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Abstract. We construct rational coordinates on the curves defined by norm

equations for quintic and sextic polynomial families and parametrize the real
paths on which all zeros of the selected factors lie in the left half-plane. We

use these coordinates to obtain Lauricella integral representations with speci-

fied branches for every nonnegative parameter of both pencils. We construct
finite correspondences from smooth curves of genera seven and four to smooth

curves of genus two at exponent one half. We show that the adjoint homo-

morphisms of Jacobians are twice homomorphisms whose adjoint compositions
equal multiplication by four and three, respectively, and that these latter ho-

momorphisms are not divisible by an integer greater than one. We prove that

these latter homomorphisms embed the source Jacobians, with induced polar-
ization types (4, 4) and (3, 3), respectively.

1. Introduction

Lauricella’s function FD is defined by the series (2.1). We study its restriction

F
(N)
D

(
β + 1

2 ;β[N ];Nβ;x1, . . . , xN

)
, N ∈ {5, 6},

where β is a complex parameter and β[N ] denotes N copies of β. The arguments are
determined by a polynomial pencil and depend on the real family parameter σ ≥ 1
and the real pencil parameter E. The Euler integral for FD is given in [MO09,
Eq. (1)].

In this paper, we use a norm identity and a trace formula for odd power sums
of the roots to construct algebraic correspondences. For the specified quintic and
sextic families, we use rational coordinates on conics to parametrize the whole real
paths. We summarize the geometric result for the two pencils of Theorems 4.1 and
5.1. For the quintic pencil, we use Q0 from (4.1) and M,α from (4.4). For the
sextic pencil, we put Q0 = H2, where H, α, and M are defined in (5.1), (5.4), and
(5.5), respectively. For E ∈ C, we put

CE : y2 = Q0(v) + Ev,

TE : ξ2 = M(r)− Er8/α2 for the quintic pencil,

TE : ξ2 = M(x)− Ex5/α2 for the sextic pencil.

The same letters denote the smooth projective models when the defining polyno-
mials are squarefree. For each fixed σ, the defining polynomials of CE and TE
are squarefree for all but finitely many values of E. Then we have the following
theorem.
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Theorem 1.1. Suppose that σ ≥ 1 and E ∈ C, with Q0,M, α as in (4.1) and
(4.4) for the quintic pencil, or (5.1), (5.4), and (5.5) for the sextic pencil. Suppose
also that the defining polynomials of CE and TE are squarefree. There is a finite
correspondence

CE
p←−− DE

q−−→ TE

whose degrees and genera, together with the integer in the composition formula
below, are

g(CE) g(TE) deg p deg q m
quintic 2 7 16 5 16
sextic 2 4 10 6 12.

Here DE is the disjoint union of the compact normalizations of all components, and
the degrees include all components. The homomorphism

Ψ = p∗q
∗ : Jac(TE) −→ Jac(CE)

is surjective. For the adjoint Ψ† = q∗p
∗ with respect to the canonical principal

polarizations, the composition is multiplication by m on Jac(CE):

ΨΨ† = [m].

We put f = Ψ† and n = m/4. There is a unique homomorphism f0 : Jac(CE) →
Jac(TE) such that

f = 2f0, f†0f0 = [n], f∗0 [ΘT ] = n[ΘC ].

Here [ΘC ], [ΘT ] are the canonical principal polarization classes. The homomor-
phism f0 is not an integer multiple dg of another homomorphism with d ≥ 2. The
homomorphism f0 is an embedding, and the induced polarization on its image has
type (n, n), namely (4, 4) for the quintic pencil and (3, 3) for the sextic pencil. The

kernel of f is exactly Jac(CE)[2]. The adjoint f†0 is surjective with connected kernel.

By addition, we obtain an isogeny from the product of im f0 and ker f†0 to Jac(TE).
This isogeny has degree n4, namely 256 in the quintic case and 81 in the sextic
case.

Theorem 6.11 gives the correspondence and the traces of a basis of regular differ-
entials. Theorem 6.12 computes the composition and its polarization consequences.
Proposition 6.14 proves the divisibility by two in the group of homomorphisms.
Theorem 6.17 determines the kernel, and Corollary 6.18 gives the induced polar-
izations and isogeny degrees. In particular, the correspondence specifies a rational
idempotent of the target Jacobian. These assertions concern smooth curves at
β = 1/2. We treat the general complex exponent by Mellin integrals and analytic
continuation.

The quintic correspondence is obtained from the construction of Kanev and
Lange [KL08, §§2.13–2.14 and Remark 3.9, author manuscript arXiv:0707.0364v1].
Proposition 6.19 identifies the selected component and gives the ramification of
the double cover in the construction. Pullback and norm maps are adjoint for the
canonical principal polarizations; see [KM16, § 2, (2.1)–(2.3), (4.6)]. The cotangent
action of a correspondence is computed by pullback followed by a field trace [KM16,
(4.1)–(4.2)]. Theta-divisor embeddings are related to hyperelliptic curves of genus
four whose Jacobians contain complementary surfaces with restricted polarization
of type (1, 3) in [BS17, Theorem 3.8]. Polarized (2, 2) decompositions are related
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to double covers and Prym varieties in [BK25, Theorem 1.1]. Isogeny decompo-
sitions are described by rational idempotents in [BK25, Remark 1.2]. Lange and
Ortega show that a connected non-cyclic etale triple covering of a curve of genus
two has a hyperelliptic covering curve of genus four and that its Prym variety, with
its principal polarization, is a Jacobian of genus two; see [LO11, Corollary 3.4 and
Theorems 4.9 and 4.17, arXiv:0911.5224v2]. The canonical principal polarization of
the Jacobian of the covering curve induces a polarization of type (3, 3) on the Prym
variety; see [LO11, Proposition 3.3, the same author manuscript]. For the speci-
fied sextic family, we construct the curves and the correspondence explicitly and
determine ker Ψ† and ker f0, where Ψ† = 2f0, whenever the defining polynomials of
both curves are squarefree. The real path of spectral factors also gives the trans-
formation in Theorem 5.1 with its specified branches. We compute the pullback of
the canonical principal polarization of Jac(TE) by Ψ†, which has finite kernel. We
prove that ker Ψ† is exactly the two-torsion subgroup of Jac(CE). After division
by two in the group of homomorphisms of abelian varieties, monodromy excludes
a nonzero kernel in every smooth fiber. For the quintic pencil, continuation of the
roots around loops induces an irreducible action on the two-torsion subgroup. For
the sextic pencil, the monodromy at infinity acts irreducibly on the three-torsion
subgroup. Thus the correspondences identify the source Jacobians with polarized
subvarieties of the target Jacobians; see Corollary 6.18.

