covers by eliminating the other coefficients. FEach cover has genus two when its
defining polynomial of degree six is squarefree. In the displayed families, we remove
the squared factors and obtain the conics

(6.1) C=(r+o+1)+o, w? = 5e? + 1.

Here 7 = d/e in the quintic case, and e is the coefficient of 2° in the sextic case.
By using the rational coordinates of the corresponding main theorems, we have

oy A0 () s
A-(ulr)) = Do(r™" =) A () = Do 1),

where the first row is for the quintic and the second row is for the sextic.

PRrROOF. We first keep the quintic coefficients ¢, g3, g4, € independent and put Z =
b — cd/e. By eliminating ¢ and a from the coefficient equations in (4.7), we obtain

8e*Z? = Ds(d), Ds(d) = d° — qud* + (4€®q3 — q3)d* — 16e*d
+ g — 4e®q3q4 + 8e'go.

If D5 is squarefree, the double cover has six branch points. We use the coordinate
7 =d/e on P*. An invariant regular differential under Z — —Z descends to P! and
hence vanishes. Every regular differential therefore has the form ¢(7)dr/Z with
¢ € C(7). Regularity at the finite points forces ¢ to be a polynomial, and regularity
at infinity gives deg ¢ < 1. Thus dr/Z and 7d7/Z form a basis, and the genus is
two. For the coefficients in (4.1), we have

(T - 1)2(407 —1” ((07’ +o+1)%+ 0).

e ®Ds(er) =
o
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Removing the squared factors in the function field gives the first conic in (6.1). The
discriminant of its quadratic polynomial in 7 is —403 # 0.
For the sextic component, we keep A, B, F' independent and set

Dg(e) = 5¢5 — 8BFe* + 16F?(B? — 4AF)e? + 256 F°.

The discriminant of G with respect to ¢ is 16F*Dg(e). If Dg is squarefree, the
double cover again has six branch points and genus two. For the coefficients in
(5.1), we have
Dg(e) = (€2 — U)*(5e? + v).

Removing the squared factor gives the second conic in (6.1). The discriminant of
its quadratic polynomial in e is —20v # 0.

For the first conic, we put r = ( — (07 + 0 + 1). For the second conic, we put
r = (w — v/5e)/y/v. These coordinates give the parametrizations in the two main
theorems. On the real paths, the coefficient ratios d/e and e/F equal the sums
of the reciprocals of the numbers p; in the quintic and sextic cases, respectively.
Differentiating these ratios gives (6.2). O

Remark 6.2. The normalization calculation concerns the curve defined by the
norm equation and its selected component. The proofs of Theorems 4.1 and 5.1
use Lemma 3.1 to continue the real paths along the stated real intervals. On these
intervals, we have

A (ur)
W) = A
AL (u(r))
The denominator is finite and positive, including pencil values with multiple roots.
Thus the map r — p(r) has no critical point on either selected real interval. The

displayed genus-two models do not assert that every polynomial pencil satisfying
Qu(v) > 0 for v > 0 admits such a rational coordinate.

< 0.

6.2. Changes of the variable and the generators of the pencils

In this subsection, we compare the degree-five and degree-six pencils at ¢ > 1
with their specializations at ¢ = 1, including the fibers at infinity. We homogenize
each pencil to its fixed degree. After homogenization, we allow a projective change
of the variable and an invertible linear change of the two generators. Then we have
the following proposition.

Proposition 6.3. For every o > 1, the quintic pencil in (4.1) cannot be identified
with (1 +v)® 4+ pv by a projective change of the variable together with an invertible
linear change of the two generators. For every o > 1, the sextic pencil in (5.1)
cannot be identified with (1+v)%+ pv by a projective change of the variable together
with an invertible linear change of the two generators.

PROOF. For the quintic coefficients, we compute
_ 160%(0 — 1)*(0% + 20 + 2)

B? —4e = 0
e (0 +1)0 > U,
(0 —1)%(40 +1)
1-B =" .
+e 0T 1)° >0

The quadratic factor 1 + Bv + ev? of Qo has two distinct negative roots, neither
equal to —1. Thus the fiber g = 0 has root multiplicities 2 + 2 + 1.
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For the sextic coefficients, we compute

8 _ 6 4 3 9
dise, 7 — 100°(0 = 1)°(12507 + 4000” + 6780™ + 4000 + 125)
(o +1)14

The cubic H has three distinct real roots. Since its coefficients are positive, all
three roots are negative. Thus the fiber u = 0 of H? + v has root multiplicities
24+2+2.

For N = 5,6, we put Py (v, 1) = (1+v)" + pv. A multiple finite root is nonzero
and satisfies

> 0.

09y Py — Py = (1 +0)V (N —1)v — 1) = 0.
At v = —1, the pencil value is ¢ = 0, and the fiber has one root of multiplicity N.
At v =1/(N — 1), the pencil value is —N~ /(N — 1)¥~1. The second derivative is
nonzero there, so this fiber has one double root and N — 2 simple roots. The fiber
at infinity is the homogenization of v, with multiplicities (N — 1) + 1. Every other
fiber has N simple roots. Neither 2 +2 41 for N = 5nor 2+ 2+ 2 for N = 6
occurs in this list. Projective changes of the variable preserve root multiplicities,
and changes of the two generators permute the fibers. Hence neither pair of pencils
can be identified by the stated changes. O

Remark 6.4. Proposition 6.3 concerns only the changes of the variable and the
two generators specified before its statement, applied to the homogenized pencils.
It does not classify algebraic substitutions of higher degree or transformations of
the associated hypergeometric functions.

6.3. A correspondence from the norm identity

In this subsection, we express the trace of a differential by power sums of the roots
on a curve defined by the norm equation. We fix a smooth connected projective
curve B over C and put K = C(B). We fix Qy € C[v] of degree N > 2, with
Qo(0) = 1, and a nonconstant function p € K. We fix P(z) € K|[z] of degree N,
with P(0) = 1, satisfying

(6.3) P(2)P(=z) = Qo(—2") — uz*.

For every integer m > 1, we define the power sum s,, € K by summing z™ over all
N roots of P, with multiplicities. Then we have the following proposition.