For P (z) =
∏N

j=1(1 + pjz), we consider the coefficient equation

P (
√
−1
√
v)P (−

√
−1
√
v) = Q0(v) + µv,

where Q0 ∈ R[v], degQ0 = N , Q0(0) = 1, Q0(v) > 0 for v ≥ 0, and µ ≥ 0. We
choose the numbers pj with Re pj > 0 and put A−(µ) =

∑
j p

−1
j . The coefficients of

P define an algebraic curve, and the inequalities Re pj > 0 select a real path on that
curve. The resulting identity is P (z)P (−z) = Q0(−z2)−µz2, with P (0) = 1 and all
zeros of P in the left half-plane. Selecting the factor with these zeros is polynomial
spectral factorization. We use this factorization to construct rational coordinates on
the selected components of the curve defined by the norm equation and to determine
their whole real paths. The norm identity alone gives the algebraic correspondence
and expresses the traces through odd power sums of the roots; see Proposition 6.5.
For the specified families, the coefficient equations reduce to double covers with
discriminants of degree six. We remove the squared factors to obtain conics and
use their rational coordinates to express A− as rational functions whose derivatives
consist of two monomials. We choose the two families by their factorizable fibers
in (4.1)–(4.2) and (5.2). These fibers give squared factors in the discriminants
obtained by eliminating coefficients; after removing these factors, we obtain conics
with rational coordinates. We then verify that these coordinates cover the real
paths; factorization at the selected fibers alone does not prove this assertion. The
positive integral for A′

− identifies the whole real paths and proves that the pencil
parameter has nonzero derivative at their finite endpoints. Both real paths include
E = 0. For σ > 1, the factorizable sextic fiber in (5.2) is an explicit interior point
of this path. The continuation in Lemma 3.3 includes positive integer values of β.

The number of Lauricella terms records the number of monomials in the poly-
nomial factor of the transformed integrand. The finite expansion with upper pa-

rameters −1 also gives a single F
(17)
D or F

(10)
D ; see Fact 2.2 and (5.10)–(5.11). We



4 NAKANO RYUNOSUKE

use the two-term forms to retain β as the repeated upper parameter of each Lauri-
cella function. Transformations by polynomial substitutions and by two orders of
integration are treated in [EK24, §2] and [WYZ26, §§5.2.1–5.2.2], respectively. For
integer samples of powers of a reciprocal quadratic rational function, the generating
function is reduced to a Mellin integral with a quadratic denominator by Raghava
[Rag26, Eqs. (1.4), (6.2)–(6.4)]. Here we use Mellin integrals and rational coordi-
nates on the real paths of spectral factors to construct Lauricella transformations;
see Proposition 3.2 and Theorems 4.1 and 5.1. The real paths also identify two real
Abelian integrals, with specified endpoints, as integrals of the explicit traces on TE .

At σ = 1, Corollaries 4.2 and 5.2 express the source functions by 5F4. The
sums of the reciprocals of the numbers pj at this parameter belong to the algebraic
hypergeometric family in [Mai14, Theorem 4.4(ii), arXiv:0906.3485v4]. To specify
the parameters and branches, we take N = 5 or 6, 0 < µ≪ 1, and put tj = 1−p−2

j

and t̂j = µ−1/N tj , with the positive real Nth root of µ. Then

tNj + µtj − µ = 0, t̂Nj + µ1/N t̂j − 1 = 0.

We put εN = exp(2πi/N) and number the roots so that t̂j → ε
−(j−1)
N as µ→ 0+. In

Maier’s notation, we take p = 1, q = N − 1, n = N , g = −µ1/N , β = 1, a = −1/2,
and ℓ = κ = 0. His variable then satisfies ζ−1 = −(N − 1)N−1µ/NN , and the
powers of the roots in his sum satisfy[

εj−1
N t̂j

]N/2
= (1− tj)1/2 = p−1

j .

All powers in this equality are the branches tending to 1 as µ → 0+. Since his
function F0 equals 1, his theorem represents N−1

∑
j p

−1
j near µ = 0. The choice

Re pj > 0 continues this sum along µ > 0; at multiple roots, the sum is interpreted
by continuity as in Section 3. For σ > 1, the quintic and sextic pencils have
fibers with multiplicity partitions 2 + 2 + 1 and 2 + 2 + 2, respectively. These
partitions do not occur in the pencils (1 + v)N + µv. The multiplicity partitions
exclude equivalence under a Möbius change of v and a projective change of the
pencil generators; see Proposition 6.3.

The construction also has a relation to the coefficient method in Integer Parame-
ter Shifts in One-Variable Restrictions of Lauricella’s FC [Nak26]. In both papers,
we start from a product of factors at cyclically related arguments and obtain Lauri-
cella representations from a rationality property. Here we construct rational coor-
dinates on a curve defined by the norm equation and use Mellin integrals to obtain
the Lauricella representations. In the FC paper, the shifted coefficients are prod-
ucts of rational functions of the index and the terms of one coefficient sequence, and
the passage uses multiplication by upper Pochhammer factors. The two methods
use the rationality of different intermediate objects under different hypotheses.

2. Series and Euler integrals

In this section, we collect the series and integral formulas used in the proofs. For
z ∈ C and m ∈ Z≥0, we put (z)0 = 1 and (z)m = z(z + 1) · · · (z + m − 1). We fix
a positive integer k. For m = (m1, . . . ,mk) ∈ Zk

≥0 and x = (x1, . . . , xk) ∈ Ck, we
put

|m| =
k∑

i=1

mi, m! =

k∏
i=1

mi!, xm =

k∏
i=1

xmi
i .
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We use the definition

(2.1) F
(k)
D (a; b1, . . . , bk; c;x) =

∑
m≥0

(a)|m|
∏

i(bi)mi

(c)|m|m!
xm.

Here the lower parameter avoids Z≤0. The series converges absolutely on
maxi |xi| < 1. We put

pFq

(
u1, . . . , up
v1, . . . , vq

; z

)
=
∑
m≥0

∏p
j=1(uj)m∏q
j=1(vj)m

zm

m!
.

We use pFq with p = q + 1 as its ordinary series for |z| < 1 and then continue the
germ along the specified path.

We put B(u, v) = Γ (u)Γ (v)/Γ (u+ v).
We specify the branches in the Euler formula before stating the formula. We

take xj ∈ C \ [1,∞) and use the logarithms of 1− xjt that vanish at t = 0. These
logarithms exist on 0 ≤ t ≤ 1. Then we have the following fact.

Fact 2.1. For Re c > Re a > 0, we have

(2.2)

F
(k)
D (a; b1, . . . , bk; c;x1, . . . , xk)

=
Γ (c)

Γ (a)Γ (c− a)

∫ 1

0

ta−1(1− t)c−a−1
k∏

j=1

(1− xjt)−bjdt;

see [MO09, Eq. (1)].

For P (z) =
∏N

j=1(1 + pjz), we define the norm for the quadratic extension given

by z2 = −v by

N2[P ](v) = P (
√
−1
√
v)P (−

√
−1
√
v) =

N∏
j=1

(1 + p2jv).

We fix polynomials Q,R with Q(0) = 1, R(0) = 0, and degR < degQ = N . We
also fix the constant coefficient of P and one value of its leading coefficient. Then
the equation

(2.3) N2[P ](v) = Q(v) + λR(v)

defines a curve in the coefficients of P . The parameter λ determines the polynomial
in the pencil. We write β[m] for a list of m copies of the complex parameter β. When
a polynomial is written as

∏
j(1− xjt), we count the numbers xj with multiplicity

and append zeros if the degree drops.
We record the finite expansion obtained by multiplying the Euler integrand by

a polynomial.

Fact 2.2 ([EK24, Theorems 6–7, Eqs. (13), (15)]). For positive integers n,m and
complex parameters a, b1, . . . , bn, c with c /∈ Z≤0, we have the following identity of
germs at the origin.

F
(n+m)
D

a; b1, . . . , bn,−1, . . . ,−1︸ ︷︷ ︸
m

; c; z1, . . . , zn, w1, . . . , wm


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=
∑

S⊆{1,...,m}

(−1)|S|

∏
j∈S

wj

 (a)|S|

(c)|S|
F

(n)
D (a+ |S|; b1, . . . , bn; c+ |S|; z1, . . . , zn) .

The identity continues when both sides follow the same paths in their arguments
and the Euler integrals use the same logarithms.

Proof. For Re c > Re a > 0, expand
∏m

j=1(1 − wjt) in the Euler integral (2.2).

The beta factor for a term of degree |S| changes by (a)|S|/(c)|S|. Coefficient com-
parison and meromorphic continuation give the stated identity near the origin and
its continuation along the same paths on both sides. □

3. Mellin integrals and real paths

In this section, we express Mellin integrals by sums of the numbers pj and their
reciprocals. Throughout this section, we assume

(3.1)
Q,R ∈ R[v], Q(0) = 1, Q(v) > 0 (v ≥ 0), R(v) > 0 (v > 0),

R(0) = 0, M = degR < N = degQ, m = ordv=0R ≥ 1.

For λ ≥ 0, we set Qλ = Q + λR and denote the roots of Qλ by ρ1(λ), . . . , ρN (λ).
We choose

pj(λ) = (−ρj(λ))−1/2, Re pj(λ) > 0, Pλ(z) =

N∏
j=1

(1 + pj(λ)z).

We have Pλ(z)Pλ(−z) = Qλ(−z2) and Pλ(0) = 1. Every zero of Pλ lies in the
left half-plane. The factor determined by these conditions is the spectral factor
of Qλ(−z2). The coefficients of Pλ, with λ ≥ 0, define a real path on the curve
determined by (2.3). The polynomial Pλ has real coefficients and satisfies (2.3).
Its leading coefficient is the positive square root of the leading coefficient of Q.
The coefficients of Pλ are real analytic in λ, including values at which roots of
Qλ coincide. For a fixed λ0 ≥ 0, we choose positively oriented contours γ in
C \ [0,∞) enclosing all roots of Qλ0

. The same contours work for all polynomials
with coefficients near those of Qλ0

, and

N∑
j=1

pj(λ)k =
1

2π
√
−1

∫
γ

(−z)−k/2 ∂zQλ(z)

Qλ(z)
dz, k = −1, 1, . . . , N.

These contour integrals are holomorphic in the coefficients of Qλ. Newton’s identi-
ties give the asserted analyticity of the coefficients of Pλ.

We put

A+(λ) =

N∑
j=1

pj(λ), A−(λ) =

N∑
j=1

pj(λ)−1.

We use these symmetric expressions in the Mellin integral identities. The following
lemma gives the two kernels used below.

Lemma 3.1. Under (3.1), we have

2πA′
+(λ) =

∫ ∞

0

v−3/2 R(v)

Qλ(v)
dv,(3.2)
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2πA′
−(λ) =

∫ ∞

0

v−1/2 R(v)

Qλ(v)
dv.(3.3)

Both derivatives are positive for λ ≥ 0.

Proof. We assume first that the roots ofQλ are simple. DifferentiatingQλ(ρj) = 0
gives

ρ′j = − R(ρj)

∂vQλ(ρj)
, A′

+ =
1

2

∑
j

(−ρj)−1/2R(ρj)

ρj∂vQλ(ρj)
.

By the assumptions on the degrees and the constant terms, we have

R(v)

vQλ(v)
=
∑
j

R(ρj)

ρj∂vQλ(ρj)

1

v − ρj
.

We use the beta integral [DLMF, (5.12.3)], also given in [OLBC10, Chapter 5], in
the form ∫ ∞

0

v−1/2

v − ρ
dv = π(−ρ)−1/2, ρ ∈ C \ [0,∞).

Substituting the beta integral into the partial fraction expansion, we obtain (3.2).
To include multiple roots, we fix λ0 ≥ 0 and replace Q by Qε(v) = Q(v) + εv,
where ε > 0. This replacement preserves (3.1) and the leading coefficient, since
N ≥ 2. All but finitely many ε give simple roots at λ0. To see this, we put f(v) =
Q(v)+λ0R(v). If f(v)+εv has a multiple root ρ, then ρ ̸= 0 and ρf ′(ρ)−f(ρ) = 0.
This last polynomial has constant term −1, so it has only finitely many roots, each
determining one value of ε. The contour integral gives the convergence of A′

+(λ0)
as ε ↓ 0. On the right-hand side of (3.2), the perturbed integrand is bounded by
the unperturbed one, which has orders vm−3/2 at zero and vM−N−3/2 at infinity.
Dominated convergence proves (3.2) at λ0. This argument also covers pencils in
which Qλ has a multiple root for every value of λ.

Let qN > 0 be the leading coefficient of Q. We put

Q̂(v) = q−1
N vNQ(1/v), R̂(v) = q−1

N vNR(1/v).

These polynomials satisfy (3.1). The numbers obtained by the same choice of square

roots for the pencil Q̂ + λR̂ are p−1
j . We apply (3.2) to this pencil and substitute

v = 1/u, which gives (3.3). Both kernels are positive. □

By this lemma, we obtain the following proposition.

Proposition 3.2. Under (3.1), we have∫ ∞

0

v−3/2

(
R(v)

Q(v)

)β

dv = 2 sin(πβ)

∫ ∞

0

λ−βA′
+(λ)dλ,(3.4) ∫ ∞

0

v−1/2

(
R(v)

Q(v)

)β

dv = 2 sin(πβ)

∫ ∞

0

λ−βA′
−(λ)dλ,(3.5)

where 1/(2m) < Reβ < 1 in (3.4) and 1/(2(N −M)) < Reβ < 1 in (3.5). All
integrals converge absolutely, and powers of positive real numbers are defined by the
real logarithm.
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Proof. We use the beta integral [DLMF, (5.12.3)] and the reflection formula
[DLMF, (5.5.3)] in the form∫ ∞

0

λ−β R(v)

Q(v) + λR(v)
dλ =

π

sin(πβ)

(
R(v)

Q(v)

)β

, 0 < Reβ < 1.

For real β, Tonelli’s theorem applies to each nonnegative kernel. The integrand of
the source integral in (3.4) has orders vmβ−3/2 at zero and v−(N−M)β−3/2 at infinity.
For the source integral in (3.5), the orders are vmβ−1/2 at zero and v−(N−M)β−1/2

at infinity. The stated bounds on β give the convergence of the source integrals.
For complex β, we apply the same estimates with Reβ in place of β and obtain the
absolute convergence of the source integrals. Fubini’s theorem and Lemma 3.1 give
both equalities. □

The following lemma specifies the continuation of the target Euler integrals in
the parameter β.

Lemma 3.3. Let 0 ≤ β0 < 1 and Ω = {β ∈ C : Reβ > β0}. Suppose that
a, c, b1, . . . , bn are holomorphic functions on Ω, with Re a > 0, Re c > 0, and c−a =
1− β. Let xj ∈ C \ [1,∞). For β0 < Reβ < 1, the branch of

F
(n)
D

(
a(β); b1(β), . . . , bn(β); c(β);x1, . . . , xn

)
is defined by (2.2). This branch extends holomorphically to Ω, including positive
integer values of β.

Proof. We use the logarithms of 1− xjt that vanish at t = 0. We set

ψ(t, β) = ta(β)−1
n∏

j=1

(1− xjt)−bj(β).

The function ψ is holomorphic near t = 1, locally uniformly in β. We expand ψ
in powers of 1 − t. On a compact subset of Ω, we fix a small ε > 0 and subtract
sufficiently many Taylor terms from the integral over [1−ε, 1]. A term hk(β)(1−t)k
contributes

hk(β)
εk+1−β

k + 1− β
on [1−ε, 1]. The remainder integral is holomorphic after sufficiently many subtrac-
tions, and the integral over [0, 1−ε] is holomorphic because Re a > 0. Thus the only
possible poles of the unnormalized Euler integral are simple poles at β = 1, 2, . . ..
The normalizing factor is

Γ (c(β))

Γ (a(β))Γ (1− β)
.