Proposition 6.5. Let E € C satisfy the following conditions: Qg(v) = Qo(v)+ Ev
is squarefree, and u— E is not a square in K. Let C and T be the smooth projective
models of

v’ =Qp(v), =p-E,
respectively. Let D be the disjoint union of the normalized projective components of
the reduced curve defined by P(z) = 0 that dominate T. The projection w: D — T
has total degree N. The formulas

U:—z2, y =2zt

giwve a morphism f : D — C, whose restriction to every component is dominant.
For every integer k > 0, we have the identity of meromorphic differentials

(6.4) It £ (Ukydv> (-1

- dsogrr.
(2k + 1)t P2k
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For 0 < k < g = [(N —1)/2], the differentials on C form a basis of its regular
differentials, and their traces are reqular on T . These traces change sign under the
involution t — —t of T.

PROOF. We put F(z) = Qo(—2%) — puz?. A repeated nonzero root of F would
determine a constant pencil value from vQy(v) — Qo(v) = 0. The polynomial
vQ4(v) — Qo(v) has constant term —1, so there are only finitely many such values.
Since p is nonconstant, the polynomial F' is separable over K. The identity (6.3)
implies that P is separable. Thus the reduced curve defined by P(z) = 0 has total
degree N over 7. On the curve defined by P(z) = 0, we have

Qp(—2%) = Qo(—2*) — B2 = (u — E)2* = (2t)°.
A constant root z is nonzero because P(0) = 1. The norm identity would then
make . constant. Hence v = —z? is nonconstant on every component. The rational
maps to C extend to the projective normalizations, and each component dominates

C.

On each component of D, we compute

k _1)k+1 _1)k+1
F* <U d“) _ 2(-1) 22k, — 2(-1) td(z2k+1).
y

t (2k +1)

The field trace commutes with d in characteristic zero. Taking the sum over all
components of the correspondence proves (6.4). The trace of a regular differential
under a finite morphism is regular. In local coordinates u = s¢, summing a regular
expansion in s keeps only terms s*~!ds, which become multiples of u/~'du, with
£ > 1. The source forms are regular at finite points. At infinity, their orders are
2g—2—2k for odd N and g—1—k at both points for even V. The defining polynomial
of C has degree N. Thus the curve C has genus g, and these g independent forms
give a basis. Since each s,, comes from K, changing the sign of ¢ changes the sign
of (6.4). |

Corollary 6.6. Under the assumptions of Proposition 6.5, let b € B satisfy u(b) =
E. The coefficients and the roots of P extend holomorphically near b. For every
m > 1, the differential ds,, /t is reqular at every point of T over b.

PrOOF. Comparing leading coefficients in (6.3) shows that the leading coefficient
of P is constant and nonzero. Each root of P is integral over the local ring at
b, since the polynomial on the right-hand side of (6.3) has a constant nonzero
leading coefficient. The coefficients of P are therefore integral and belong to K,
so they extend across b, since B is smooth. The polynomial Qg (—z2) has distinct
nonzero roots, which gives local holomorphic root branches. Differentiating their
norm equations and using du = 2tdt, we obtain
do — ——___ "1 4 dsimf,mZLdt
TN A — Qo= +n"
The denominators are nonzero at u = E. The second expression is regular at every
zero of t on the normalization. O

Remark 6.7. For a multiple zero of p — F, the function ¢ need not be a local
parameter.
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Remark 6.8. The rank of the regular traces requires a separate computation. For
example, we take

Pr(z)=1+rz+2%  Qo(v)=(1+v*)?  u=r*  E=1

The source has genus one, the target t> = r2 — 1 has genus zero, and s; = 0. Every
component of the correspondence dominates the source, but the only regular source
differential has zero trace.

6.4. A condition for rational curves defined by the norm equation

In this subsection, we give a sufficient condition for a component of the curve
defined by the norm equation to be rational, assuming that its function field has
the form stated in the following lemma. Then we have the following lemma.

Lemma 6.9. Suppose that a component of the curve defined by the norm equation
has function field C(x)(\/D(x)), where D € Clx] is nonzero. We write D = A%Dg;,
where Dyt retains precisely the factors of odd multiplicity. If deg Dy < 2, the
normalization of the component is rational.

ProOF. We replace VD by Ay/Dg in the function field. If Dy is constant, the
component has function field C(z). If the degree of Dy is one or two, we obtain a
nondegenerate conic over C. Each case gives a rational normalization. (Il

Remark 6.10. This condition applies when the function field of the selected com-
ponent has the form stated in Lemma 6.9. For a real Mellin integral, we separately
identify a real interval on which P is the spectral factor. We also prove the range
and orientation of p and its nonzero derivative at each finite endpoint. For exam-
ple, P, = 1+ rz + 22 has positive norm 1+ (r2 — 2)v +v? on v > 0 for r < —V2.
The roots of P, lie in the right half-plane, so this rational curve defined by the
norm equation does not select a real branch on which all zeros of P, lie in the left
half-plane.

6.5. Correspondences and two Abelian integrals

In this subsection, we construct algebraic correspondences for the exponent g =
1/2 and compute the traces of two regular differentials. We use the quintic or
sextic pencil and its notation from Theorem 4.1 or Theorem 5.1, respectively. For
the algebraic correspondence, we now fix £ € C. We return to the real paths in
Corollary 6.25. We put

Cp: v =Qr), Qr(v) = Qo(v) + Ev,
where Qo = H? in the sextic case. For the quintic and sextic cases, respectively,

we put

Sp(r)=M(r)— Er®/a® Tg: & =Sg(r),

Sp(z) = M(z) — Ex®/a?, Tg: & =Sg(z).
We use the smooth projective models of these curves when Qr and Sg are square-
free. For each fixed ¢ > 1, only finitely many values of E violate this condition. In
fact, a multiple root of Qg satisfies vQ((v) — Qo(v) = 0, whose constant term is
—1. A multiple root of Sg is a critical point of the nonconstant rational function
1, away from its poles.
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For each pencil, we write z1(r),...,zn(r) for the roots of P, and put s3(r) =
> z;j(r)3. Here z;(r) are roots of P, whereas z; in the transformation formulas
are Lauricella arguments. We define the polynomials Bs and Bg by
:E@’ 36(7«2):&@

3a dr 3a dr
for the quintic and sextic pencils, respectively. The second expression is even in 7.
The coefficient expansions following the theorem show that these expressions are
polynomials in 7 and = = r2, respectively.