The zeros of 1/Γ (1 − β) cancel all the poles of the unnormalized Euler integral.
The other gamma factors are holomorphic and finite under the assumptions on a
and c. □

Remark 3.4. Suppose that a parametrization Pr on a real interval satisfies
N2[Pr] = Q0 + µ(r)R and agrees with a spectral factor at one endpoint of this
interval. On any interval where the linear factors of Pr over C have the form 1+pjz
with Re pj > 0, Lemma 3.1 determines the sign of µ′ from the derivative of A+ or
A−. The parametrizations below have no poles on their specified real intervals. In
each case, we prove the continuation of the parametrization to the other endpoint.
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4. Quintic pencils with two squared quadratic factors

In this section, we give a two-term transformation from a rational component of
the curve defined by the norm equation for a quintic pencil. We fix a real number
σ ≥ 1 and put

B =
4σ2(σ2 + σ + 2)

(σ + 1)3
, e =

8σ4

(σ + 1)3
,

Q0(v) = (1 + v)(1 +Bv + ev2)2 =

5∑
j=0

qjv
j , ∆ =

(σ − 1)5

(σ + 1)3
.

(4.1)

For the pencil Q0 + µv, we have the identity

(4.2) Q0(v) + ∆v = (1 + σ2v)

(
1 +

4σ(2σ2 + σ + 1)

(σ + 1)3
v +

e

σ
v2
)2

.

The values 0 and ∆ of the pencil parameter are distinct for σ > 1. For example, at
σ = 2 this identity is

(1 + 4v)
(
1 + 88

27v + 64
27v

2
)2 − (1 + v)

(
1 + 128

27 v + 128
27 v

2
)2

=
v

27
.

For r ̸= 0, we define rational functions by

τ(r) =
σ/r − r − 2(σ + 1)

2σ
, ζ(r) =

σ/r + r

2
,

c(r) =
e2τ(r)2 − q4

2e
, d(r) = eτ(r),

b(r) = c(r)τ(r)− e(τ(r)− 1)(στ(r)− 1)ζ(r)

2
√

2σ2
,

a(r) =
q3 − c(r)2 + 2eb(r)τ(r)

2e
,

µ(r) = a(r)2 − 2b(r)− q1,
Pr(z) = 1 + a(r)z + b(r)z2 + c(r)z3 + d(r)z4 + ez5.

(4.3)

We use the positive square root of 2.
We put

q =
√
e, h =

√
B + 2q, τ0 = 1 +

2h

q
, ω0 = στ0 + σ + 1,

r0 =
σ√

ω2
0 + σ + ω0

,

where all square roots are positive.
We define the constant α and the polynomial M by

(4.4) α =
e(3− 2

√
2)

128
, M(r) =

r8µ(r)

α2
.

The polynomial M has degree 16 and satisfies M(0) = 1. The Laurent expansion
of a gives

a(r) = αr−4 +O(r−3) (r → 0), a(r) =
e(3 + 2

√
2)

128σ4
r4 +O(r3) (r →∞).
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The exponents occurring in the Laurent expansion of b lie between −3 and 3. Since
µ = a2 − 2b− q1, these two facts give the assertions on M . We fix 0 < L ≤ r0 and
set

E = µ(L), H = α/L4, η = L2/σ,

W (t) =
(
1 + (B − 2)t+ (e−B + 1)t2

)2
+ Et(1− t)4 =

5∏
i=1

(1− xit),

FL(u) =
M(Lu)− u8M(L)

1− u
=

15∏
j=1

(1− zju).

(4.5)

The numerator defining FL vanishes at u = 1, and FL(0) = 1. Both W and FL

are positive on [0, 1], as shown in the proof of Theorem 4.1. We use the logarithms
of the linear factors of W and FL that vanish at the origin. The sums of these
logarithms are the real logarithms of W and FL. We use the real logarithm of H.
For Reβ ≥ 1, the target functions are the analytic continuations in β of their Euler
integrals from 1/8 < Reβ < 1 with the specified argument branches.

Then we have the following theorem.

Theorem 4.1. Suppose σ ≥ 1 and 0 < L ≤ r0, with the notation and branches of
(4.1)–(4.5). For Reβ > 1/8, we have

LH2βF
(5)
D

(
β + 1

2 ;β[5]; 5β;x1, . . . , x5

)
=

πΓ (8β − 1)Γ (5β)

Γ (β)Γ (7β)Γ (β + 1
2 )Γ (4β − 1

2 )

×
{
F

(15)
D

(
8β − 1;β[15]; 7β; z1, . . . , z15

)

+η
(8β − 1)2

(7β)2
F

(15)
D

(
8β + 1;β[15]; 7β + 2; z1, . . . , z15

)}
.

(4.6)

Proof. Coefficient comparison. We write P = 1 + az + bz2 + cz3 + dz4 + ez5 and
compute

N2[P ](v) = 1 + (a2 − 2b)v + (b2 + 2d− 2ac)v2

+ (c2 − 2bd+ 2ae)v3 + (d2 − 2ce)v4 + e2v5.
(4.7)

We set τ = d/e and Z = b− cτ . The coefficient equations for v4 and v3 determine
c and a as in (4.3). The remaining coefficient equation is

(4.8)
8Z2

e2
=

(τ − 1)2(στ − 1)2

σ4

(
(στ + σ + 1)2 + σ

)
.

The quadratic factor on the right has distinct roots and is not a square in C(τ).
Thus the curve defined by the norm equation is irreducible. Its function field is the
function field of the conic

ζ2 = (στ + σ + 1)2 + σ, Z = −e(τ − 1)(στ − 1)ζ

2
√

2σ2
.

The coordinate r = ζ − (στ + σ + 1) gives the rational expressions in (4.3). The
conic is nondegenerate, so the normalization of the projective closure of the curve
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defined by the norm equation is P1. Substitution into (4.7) gives

N2[Pr](v) = Q0(v) + µ(r)v.

Real path. For µ ≥ 0, we denote the roots of Q0 + µv by ρj and choose pj =

(−ρj)−1/2 with positive real parts. The product of the numbers pj is e, since the
square of this product is e2 and the roots occur in conjugate pairs together with
negative real roots. The polynomial

∏
j(1 + pjz) has real coefficients. At µ = 0, it

is
(1 + z)(1 + hz + qz2)2.

The coefficients of the displayed polynomial satisfy d/e = τ0 and b − cτ0 < 0. In
fact, b = B + 4q + 2h, c = B + 4q + 2hq, and q ≥ 1.

We put

Q̂(v) = e−2v5Q0(1/v), R̂(v) = e−2v4.

The numbers selected as in Section 3 for the pencil defined by the displayed poly-
nomials are p−1

j , and their sum is τ = d/e. By Lemma 3.1 applied to this pencil,
we have

dτ

dµ
> 0, τ(µ)− τ0 =

1

2π

∫ ∞

0

v−3/2 log

(
1 + µ

R̂(v)

Q̂(v)

)
dv.

Restricted to any fixed compact subinterval of (0,∞), the integral tends to infinity
with µ. Thus τ increases from τ0 to infinity. The factors τ − 1 and στ − 1 remain
positive. Equation (4.8) therefore shows that Z = b− cτ remains negative on this

path. The positive coordinate r =
√

(στ + σ + 1)2 + σ − (στ + σ + 1) decreases
from r0 to zero. Consequently, (4.3) gives the spectral factor on the whole path.
On this real path, we have

5∑
j=1

p−1
j =

d(r)

e
= τ(r), −τ ′(r) =

1

2r2
+

1

2σ
> 0.

Thus 0 < r ≤ r0 gives the real path, and µ(r) decreases strictly from infinity to zero.
More precisely, let A−(µ) =

∑
j p

−1
j for Q0 + µv. The identity A−(µ(r)) = τ(r)

and Lemma 3.1 give

µ′(r) =
τ ′(r)

A′
−(µ(r))

< 0.

The denominator is finite and strictly positive at every finite µ ≥ 0. In particular,
E = µ(L) ≥ 0 and µ′(L) ̸= 0.

Mellin integral. We apply (3.5) with Q = Q0 + Ev and R = v. The symmetric
expression A− on the real path is τ . For 1/8 < Reβ < 1, we put

J(β) =

∫ ∞

0

v−1/2

(
v

Q0(v) + Ev

)β

dv

and obtain

J(β) = 2 sin(πβ)

∫ ∞

0

λ−β dτ

dλ
dλ.

We set r = Lu. Since µ(r) decreases strictly from infinity to zero on 0 < r ≤ r0,
the function λ(u) = µ(Lu)− E decreases from infinity to zero on 0 < u ≤ 1, and

λ(u) = H2u−8(1− u)FL(u), − d

du
τ(Lu) =

1 + ηu2

2Lu2
.



12 NAKANO RYUNOSUKE

These identities give FL(u) > 0 on [0, 1) and FL(1) = −Lµ′(L)/H2 > 0. Thus

(4.9) J(β) =
sin(πβ)

LH2β

∫ 1

0

u8β−2(1− u)−βFL(u)−β(1 + ηu2)du.

On the source side, we put v = t/(1− t) and obtain

J(β) =

∫ 1

0

tβ−1/2(1− t)4β−3/2W (t)−βdt

= B(β + 1
2 , 4β −

1
2 )F

(5)
D

(
β + 1

2 ;β[5]; 5β;x1, . . . , x5

)
.

The equality W (t) = (1− t)5(Q0(t/(1− t)) +Et/(1− t)) gives the positivity of W
on [0, 1), and W (1) = e2 > 0. At L = r0, we have E = 0, and the positivity and
the nonzero endpoint derivative remain valid. The polynomial W then has degree
four for σ > 1, and W = 1 for σ = 1. We add zero arguments according to the
convention in Section 2. Thus the integral transformation includes the endpoint,
at which the source curve is singular. Apply (2.2) to the two terms in (4.9). By
[DLMF, (5.12.1), (5.5.3)], the beta factors satisfy

B(8β + 1, 1− β)

B(8β − 1, 1− β)
=

(8β − 1)2
(7β)2

,

and
sin(πβ)B(8β − 1, 1− β)

B(β + 1
2 , 4β −

1
2 )

=
πΓ (8β − 1)Γ (5β)

Γ (β)Γ (7β)Γ (β + 1
2 )Γ (4β − 1

2 )
.

This proves (4.6) for 1/8 < Reβ < 1. The source integral is holomorphic for
Reβ > 1/8. Since FL > 0 on [0, 1], none of the arguments zj lies in [1,∞).
In each target function, the parameters a and c of (2.2) satisfy c − a = 1 − β
and Re a,Re c > 0 on this half-plane. By Lemma 3.3, both target functions are
holomorphic there. The gamma factors and the ratio (8β−1)2/(7β)2 have no poles
there, so the identity theorem gives (4.6) on the stated half-plane. □

At σ = 1, we obtain the following specialization.

Corollary 4.2. Suppose σ = 1, 0 < L ≤ 5
√

2 − 7, and Reβ > 1/8. With
E,H, η, z1, . . . , z15 defined by (4.5) at B = 2 and e = 1, we have

LH2β
5F4

(
β + 1

2 , β −
1
8 , β + 1

8 , β + 3
8 , β + 5

8
β + 1

5 , β + 2
5 , β + 3

5 , β + 4
5

;−256E

3125

)
=

πΓ (8β − 1)Γ (5β)

Γ (β)Γ (7β)Γ (β + 1
2 )Γ (4β − 1

2 )

×
{
F

(15)
D

(
8β − 1;β[15]; 7β; z1, . . . , z15

)

+η
(8β − 1)2

(7β)2
F

(15)
D

(
8β + 1;β[15]; 7β + 2; z1, . . . , z15

)}
.

The 5F4 function is continued from zero along the negative real axis. The other
branches are those of Theorem 4.1.

Proof. We have Q0(v) = (1+v)5 and W (t) = 1+Et(1−t)4. For |256E/3125| < 1,
expand W (t)−β in the source integral. After division by B(β + 1

2 , 4β −
1
2 ), the
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coefficient of (−E)n is
(β)n(β + 1

2 )n(4β − 1
2 )4n

(5β)5nn!
.

We split the Pochhammer symbols by the multiplication formula [DLMF, (5.5.6)]
and obtain the stated 5F4 series. The source integral gives the continuation of the

5F4 function for E ≥ 0. Apply Theorem 4.1. □

Remark 4.3. The known Euler–Pfaff substitution [EK24, (7)] gives

F
(5)
D

(
β + 1

2 ;β[5]; 5β;x1, . . . , x5

)
= (1− x5)−β−1/2F

(4)
D

(
β + 1

2 ;β[4]; 5β;
x1 − x5
1− x5

, . . . ,
x4 − x5
1− x5

)
.

This is the case in which the sum of the parameters bj of (2.2) equals c. For the
branches on the right, use the image of 0 ≤ t ≤ 1 under

u =
(1− x5)t

1− x5t
.

The positivity of W gives x5 /∈ [1,∞), so the denominator does not vanish for
0 ≤ t ≤ 1. We put Yi = (xi − x5)/(1 − x5) and transport the logarithms of the
linear factors by

log(1− Yiu) = log(1− xit)− log(1− x5t), i = 1, . . . , 4.

The logarithm in the prefactor is the value of log(1− x5t) at t = 1. The remaining
powers in the Euler integral are transported along the same path, starting from
x1 = · · · = x5 = 0 and following xi 7→ sxi, 0 ≤ s ≤ 1. This specifies the continued
right-hand side even when some Yi lies in [1,∞).

5. Sextic pencils with two factorizable fibers

In this section, we construct a rational component of the curve defined by the
norm equation of a sextic pencil and its real path. We fix σ ≥ 1 and put

A =
σ(5σ4 + 8σ3 + 22σ2 + 8σ + 5)

(σ + 1)4
,

B =
4σ3(5σ2 + 2σ + 5)

(σ + 1)4
, F =

16σ5

(σ + 1)4
,

H(v) = 1 +Av +Bv2 + Fv3, ∆ =
(σ − 1)6

(σ + 1)4
,

B̃(v) = 1 +
4σ2(3σ2 + 2σ + 3)

(σ + 1)4
v +

16σ4

(σ + 1)4
v2.

(5.1)

For the pencil H(v)2 + µv, we have the identity

(5.2) H(v)2 + ∆v = (1 + v)(1 + σ2v)B̃(v)2.

For σ > 1, the values 0 and ∆ of the pencil parameter are distinct. At σ = 2, the
identity is(

1 + 506
81 v + 928

81 v
2 + 512

81 v
3
)2

+
v

81
= (1 + v)(1 + 4v)

(
1 + 304

81 v + 256
81 v

2
)2
.
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We set

U =
256σ8

(σ + 1)6
, ν =

4096σ9

(σ + 1)8
, q =

√
ν > 0.