Then we have the following theorem.

B5(’I“)

Theorem 6.11. Suppose that o > 1, and that Qg and Sg are squarefree. For the
quintic pencil, there is an algebraic correspondence

Cp <> Dy - Tg
with g(Cg) =2, g(Tg) =7, degp = 16, and deg q = 5, whose traces satisfy

L [ dv r2+rt/o . [vdv dr
P () = —7/dn 4:p () = Bs(r)—
y af y €

For the sextic pencil, there is an algebraic correspondence of the same form with
g(Cg) =2, g(Tg) = 4, degp = 10, and degq = 6, whose traces satisfy

«(d Doz(1 + . (vd d
q«p <U> = —Mdfﬁ, q+p (M> — By(x) =
(1 a (1 3

In both cases, the correspondence induces a surjective homomorphism
U = p.q* : Jac(Tg) — Jac(Cg).

Here Dg is the disjoint union of the compact normalizations of all components of
the correspondence, and the degrees and traces include all components.

We define the coefficients v;, —3 < j < 3, by

_3vV2-4 3(0 +1)(3v2 — 4)

V-3 = 32 V-2 = — 160 )
24(v/2 — 2)(0% 4+ 1) + (57v2 — 84)0 203 +30% + 30 + 2
V-1= 3202 ) Y = 903 )
_ 24(V2+42) (0% + 1) + (5TV2 + 84)0 30+ 1)(4+3v2)
ne 3203 R 1603 ’
_4+3V2
BT 3248
We define the coefficients ¢;, j € {—3,—1,1,3}, by
D3(7 - 3V/5)
C_3 = Tv
o Dj(—21+3V5)  3BDy N 3v/5U Dy
- 8 oF 8F2
. D (21 + 3/5) N 3BD, N 3v/5U Dy
! 8 2F 8F2
o _ D3(7+3V5)

8
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The coefficient expansions of Bs and Bg are

—c_3—c_12/3+ c12%/3 + cza®
- .

3
2 .
— ; +3 —
Bs(r) = o E Jyr T, Be(x) =
j=-3
The constant « in each polynomial is the constant of the corresponding pencil.

PrROOF. We use the norm identity
Pr(2)Pr(—2) = Qo(—2%) — p(r)z".
First, we consider the quintic pencil. We define Dg by P.(z) = 0 over Tg, and put

q(T,f,Z) = (T7 5)7 p(T,f,Z) = <_Z27 O;if) .

Since P,(0) = 1, the coordinate z is nonzero. On Dg, the norm identity gives
2,22
Qu(—2) = 2(ulr) — B) = T2
so p takes values in C'g. The rational maps extend to morphisms on the compact
normalizations. Both projections are nonconstant on each component. In fact, a
constant value of z would give Qo(—22) — u(r)z? = 0 for all », which contradicts
the nonconstancy of p and Qo(0) = 1. The projection ¢ has total degree 5. For
a fixed generic nonzero z, the polynomial r*P,.(z) has degree 8 in r, with nonzero
constant and leading coefficients. For a generic point (v,y) of Cg, each of the two
choices z = £+/—v gives eight points, so p has total degree 16.
We denote the roots of P, by z1,..., 25 and put sg(r) = Zj zf Vieta’s formulas
give

)

3(r—=1)(eT —1)C )
_ — 3 — J
§1 =T, §3 = —7° + = ire.
1 3 2\/50_2 j:Z_B ’yj
Writing t = a&/r*, we have v = —22 and y = zt. Hence

dv  2dz vdv 222dz

y ot y ot

Summing over the roots gives

. (dv) 2r4d . (Udu) 2r4d
¢:p* | — | =——ds1,  a.p"|—— | = dss
Y ag Y 3ag

The constant coefficient of Bs is (4 —3v/2)/(16a) # 0. The first trace has zero con-
stant coefficient. The polynomial numerators of the two traces have degrees 4 and
6, respectively. Thus the two traces are linearly independent regular differentials
on Tg.

Next, we consider the sextic pencil. Since P_,.(z) = P.(—z2), we put @ = 12,
h = z/r, and I, (h) = P.(rh). The polynomial II, has coeflicients in C(z). We
define Dg by II,.(h) = 0 over Tg, and put

Q(x7§7h) = (13,5)7 p(xa§7h) = <_'T’h27 O;};€> .

The norm identity gives Qg (—xh?) = a?h?¢?/x*, so p takes values in Cg. The
projection ¢ has total degree 6. The polynomial 7°P,(z) has degree 10 in r for
generic nonzero z. The simultaneous sign change (r,z) — (—r, —z) identifies the
two choices of z = 4v/—v, so p has total degree 10.
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We use the same notation si(r) for the sums of the k-th powers of the six roots
of P.. Newton’s identities give

_ 7e(r)® — 12BFe(r) — 3(e(r)? — U)w(r) B ",
= SF3 = Z cir.

j€{-3,-1,1,3}

s3(r)

Consequently, we have

Zhj =Do(1—az7h), Zh}o’ =c st 3 +e 1z +ex Hoes.

J J
Using the displayed formula for p, we obtain

dv 22
— = ——(hdx + 2xdh),
; ag( )
d 3

YU = L (R3dw + 2¢h2dh).
y g

Summing over the roots gives the stated sextic traces. The constant coefficient of
Bg is —c_3/a # 0. The first trace has zero constant coefficient. The polynomial
numerators of the two traces have degrees 2 and 3, respectively. Thus the two
traces are linearly independent regular differentials on Tg.