For r ̸= 0, we define rational functions by

e(r) =
q

2
√

5
(r−1 − r), w(r) =

q

2
(r−1 + r),

c(r) =
−e(r)(e(r)2 + 4BF ) + (e(r)2 − U)w(r)

8F 2
,

d(r) =
e(r)2 − 2BF

2F
, b(r) =

B2 + 2AF − d(r)2 + 2c(r)e(r)

2F
,

a(r) =
4F + 2AB − c(r)2 + 2b(r)d(r)

2e(r)
,

µ(r) = a(r)2 − 2b(r)− 2A,

Pr(z) = 1 + a(r)z + b(r)z2 + c(r)z3 + d(r)z4 + e(r)z5 + Fz6.

(5.3)

We extend these functions across their removable singularities. All square roots of
constants in this section are positive.

We define

Dσ = 5σ2 + 6σ + 5, Z =

√
5

4
√
σ

(σ + 1 +
√
Dσ),

r∗ =
1√

1 + Z2 + Z
, D0 =

2√
5σ
, α =

8(25− 11
√

5)σ5/2

125(σ + 1)4
.

(5.4)

We denote the spectral factor of H(−z2), with constant term one, by

Sσ(z) = 1 + a1z + b1z
2 + fz3, f =

√
F > 0.

We have a1, b1 > 0, since the real linear factors and the real quadratic factors of
Sσ have positive coefficients. We put

e0 = 2b1f, rstart =

√
5e20 + ν −

√
5 e0

q
=

q√
5e20 + ν +

√
5 e0

.

The endpoint rstart corresponds to the polynomial H2 at µ = 0. The point r∗
corresponds to the factorized fiber in (5.2). In the proof of Theorem 5.1, we show
that rstart > r∗ for σ > 1 and rstart = r∗ for σ = 1.

The functions a, c, e are odd Laurent polynomials in r, and b, d are even Laurent
polynomials. By U2ν = 256F 5, we see that the apparent pole at e = 0 in the
expression for a cancels. The Laurent expansion of a gives

a(r) = αr−5 +O(r−3) (r → 0),

a(r) =
8(25 + 11

√
5)σ5/2

125(σ + 1)4
r5 +O(r3) (r →∞).

The exponents occurring in the Laurent expansion of b lie between −4 and 4.
Consequently

(5.5) M(u) =
u5µ(

√
u)

α2
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is a polynomial of degree ten with M(0) = 1. The polynomial M does not depend
on the choice of

√
u. We fix 0 < L ≤ rstart and put

E = µ(L) ≥ 0, C = α/L5, Q(v) = H(v)2 + Ev,

T (t) = (1− t)3H
(

t

1− t

)
, W (t) = T (t)2 + Et(1− t)5 =

6∏
i=1

(1− xit),

VL(t) =
M(L2t)− t5M(L2)

1− t
=

9∏
j=1

(1− zjt).

(5.6)

Both W and VL are positive on [0, 1], as shown in the proof of Theorem 5.1. We
use the logarithms of the linear factors of W and VL that vanish at the origin. The
sums of these logarithms are the real logarithms of W and VL. We use the real
logarithm of C. For Reβ ≥ 1, the target functions are the analytic continuations
in β of their Euler integrals from 1/10 < Reβ < 1 with the specified argument
branches.

Then we have the following theorem.

Theorem 5.1. Suppose σ ≥ 1 and 0 < L ≤ rstart, with the notation and branches
of (5.1)–(5.6). For Reβ > 1/10, we have

LC2β

D0
F

(6)
D

(
β + 1

2 ;β[6]; 6β;x1, . . . , x6

)
=

πΓ (6β)

Γ (β)Γ (β + 1
2 )Γ (4β + 1

2 )

×
{
F

(9)
D

(
5β − 1

2 ;β[9]; 4β + 1
2 ; z1, . . . , z9

)
+L2 5β − 1

2

4β + 1
2

F
(9)
D

(
5β + 1

2 ;β[9]; 4β + 3
2 ; z1, . . . , z9

)}
.(5.7)

Proof. Coefficient comparison. We write P = 1+az+bz2 +cz3 +dz4 +ez5 +Fz6

and compute

N2[P ](v) = 1 + (a2 − 2b)v + (b2 + 2d− 2ac)v2

+ (c2 + 2ae− 2bd− 2F )v3 + (d2 + 2bF − 2ce)v4

+ (e2 − 2dF )v5 + F 2v6.

The coefficients of v5, v4, v3 determine d, b, a in that order when e ̸= 0. After
substitution, the coefficient equation for v2 is equivalent to

(5.8) (4BFe+ 4F 2c− e3)G(c, e) = 0,

where

G(c, e) = 16F 4c2 + (16BF 3e+ 4F 2e3)c+ 16AF 3e2 + 4BFe4 − 64F 5 − e6.
As a quadratic polynomial in c, G has the discriminant

16F 4{5e6 − 8BFe4 + 16F 2(B2 − 4AF )e2 + 256F 5}.
For the constants A,B, F of (5.1), the expression in braces equals

(e2 − U)2(5e2 + ν).
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Since ν > 0, the polynomial 5e2 + ν has distinct roots. Thus G is irreducible over
C(e), and the function field of G is that of w2 = 5e2 + ν. Solving the quadratic

equation for c gives the expression in (5.3). The coordinate r = (w −
√

5e)/q gives
the displayed expressions for e and w. Thus the normalization of the projective
closure of this irreducible component has genus zero. Substitution gives

N2[Pr](v) = H(v)2 + µ(r)v.

Real path. We set

g =
2σ
√
Dσ

(σ + 1)2
, k =

4σ2

(σ + 1)2
.

At µ = ∆, the spectral factor is

(5.9) P∗(z) = (1 + z)(1 + σz)(1 + gz + kz2)2.

The linear factors of P∗ over C have the form 1+pjz with Re pj > 0, since g, k > 0.
The coefficient of z5 in P∗ is

e∗ =
16σ4

(σ + 1)4
(σ + 1 +

√
Dσ) >

√
U.

Substitute (5.4) into (5.3) to obtain (5.9). For this substitution, we use

e(r∗)

F
=
σ + 1 +

√
Dσ

σ
, w(r∗) =

16σ4(5σ + 5 +
√
Dσ)

(σ + 1)4
.

For every µ ≥ 0, the polynomial H2 +µv is positive on [0,∞), so its substitution
v = −z2 admits a spectral factor. At µ = 0, this spectral factor is S2

σ. We write
Sσ = (1 + pz)(1 + hz+ k1z

2), with p, h, k1 > 0. This factorization also includes the
case in which all three zeros of Sσ are real. Since a1 = p + h, b1 = k1 + ph, and
f = pk1, we have

a1b1 − f = h(k1 + p2 + ph) > 0.

The factor 4BFe + 4F 2c − e3 in (5.8) has the value 8f4(f − a1b1) ̸= 0 at µ = 0.
Hence G = 0 holds near µ = 0 and, by analyticity of the coefficients of the spectral
factor, for every µ ≥ 0.

The identity N2[Sσ] = H gives

a21 − 2b1 = A, b21 − 2a1f = B.

Consequently,

e20 = 4BF + 8a1f
3 > 4BF,

4BF

U
= 1 +

4(σ2 + 1)

(σ + 1)2
> 1.

Thus e0 >
√
U , including the case σ = 1.

We denote the coefficient of z5 on the real path by e(µ). By (3.3), we have

e′(µ)

F
=

1

2π

∫ ∞

0

v1/2

H(v)2 + µv
dv > 0 (µ ≥ 0).

This integral is finite, including at µ = 0. Integration of this kernel gives

e(µ)− e0
F

=
1

2π

∫ ∞

0

v−1/2 log

(
H(v)2 + µv

H(v)2

)
dv.

Integrating the same kernel from ∆, we obtain

e(µ)− e∗
F

=
1

2π

∫ ∞

0

v−1/2 log

(
H(v)2 + µv

H(v)2 + ∆v

)
dv.
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Restricted to a fixed compact subinterval of (0,∞), the integral tends to infinity as
µ tends to infinity. Thus e(µ) increases from e0 to infinity as µ ranges over [0,∞).

For e ≥ e0 >
√
U , the two roots of G as a polynomial in c are distinct. The root

with the negative sign in (5.3) is negative. The coefficients of a real polynomial
with constant term one and all zeros in the left half-plane are positive, since its
real linear factors and real quadratic factors have positive coefficients. Hence the
real path has the positive sign in (5.3) for every µ ≥ 0. On this branch, we have

w =
√

5e2 + ν, and

r =
w −
√

5 e

q
> 0,

dr

de
= −
√

5 r

w
< 0.

As µ ranges from zero to infinity, this coordinate decreases from rstart to zero. Thus
0 < r ≤ rstart gives the whole real path for µ ≥ 0, and

µ(rstart) = 0, lim
r↓0

µ(r) =∞.

Since µ(r∗) = ∆, we have rstart > r∗ for σ > 1. At σ = 1, we have S1 = (1 + z)3,
e0 = 6, and

rstart = r∗ =
7− 3

√
5

2
.

The symmetric expression A− and its derivative are

e(r)

F
= D0(r−1 − r), − d

dr

e(r)

F
= D0(r−2 + 1) > 0.

Let A−(µ) =
∑

j p
−1
j for H2 + µv. Differentiating A−(µ(r)) = e(r)/F gives

µ′(r) =
−D0(r−2 + 1)

A′
−(µ(r))

< 0,

because the denominator is finite and strictly positive by Lemma 3.1. This formula
also holds at r = rstart. Thus 0 < L ≤ rstart gives E = µ(L) ≥ 0 and µ′(L) ̸= 0.

Mellin integral. We apply (3.5) with R = v and Q = H2 + Ev. For 1/10 <
Reβ < 1, we put r = L

√
t. Then

λ(t) = µ(L
√
t)− E = C2t−5(1− t)VL(t), − d

dt

e(L
√
t)

F
=
D0

2L
t−3/2(1 + L2t).

The function λ decreases from infinity to zero. Thus VL(t) > 0 for 0 ≤ t < 1 and
VL(1) = −Lµ′(L)/(2C2) > 0. The source integral becomes∫ ∞

0

v−1/2

(
v

Q(v)

)β

dv

=
D0

LC2β
sin(πβ)

∫ 1

0

t5β−3/2(1− t)−βVL(t)−β(1 + L2t)dt.

On the other hand, v = t/(1− t) gives∫ ∞

0

v−1/2

(
v

Q(v)

)β

dv

= B(β + 1
2 , 5β −

1
2 )F

(6)
D

(
β + 1

2 ;β[6]; 6β;x1, . . . , x6

)
.
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The polynomial W is positive on [0, 1) by the positivity of Q, and W (1) = F 2 > 0.
Apply (2.2) to the two terms of the target integral. By [DLMF, (5.12.1), (5.5.3)],
the ratio of their beta factors is (5β − 1

2 )/(4β + 1
2 ), and

sin(πβ)B(5β − 1
2 , 1− β)

B(β + 1
2 , 5β −

1
2 )

=
πΓ (6β)

Γ (β)Γ (β + 1
2 )Γ (4β + 1

2 )
.

This proves (5.7) for 1/10 < Reβ < 1. The source integral is holomorphic for
Reβ > 1/10. Since VL > 0 on [0, 1], none of the arguments zj lies in [1,∞). Both
target functions satisfy the assumptions of Lemma 3.3 on this half-plane. The
gamma factors and the ratio (5β − 1

2 )/(4β + 1
2 ) also have no poles there. The

identity theorem gives (5.7) on the stated half-plane. □

At σ = 1, we obtain the following specialization.

Corollary 5.2. Under the assumptions of Theorem 5.1 with σ = 1, we have

LC2β

D0
5F4

(
β − 1

10 , β + 1
10 , β + 3

10 , β + 1
2 , β + 7

10
β + 1

6 , β + 1
3 , β + 2

3 , β + 5
6

;−3125E

46656

)
=

πΓ (6β)

Γ (β)Γ (β + 1
2 )Γ (4β + 1

2 )

×
{
F

(9)
D

(
5β − 1

2 ;β[9]; 4β + 1
2 ; z1, . . . , z9

)
+L2 5β − 1

2

4β + 1
2

F
(9)
D

(
5β + 1

2 ;β[9]; 4β + 3
2 ; z1, . . . , z9

)}
.

Here we specialize the polynomials determining the arguments and the constants at
σ = 1. We continue the 5F4 function from zero along the negative real axis.

Proof. We have H(v) = (1+v)3 and W (t) = 1+Et(1−t)5. Expanding the source
integral near E = 0 and dividing by its beta factor, we obtain the general term

(−E)n

n!

(β)n(β + 1
2 )n(5β − 1

2 )5n

(6β)6n
.

By the multiplication formula [DLMF, (5.5.6)], the factors (β)n and (β+ 1
2 )n cancel

against the denominator. This cancellation gives the stated 5F4 series. Continue
along E ≥ 0 and apply Theorem 5.1. □

We use additional upper parameters equal to −1 to represent the polynomial
factors in the target integrals.

Remark 5.3. Under the assumptions and branches of Theorem 4.1, we put η =
L2/σ > 0. Fact 2.2 gives

F
(15)
D

(
8β − 1;β[15]; 7β; z1, . . . , z15

)
+ η

(8β − 1)2
(7β)2

F
(15)
D

(
8β + 1;β[15]; 7β + 2; z1, . . . , z15

)
= F

(17)
D

(
8β − 1;β[15],−1,−1; 7β; z1, . . . , z15,

√
−1
√
η,−
√
−1
√
η
)
.(5.10)

The two added factors have product 1 + ηu2 on the integration interval. Under the
assumptions and branches of Theorem 5.1, we have

F
(9)
D

(
5β − 1

2 ;β[9]; 4β + 1
2 ; z1, . . . , z9

)
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+ L2 5β − 1
2

4β + 1
2

F
(9)
D

(
5β + 1

2 ;β[9]; 4β + 3
2 ; z1, . . . , z9

)
= F

(10)
D

(
5β − 1

2 ;β[9],−1; 4β + 1
2 ; z1, . . . , z9,−L2

)
.(5.11)

The added factor is 1 + L2t. Both equalities hold first in the strips in which the
Euler integrals converge and then on the half-planes of the respective theorems by
Lemma 3.3.

6. Norm equations and hyperelliptic periods

In this section, we determine the normalizations of the curves defined by the
norm equations and construct the correspondences of their hyperelliptic integrals.

6.1. Normalization of the curves defined by the norm equation

In this subsection, we determine the normalization of the two selected curves
defined by the norm equation. We use the notation of (4.1) and (5.1) in the corre-
sponding cases. Then we have the following proposition.