Finally, we consider the induced homomorphism of Jacobians. By pullback under
q and pushforward under p, we obtain the homomorphism ¥ = p,q* on degree-zero
divisor classes; see [Mil86, Corollary 6.3]. We identify the cotangent spaces of the
Jacobians with the spaces of regular differentials; see [Mil86, Propositions 2.1-2.2].
We compute the cotangent map of ¥ on an open set where the points of each fiber
of ¢ are distinct. Let A, Ag be points of Tp. We represent the class U([A — Ag]) by
the sum of the points p(P) with P € ¢~ '(A), minus the corresponding sum with
P € ¢ 1(Ap). By differentiating the Abel integrals of a regular differential w on
Cg, we obtain the sum of p*w over these points. Therefore, the cotangent map is
U* = q,p*. This equality extends across the branch points, since both sides are
regular differentials. The differentials dv/y and vdv/y form a basis of the regular
differentials on C'g, and their traces are linearly independent. Hence U™ is injective,
so the image of ¥ has dimension 2 and equals Jac(Cg). O

6.6. Composition and induced polarizations

We compute the composition of the homomorphism in Theorem 6.11 with its
adjoint. We put

Jo = Jac(Cg), Jr = Jac(Tg), f=9":Jo — Jp.

We denote the canonical principal polarizations by Ac, A, and their classes by
[Oc¢], [©r]. Pullback and norm are adjoint for these polarizations; see [KM16, §2,
(2.1)—(2.3), and §4, (4.6)]. Thus f = q.p*. We use p,, ¢, for traces when they act
on differentials.

We compute sums of odd powers of roots over the points above a fixed source
point, using the possible choices of signs. For generic p, each polynomial P satisfy-
ing the norm identity chooses one root from each pair of opposite roots. For generic
nonzero z, we write r;(z) for the values of the parameter satisfying P, .)(z) = 0,
counted with multiplicity. For each positive odd integer ¢, we write sy(r) for the
sum of the ¢-th powers of the roots of P,., counted with multiplicity. The fixed
leading coefficient fixes the product of the signs. In the quintic case, the map
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r +— u(r) has degree 16, and the formula r = { — o7 — 0 — 1 recovers r from the
coefficients. Hence the curve defined by the norm equation realizes all sixteen sign
choices. Fixing one chosen root z leaves eight choices, and each other root occurs
four times with each sign. Thus Y, s¢(r;(2)) = 82° for every positive odd /.

For the sextic pencil, we put s? = u # 0, A(z) = H(—22) + sz, and denote its
roots by wr, ..., ws. Newton’s identities give >, w; = >, w? = 0. The polynomial
A has no zero or opposite roots, since A(0) = 1 and A(z) — A(—z) = 2sz. The
selected factor P has leading coefficient F', opposite to the leading coefficient of
A, so it is obtained by changing the signs of an odd number of roots. We put
L = 4BFe + 4F%c — 3. The coefficient identities give

15 3L
S§3 — Esl = —@.
Changing the signs of one or five roots gives £ = 0. For three roots w;, w;, wy, the
left side is 6(w; + w;)(w; + wi)(wr + w;) # 0. The factorization of the coefficient
equation in (5.8) then gives G = 0. Thus the twenty choices obtained by reversing
exactly three signs belong to the selected G = 0 component. The formulas
_ 8F2c+e(e? + 4BF) _w—+/5e

e e
recover r generically, and deg u(r) = 20, so all twenty choices occur. We obtain ten
choices by requiring w; = z to be a root of P. Each other root occurs four times
with the positive sign and six times with the negative sign, so

6
254(7‘1-(2)) =122 — 2Zw§ =12z¢ (£=1,3).
i j=1
The quotient by the simultaneous sign change accounts for the factor two in the
trace in the reverse direction. These sums over choices of signs give the integers 16
and 12 multiplying the identity in the two compositions.
Then we have the following theorem.

Theorem 6.12. Suppose that o > 1, and that Qr,Sg are squarefree. For the
correspondences of Theorem 6.11, we have

16  for the quintic pencil,
(6.5) Uf = [mly,,  m= {10 Jorthequintic pen
12 for the sextic pencil.
Consequently,
1
Flor]=m[0c], H=—fve End’(Jr), I?2=I=T1I

The degrees and traces include all compact normalized components of Dg.
PROOF. We compute the cotangent map
(Tf)" = psq"a.p"

on the basis wy = dv/y, w1 = vdv/y of H°(Cp, Q). For generic nonzero z, we
put

F.(r) r*P,(z) for the quintic pencil, i“l (2)r7
L(r) = = i(z)r?,
r®P,(z) for the sextic pencil = !
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where np = 8 or 10, respectively. We use the same notation r;(z) for all roots of
F,, and put

BE =L =g w= e a<i<y)

The constant and leading coefficients are nonzero multiples of z. Newton’s identities
for the roots and their reciprocals give
(6 6) Rfl = —Uuy, R,Q = u% — 2u2, ng = —’Lbi + 3U1U2 — 3U3,
’ Ry = —uvy, Ry = 1]% — 2u9, R3 = —U% + 3vivg — 3vus, Ry =np.
Each of the functions u;,v; is a polynomial in z of degree at most j. We put

MHe(z) =Y se(ri(2)),  £=1,3,

i

where s,(r) is the Newton sum of the roots of P,. Substituting the coefficient
formulas from (4.3) and (5.3) into (6.6), we obtain

"/ZF ’}—[1(2) Hg(z)

(6.7) quintic | 8 8z 823
sextic | 10 12z 1223,
For H;, we use s1 = —7 and s; = —e¢/F, respectively. For Hs, we use
3
Z v R; for the quintic pencil,
Hs = =

c_3R_3+c_1R_1+c1Ry +c3R3 for the sextic pencil.

The coefficients of 1, z, 22, 23 are 0,0, 0,8 and 0,0, 0, 12, respectively. We now apply
Proposition 6.5 to the two differentials. On the curve defined by P(z) = 0, (6.4)
gives

2(71)k+lz
*(gsp* =———d k=0,1,
q (q p wk) (2k’+1)y S2k+1, )
where we use the cover with 2 = 72, z = rh in the sextic case. For each of the choices
z = ++v/—v, we sum over all r;(2) and use dv = —2zdz. In the quintic case, the two

choices give sixteen points of Dg. In the sextic case, the map (r,z) — (—r,—2)
identifies the twenty points on the cover in pairs, so we divide the sum by two.
Putting 6 = 1 or 2, respectively, we obtain

- (—1)*
P QD" Wi = W(Hékﬂ(z) + Hip g1 (—2) ) wo.

Here the primes indicate that we differentiate with respect to the argument before
evaluating at z or —z. By (6.7), the matrices of the cotangent map in the two cases
are 1615 and 12]5. Both calculations hold on the open set where the projections are
unramified. The traces are regular differentials on the compact normalizations, so
the equalities extend to the complete curves. The sum includes every component
of Dg. Since a homomorphism of complex abelian varieties is determined by its
tangent map, these matrices prove (6.5).
The adjoint relation gives f¥YAr = Ac¥. Hence

Apror = [YArf = Ac[m],
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which proves the equality of polarization classes. Finally,
1 1
I’ = — f(Uf)¥ =1I, ot = = fu =1L
m m
O
We now describe the finite kernel and the complementary abelian subvariety. We
put
K = ker f, hy = #K, U =imf, V = (ker )?,
and write f = if’, where i : U — Jp is the inclusion and f’ : Jo — U is the

induced map. We denote the induced polarization by Ay = i¥Ari. We define the
two addition maps by

a:UxV—Jr, (u,v)— u-+w, a:JoxV —Jp, (c¢,v)— f(c)+w.
Then we have the following corollary.

Corollary 6.13. Under the assumptions of Theorem 6.12, the group K is a finite
isotropic subgroup of Jo[m] for the m-Weil pairing, and hy | m?. Moreover,

(6.8) im(mlIdy, —f¥)=1V, mo(ker W) ~ ker((f")Y), #mo(ker ) = hy.

We have
4

UNV =ker Ay,  deghy = o

h? '
The maps a,a are isogenies, with
4
kera = {(u,—u) v e UNV}, dega:h—z,
(6.9) mf4
kera = {(c,—f(c)) : c€ Jo[m], f(c) €V}, dega= o
f

The dimension of V is 5 in the quintic case and 2 in the sextic case.

PROOF. The identity ¥ f = [m] makes df injective and gives K C Jo[m]. We write
Jo =We/Ac, Jr = Wr/Ar, and denote by f the linear map between the covering
vector spaces that induces f. We denote the Riemann forms of Ao, A\r by &z, &,
respectively. The equality f*[Or] = m[O¢] gives
ET(fu, fv) = mé&c(u,v).

If u, v represent points of K, their images lie in Ap. Thus m&c(u,v) is an integer,
and the m-Weil pairing e,, satisfies

em(umod Ac,v mod A¢) = exp(2miméEc(u,v)) = 1.
The pairing on Je[m] is perfect. Its restriction to each primary component shows
that an isotropic subgroup has order dividing m?, since dim Jo = 2.

The image of mId s, —f¥ lies in V. On V, this homomorphism equals [m]y, so
its image is all of V. We put j =iV Ar : Jr — U". The dual of the inclusion i has
connected kernel (Jr/U)Y. Hence ker j is connected. Since

(f')5=f'Ar =AY,
we have ker j =V and
ker W/V ~ ker((f')").
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The isogenies f” and (f’)" have degree hy. This proves (6.8). The restriction of j
to U is Ay, so UNV =ker \y. Also,
(f)" A f" = Aclml.
Taking degrees gives hfc deg \y = m*.
The tangent spaces of U and V form a direct sum, since ¥f = [m]. Thus a is
an isogeny. Its kernel and degree follow from U NV = ker Ay. The factorization

a=ao(f xIdy)

gives the degree of @. The kernel of @ has the form in (6.9), since f(c) € V implies
[mle =¥ f(c) =0. O

6.7. Division of the homomorphism by two

We compute the action of f = UT on Jo[2] and divide f by two in Hom(J¢, Jr).
We retain the correspondences and notation of Theorems 6.11 and 6.12. We denote
the ramification divisor of the hyperelliptic projection T — P! by R. This divisor
is the sum of 16 finite points in the quintic case and 10 finite points in the sextic
case.

Then we have the following proposition.

Proposition 6.14. Suppose that o > 1, and that Qg, Sg are squarefree. For each
finite Weierstrass point W of Cg, we have the equality of effective divisors

(6.10) @Gp"W =Rr.

Moreover, Jo[2] C ker f, and there is a unique homomorphism fo : Jo — Jr such
that

f:2f05 \IIZZLIIOa \I/():fgv

4  for the quintic pencil,
Vo fo = [n], n= { J I P

3 for the sextic pencil.

The homomorphism fo satisfies
1
f3l©0r] =n[O¢], = —fo%o.

PROOF. First, we consider the quintic pencil. We write W; = (v;,0) for the five

finite Weierstrass points, and B, = (r4, 0) for the sixteen ramification points of Tg.

All v;, 7, are nonzero, since Qg(0) = Sg(0) = 1. At B,, we have u(r,) = E and
Py, ()P, (—2) = Qp(=2%).

The polynomial on the right has ten distinct nonzero roots. Exactly one of

V—vi,—/—v; is a root of P, , and this root is simple. Thus there is exactly one

point of the correspondence above B, that maps to W;. The coordinate £ is a local

parameter on Ty at By, since Sg(r,) # 0. The simple root of P, gives one local
graph z = z(£) on the normalization. On this graph,

o)
r(&)*

has a nonzero linear coefficient. Since Q% (v;) # 0, the coordinate y is a local

parameter on C'p at W;. Hence the ramification index of p is one at each of these

sixteen points. The degree of p, including all components, is sixteen, so these points
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exhaust p~!(W;). There are no additional contributions at » = 0 or r = co. This
proves (6.10) in the quintic case.

Next, we consider the sextic pencil in the quotient coordinates = = 72, h = z/r.
At a ramification point B, = (24, 0), the norm identity gives

., (W)L, (—h) = Qr(—x.h?).

For each of the six finite Weierstrass points W;, exactly one of the two roots h =
++/—v;/z, belongs to II,, . The root is simple, and

again gives a nonzero linear coefficient. Each of the ten points above W; has mul-
tiplicity one, and these points exhaust the degree-ten fiber of p. The quotient
coordinates already identify the simultaneous sign change, so we count ten points.
This proves (6.10) in the sextic case. Both arguments apply to every smooth fiber
and include every normalized component. In particular, f([W; — W;]) = 0 for all
finite Weierstrass points.

For the quintic pencil, we denote the point at infinity by W, and put a; =
[W; — Wx]. The principal divisors

5
div(v — v;) = 2W; = 2Wa,  div(y) = Y W; —5Wa
=1

give 2a; = 0 and ), a; = 0. The images f(a;) have one common value A. Thus
2A =5A =0, and A = 0. The classes a; generate J[2]. To verify this, we consider
a function with its only pole at W, of order at most two. Such a function is a linear
combination of 1,v. Such a function cannot have a simple zero at one Weierstrass
point or simple zeros at two distinct Weierstrass points. Using >, a; = 0, we reduce
every other possible relation to a subset of one or two points. Hence the only relation
among the five classes a; is their sum, and they generate sixteen distinct classes.
Since #Jc[2] = 16, these classes give all of Jz([2]. For the sextic pencil, sending
one of the six finite Weierstrass points to infinity gives a quintic model. The same
argument shows that differences of the six finite points generate Jo[2]. Therefore
Jo[2] C ker f in both cases.

Finally, we descend f through the quotient [2] : Jo — Jo/Jc[2] =~ Jo. The
quotient gives a unique algebraic homomorphism fy with f = fyo[2] = 2f;. Taking
adjoints gives ¥ = 2 fg . The identity Uf = [m] gives 4 fg fo = [m], where m =
16,12. A homomorphism from a connected abelian variety to its finite 4-torsion
subgroup is zero. We therefore cancel four in the Hom group and obtain fg fo=[n],
where n = m/4. The adjoint relation gives fyArfo = Ac[n], which proves the

polarization equality. Substitution into IT = f¥/m gives the last equality. O
We put Ky = ker fy, k = # Ky, and define
ag: Jo XV — Jp, (¢,v) — fole) + v,

where U = im fo = im f and V = (ker ¥)°. We retain the addition map a : U xV —
Jr and the induced polarization Ay. Then we have the following lemma.

Lemma 6.15. Under the assumptions of Proposition 6.14, the group Ky is isotropic

in Joln|, and
2
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In particular, k < 8 for the quintic pencil, and k € {1,3} for the sextic pencil.

PROOF. The argument using Riemann forms in Corollary 6.13, applied to f[0r] =
n[O¢], gives Ky C Jco[n], isotropy, and s | n?. It also gives deg\y = dega =
nt/k?. If k = n?, the addition map a for the complementary abelian subvarieties
would identify the principally polarized Jacobian Jr with a product of two positive-
dimensional principally polarized abelian varieties. For a smooth connected curve
of genus g, the canonical theta divisor is the image of the (g—1)-st symmetric power
of the curve and is irreducible; see [Mil86, Theorems 5.1(a) and 6.6]. Every effective
representative of its principal polarization is a translate of this divisor. The theta
divisor of a nontrivial polarized product is reducible, which is a contradiction. Thus
K < n?. U

6.8. Determination of the kernel by monodromy

We determine the kernel ker f; by monodromy of the source curves. We fix o > 1
and denote by B, the set of £ € C for which Qg, Sg are squarefree. This set is
the complement of finitely many points. We retain Ky = ker fy, n = 4,3, and the
notation of Proposition 6.14.

Then we have the following lemma.

Lemma 6.16. Over B,, the homomorphisms fy define a morphism of integral
homology local systems. The groups Ko C Jo[n] form a monodromy invariant finite
sublocal system. Removing the additional singular values of Tg does not reduce the
monodromy image of the source family.

PRrROOF. On a simply connected open subset of B,,, we choose flat integral homology
bases for the two smooth projective families. We use the basis dv/y,vdv/y of
relative holomorphic differentials on Cg. The trace formulas of Theorem 6.11 have
coefficients independent of F, and their periods over flat cycles vary continuously.
We write Po(E) for the 2 x 4 period matrix of the source curve and L(E) for the
2 x 2g(Tg) matrix of periods of the two traces on the target curve. The real matrix

e~ (1 5)

is invertible. In fact, a real homology class whose holomorphic periods vanish also
has vanishing antiholomorphic periods, so it is zero by the Hodge decomposition
and the nondegenerate period pairing. We therefore obtain the following matrix
for the action of the already defined homomorphism Vg on homology:

M(E) = Re(E) ™ (1o 12

This matrix is continuous and integral, hence locally constant. The intersection
forms of the canonical polarizations are constant in flat bases, so the matrix Mjy
representing the adjoint homomorphism is also locally constant. Proposition 6.14
gives a unique integral matrix My, = M;/2 in every fiber. These matrices agree
on overlaps and define the asserted morphism of local systems. On n-torsion, Ky is
the kernel of My, modulo n, so it is monodromy invariant. This argument uses the
explicit traces and does not require simultaneous normalization of the components
of the correspondence.

The locus where the source curves are smooth contains B,, with only finitely
many additional points. Loops generating the fundamental group of this locus
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can be chosen to avoid these points. Thus the inclusion induces a surjection on
fundamental groups, and the image of the monodromy representation for the source
family is unchanged. O

Then we have the following theorem.

Theorem 6.17. For either specified pencil, suppose thato > 1, E € C, and Qg, Sg
are squarefree. Then

ker fo = {0}.
PROOF. First, we consider the quintic pencil. Using B, e, A of (4.1), we put
_ 40(20% + 0 +1)

C, CEE , A, (v) = 14 Bv+ev?, T,(v) = 1+ Cov+ (e/o)v?.
Coeflicient comparison gives

(6.11) vQy(v) — Qo(v) = Ay (v)T,(v)(4ov — 1).

For the degree-five map ¢,(v) = —Qo(v)/v, the roots of A,,T, have critical

values 0, A, respectively. The latter assertion also follows from Q(v) + Av =
(1 + 0%v)T,(v)?. The remaining critical point and its value are
:L7 E*:7(40+1)(403+902+100+2)2 “o

4o 4(c +1)8
Since A, (vs), Ty (vs) > 0, the critical point v, is simple. Its value differs from 0, A,
which are nonnegative. Thus its local monodromy is a transposition, including when
o = 1. The connected degree-five covering has transitive monodromy. A transitive
group of prime degree is primitive. The conjugates of a transposition give a graph
whose connected components are blocks; primitivity makes this graph connected,
and its edge transpositions generate S;. Consequently, the permutations induced
by continuation of the roots around loops form S;. By Lemma 6.16, continuation
around loops in B, induces the same permutations of the roots.

The point at infinity is a fixed Weierstrass section of the quintic family. The
usual description by differences of Weierstrass points identifies J[2] with the even-
weight subspace of F5. A nonzero vector has weight two or four. The orbit of a
weight-two vector spans this subspace, and differences of weight-four orbit vectors
give weight-two vectors. Thus this four-dimensional Ss-module is irreducible. If
Ky # 0, then Ky C Je[4] has nonzero two-torsion. Monodromy invariance forces
Ky[2] = Jo[2], so #Ky > 16, contrary to Lemma 6.15.

We also record the discriminant obtained from (6.11):

disc, Qp = 256e°E*(E — A)*(E — E.).
The resultants of A,,T,,40v—1 with Qg are e*E?, (e/0)*(E—A)?, and (40)*(E —
E.,). Their product divided by the leading coefficient e? of Qg is its discriminant.

Next, we consider the sextic pencil, with H(v) = 1+ Av+ Bv?+ Fv3 and F > 0.
We make the base change and coordinate change

E=t5, u = tv, w = t3y.

U

The equation becomes

w? = (Fu® + Btu? + At?u + t*)? 4 .
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At t = 0, the polynomial is u(F2u® + 1). Its derivative is 1 at zero and —5 at each
of its other five roots. In the coordinates s = 1/u, W = w/u3, we have

W2 = (F + Bts + At*s* + t35%)? + 5.
At s =t = 0, the two points W = +F are smooth. With these two charts, the
double cover of P! gives a smooth proper genus-two family near ¢ = 0. We put
¢ = exp(2my/—1/5). The deck action is
(t,u,w) — (G, Cu, CPw).

On the holomorphic differentials du/w,udu/w, its eigenvalues on the fiber at zero
are (3,¢*. Together with their complex conjugates, these give the characteristic
polynomial on first cohomology

P5(X) =X+ X3+ X2+ X + 1.
Transport in this smooth proper family identifies this action, or its inverse according
to the loop orientation, with the monodromy of the source family at infinity. Since
the multiplicative order of 3 modulo 5 is four, ®5 is irreducible over [F3. The action
on Je[3], equivalently on first homology modulo three, is therefore irreducible.
Lemma 6.15 gives #Ko = 1 or 3. A kernel of order three would be a nonzero

proper invariant subspace of J¢[3], contrary to Lemma 6.16 and irreducibility. Thus
Ky =0 in both families. O

We write Ay for the restricted polarization on V. Then we have the following
corollary.

Corollary 6.18. Under the assumptions of Theorem 6.17, the map fo : Jo — Jr
is an embedding, and

ker f = Jo[2], ker Uy =V, #mo(ker ¥) = 16,
(1,1,1,4,4) quintic,
(3,3) sextic,
Unv = fo(Jeln]) = (Z/nZ)*.
The maps a : UxV — Jr and @y : Jo xV — Jr have degree n*, namely 256 in the

quintic case and 81 in the sextic case. The map a: Jo xV — Jr, (¢,v) — f(c)+wv,
has degree 16n*, namely 4096 in the quintic case and 1296 in the sextic case, and

kera = {(fo(c), —fo(c)) : ¢ € Ja[n]},
kera = {(¢, —2fo(c)) : c € Jc[2n]}.

There are no homomorphism g and integer d > 2 such that fy = dg, and the only
positive integers dividing f in the group of homomorphisms are 1, 2.

type(Ay) = (n,n), type(Ay) = {

PROOF. An injective homomorphism of complex abelian varieties is an isomorphism
onto its image. Hence the pullback equality fi[Or] = n[©¢] gives type (n,n) on
U. The dual of an embedding has connected kernel, so ¥ is surjective and its
kernel equals V. Since f = 2f, its kernel is J¢[2], and duality gives the stated
number of connected components of ker . For u = fy(c), we have Ug(u) = nc.
Thus U NV = fo(Je[n]), which gives the kernel of the first addition map and its
order n*. The map fy x 1 identifies @y with a. For the homomorphism f = 2fj,
Uo(2fo(c)) = 2ne, which gives the second kernel and its order (2n)*. For abelian
subvarieties that are complementary with respect to the principal polarization,
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the kernels of the induced polarizations both identify with U NV, as in the lattice
argument of Corollary 6.13. The nontrivial elementary divisors of the two restricted
polarizations therefore coincide. Filling the remaining entries with ones gives the
asserted type of Ay. If fo = dg with d > 2, then J¢[d] C ker fy, which is impossible.
If f = dg with even d, cancellation of two gives d = 2. For odd d > 1, a Bezout
identity for 2,d would make f; divisible by d, which is also impossible. O

6.9. A double cover and a map of degree five

We identify the choices of root signs for the quintic polynomial with a component
of the construction of Kanev and Lange. We use the quintic data Qg, e, a, Py, u(r)
of Theorems 4.1 and 6.11. Then we have the following proposition.

Proposition 6.19. Suppose that 0 > 1, E € C, and Qg, Sg are squarefree for the
quintic pencil. The smooth projective models of

Cr: y? =Qp(—2%), Cy: t?=—Qgpv)/v,

Ce 5 Cp % Pl (z,y) — (v=—22t=y/2) —>t
have genera four and two, and degm = 2, degg = 5. Here t denotes the coordinate
of this quotient curve. The map m is branched at the two points of C above v = oo,
both of which lie overt = co. Over a generict, we divide the choices of one lift z; for
each of the five points in g~1(t) into two sets of sizteen, according to Hj zj = %1/e.
The normalization of the component with product —1/e is Tg, with the map to P}
given by t = af/rt.

PROOF. Since Qg(0) = 1, substituting —z? preserves squarefreeness and gives
a polynomial of degree ten. Thus Cg has genus four. The quadratic extension
defining C’; is branched at the five roots of Qg and at v = 0, so C'; has genus
two. There are two points above v = oo, since the pole order of —Qg(v)/v there
is four. The involution of 7 is (z,y) — (—z,—y). It exchanges the two points at
z = 0. In the chart h = 1/2,Y = y/25 it acts by (h,Y) — (=h,Y), so the two
points at infinity are fixed. There are no other fixed points. The pole divisor of ¢
has multiplicity one at the point above v = 0 and multiplicity two at each point
above v = co. Hence degg=1+2+2=5.

For fixed t, the five coordinates v; are the roots of ) g12. Each has two lifts with
zJQ = —vj, giving thirty-two choices. Since the constant and leading coeflicients of
QEye are 1,e%, we have (IT; z;)? = 1/e*. The normalization P,(0) = 1 and
leading coefficient e give [] ;2 =-1 /e. Using the expression for r in terms of the
coeflicients given before Theorem 6.12 and deg ;1 = 16, we realize all sixteen choices
with this product. The equation t> = u(r) — E becomes t = af/r* on Tx. Since Sg
is squarefree, this curve is connected. This expression identifies the function field
of the selected component with that of Tz, which gives the asserted normalization.

O

Remark 6.20. The construction by choosing one lift of each root in Proposi-
tion 6.19 is given in [KLO08, §§2.13-2.14, author manuscript arXiv:0707.0364v1].
Remark 3.9 in that manuscript extends the constructions and correspondence iden-
tities of §§3.2-3.8 to arbitrary B,,-coverings, allowing the nonsingular curves in the
construction to be reducible. For the maps in Proposition 6.19, the double cover is
ramified and its two branch points have the same image under g. Thus the etale
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and simple ramification assumptions of [KLO08, Proposition 4.6, the same author
manuscript] fail, so its polarization conclusion does not apply directly. For these
pencils, we give an explicit rational component of the curve defined by the norm
equation and its full real path, together with the kernel and polarization calcula-
tions of Theorem 6.17 and Corollary 6.18.

Remark 6.21. The division f = 2f; takes place in the group of homomorphisms
of abelian varieties. It does not divide the effective correspondence coefficient by
coefficient. The kernel determination concerns the specified homomorphism. We
do not determine which multiplication maps arise from compositions of other ho-
momorphisms or correspondences.

Remark 6.22. If the induced polarization on U has type (di,ds), then didy =
m?/hs. Corollary 6.18 gives K = Jc[2], hy = 16, and type (n,n) on U. The
original map f has a nontrivial kernel, but fj is an embedding. The integer m refers
to the composition for the specified correspondence; we do not determine which
multiplication maps arise from other correspondences. In particular, U Nker ¥ =
f(Je[m]) = Jo[m]/K has order m*/h¢, and can differ from U NV.

Remark 6.23. The squarefreeness assumption concerns the curve and Jacobian
assertions. For example, the sextic fiber £ = A is singular for ¢ > 1, even though
it is positive on the positive real axis. The transformations of Theorems 4.1 and
5.1 do not require squarefree fibers. Corollary 6.13 gives the isogeny obtained
by adding points of the two complementary abelian subvarieties. Corollary 6.18
determines the finite kernel of U and the restricted polarization type of its image.
We do not determine which multiplication maps arise from compositions of other
homomorphisms or correspondences.

We use the following kernel for the second differential.

Lemma 6.24. Suppose that N =5 or 6, Qo € R[v], degQo = N, Qo(v) > 0 for
v >0, Q(0) =1, and Q,(v) = Qo(v) + pv, where p > 0. We denote the roots
of Qu by p; and choose each square root \/—p; with positive real part. We put
zj = —/=pj and s3(p) =3, z3. Then

d83
— = d
27r/ Qu v > 0.

PrROOF. We first assume that the roots are snnple. Differentiating Q,(p;) = 0

gives

dss _ 3N~ PiV=hi

dp 2 r QL(pJ)
Since N > 3, the partial fraction expansion of v/Q,(v) has residues whose sum is
zero. Multiplying this expansion by v, we obtain

R

Apply the convergent beta integral [DLMF, (5.12.3)] with the factor v~/2. Since
p(—=p;)~'/* = —pj\/=p;, we obtain the formula. For multiple roots, the contour
integral defining s3(u) gives convergence of dss/dp under the perturbation Qo(v) +
ev. The integral is dominated by the unperturbed integrand, which has orders v®/2

I p]
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at zero and v®/2~ at infinity. Thus the formula extends to multiple roots by the

argument of Lemma 3.1. (|
By this lemma, we obtain the following corollary.

Corollary 6.25. Under the assumptions on the real paths in Theorems 4.1 and
5.1, we choose y = \/Qgr(v) > 0 on v > 0. In the quintic case, we choose & =
/SEg(r) >0 for 0 < r < L and integrate from L to 0. In the sextic case, we choose
&= \/m >0 for 0 < z < L? and integrate from L? to 0. For k = 0,1, we have

O /okdv oy
qg«p" | —— |, quintic case,
L Y

/°° vFdo

T 0 kg

o VQr() /q*p* (v U), sextic case.
Y

L2
The traces on the right-hand side are the explicit differentials in Theorem 6.11.
The integral identity also holds at nonsquarefree fibers in the real parameter ranges
stated in the two theorems, where the right-hand side denotes the explicit differential
formulas rather than a correspondence between smooth curves.

PrROOF. We obtain the case k = 0 from Proposition 3.2 at § = 1/2. For k = 1,
Lemma 6.24 and the beta integral give

2/00 A—1/2 dss A2
3 Jo dp

1 o0 o0
d\ = = / v3/2 — d\dv
u=E+A T Jo 0o Qe(v)+ M\

B / * wdv
0o VQr()
The positive integrands justify the interchange of integrals. Substitute A = u(r)—FE
and use the trace of vdv/y. For the sextic pencil, substitute z = 2. The square root
chosen for the integrals on the right is positive on the open interval, and p/'(L) # 0
gives an integrable square-root singularity at the finite endpoint. O

Remark 6.26. The real integrals in the corollary are taken along paths with
endpoints; in particular, v = 0 is not a branch point of C'g. The corollary identifies
real Abelian integrals rather than closed cycles. By the norm identity and the two
independent traces, we obtain the correspondence and the Jacobian quotient.
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