Proposition 6.1. Suppose that σ ≥ 1. The projective closure of the quintic curve
defined by the norm equation has normalization isomorphic to P1. For the sextic
component G = 0 in (5.8), the normalization of its projective closure is isomorphic
to P1. Before specializing the coefficients to the two families, we obtain double
covers by eliminating the other coefficients. Each cover has genus two when its
defining polynomial of degree six is squarefree. In the displayed families, we remove
the squared factors and obtain the conics

(6.1) ζ2 = (στ + σ + 1)2 + σ, w2 = 5e2 + ν.

Here τ = d/e in the quintic case, and e is the coefficient of z5 in the sextic case.
By using the rational coordinates of the corresponding main theorems, we have

(6.2)
A−(µ(r)) =

σ/r − r − 2(σ + 1)

2σ
, − d

dr
A−(µ(r)) =

1

2r2
+

1

2σ
,

A−(µ(r)) = D0(r−1 − r), − d

dr
A−(µ(r)) = D0(r−2 + 1),

where the first row is for the quintic and the second row is for the sextic.

Proof. We first keep the quintic coefficients q2, q3, q4, e independent and put Z =
b− cd/e. By eliminating c and a from the coefficient equations in (4.7), we obtain

8e4Z2 = D5(d), D5(d) = d6 − q4d4 + (4e2q3 − q24)d2 − 16e4d

+ q34 − 4e2q3q4 + 8e4q2.

If D5 is squarefree, the double cover has six branch points. We use the coordinate
τ = d/e on P1. An invariant regular differential under Z 7→ −Z descends to P1 and
hence vanishes. Every regular differential therefore has the form ϕ(τ) dτ/Z with
ϕ ∈ C(τ). Regularity at the finite points forces ϕ to be a polynomial, and regularity
at infinity gives deg ϕ ≤ 1. Thus dτ/Z and τ dτ/Z form a basis, and the genus is
two. For the coefficients in (4.1), we have

e−6D5(eτ) =
(τ − 1)2(στ − 1)2

σ4

(
(στ + σ + 1)2 + σ

)
.
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Removing the squared factors in the function field gives the first conic in (6.1). The
discriminant of its quadratic polynomial in τ is −4σ3 ̸= 0.

For the sextic component, we keep A,B, F independent and set

D6(e) = 5e6 − 8BFe4 + 16F 2(B2 − 4AF )e2 + 256F 5.

The discriminant of G with respect to c is 16F 4D6(e). If D6 is squarefree, the
double cover again has six branch points and genus two. For the coefficients in
(5.1), we have

D6(e) = (e2 − U)2(5e2 + ν).

Removing the squared factor gives the second conic in (6.1). The discriminant of
its quadratic polynomial in e is −20ν ̸= 0.

For the first conic, we put r = ζ − (στ + σ + 1). For the second conic, we put

r = (w −
√

5e)/
√
ν. These coordinates give the parametrizations in the two main

theorems. On the real paths, the coefficient ratios d/e and e/F equal the sums
of the reciprocals of the numbers pj in the quintic and sextic cases, respectively.
Differentiating these ratios gives (6.2). □

Remark 6.2. The normalization calculation concerns the curve defined by the
norm equation and its selected component. The proofs of Theorems 4.1 and 5.1
use Lemma 3.1 to continue the real paths along the stated real intervals. On these
intervals, we have

µ′(r) =

d

dr
A−(µ(r))

A′
−(µ(r))

< 0.

The denominator is finite and positive, including pencil values with multiple roots.
Thus the map r 7→ µ(r) has no critical point on either selected real interval. The
displayed genus-two models do not assert that every polynomial pencil satisfying
Qµ(v) > 0 for v ≥ 0 admits such a rational coordinate.

6.2. Changes of the variable and the generators of the pencils

In this subsection, we compare the degree-five and degree-six pencils at σ > 1
with their specializations at σ = 1, including the fibers at infinity. We homogenize
each pencil to its fixed degree. After homogenization, we allow a projective change
of the variable and an invertible linear change of the two generators. Then we have
the following proposition.

Proposition 6.3. For every σ > 1, the quintic pencil in (4.1) cannot be identified
with (1 + v)5 + µv by a projective change of the variable together with an invertible
linear change of the two generators. For every σ > 1, the sextic pencil in (5.1)
cannot be identified with (1+v)6+µv by a projective change of the variable together
with an invertible linear change of the two generators.

Proof. For the quintic coefficients, we compute

B2 − 4e =
16σ4(σ − 1)2(σ2 + 2σ + 2)

(σ + 1)6
> 0,

1−B + e =
(σ − 1)2(4σ + 1)

(σ + 1)2
> 0.

The quadratic factor 1 + Bv + ev2 of Q0 has two distinct negative roots, neither
equal to −1. Thus the fiber µ = 0 has root multiplicities 2 + 2 + 1.
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For the sextic coefficients, we compute

discvH =
16σ8(σ − 1)6(125σ4 + 400σ3 + 678σ2 + 400σ + 125)

(σ + 1)14
> 0.

The cubic H has three distinct real roots. Since its coefficients are positive, all
three roots are negative. Thus the fiber µ = 0 of H2 + µv has root multiplicities
2 + 2 + 2.

For N = 5, 6, we put PN (v, µ) = (1 + v)N +µv. A multiple finite root is nonzero
and satisfies

v∂vPN − PN = (1 + v)N−1((N − 1)v − 1) = 0.

At v = −1, the pencil value is µ = 0, and the fiber has one root of multiplicity N .
At v = 1/(N − 1), the pencil value is −NN/(N − 1)N−1. The second derivative is
nonzero there, so this fiber has one double root and N − 2 simple roots. The fiber
at infinity is the homogenization of v, with multiplicities (N − 1) + 1. Every other
fiber has N simple roots. Neither 2 + 2 + 1 for N = 5 nor 2 + 2 + 2 for N = 6
occurs in this list. Projective changes of the variable preserve root multiplicities,
and changes of the two generators permute the fibers. Hence neither pair of pencils
can be identified by the stated changes. □

Remark 6.4. Proposition 6.3 concerns only the changes of the variable and the
two generators specified before its statement, applied to the homogenized pencils.
It does not classify algebraic substitutions of higher degree or transformations of
the associated hypergeometric functions.

6.3. A correspondence from the norm identity

In this subsection, we express the trace of a differential by power sums of the roots
on a curve defined by the norm equation. We fix a smooth connected projective
curve B over C and put K = C(B). We fix Q0 ∈ C[v] of degree N ≥ 2, with
Q0(0) = 1, and a nonconstant function µ ∈ K. We fix P (z) ∈ K[z] of degree N ,
with P (0) = 1, satisfying

(6.3) P (z)P (−z) = Q0(−z2)− µz2.
For every integer m ≥ 1, we define the power sum sm ∈ K by summing zm over all
N roots of P , with multiplicities. Then we have the following proposition.

Proposition 6.5. Let E ∈ C satisfy the following conditions: QE(v) = Q0(v)+Ev
is squarefree, and µ−E is not a square in K. Let C and T be the smooth projective
models of

y2 = QE(v), t2 = µ− E,
respectively. Let D be the disjoint union of the normalized projective components of
the reduced curve defined by P (z) = 0 that dominate T . The projection π : D → T
has total degree N . The formulas

v = −z2, y = zt

give a morphism f : D → C, whose restriction to every component is dominant.
For every integer k ≥ 0, we have the identity of meromorphic differentials

(6.4) Trπ f
∗
(
vkdv

y

)
=

2(−1)k+1

(2k + 1)t
ds2k+1.
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For 0 ≤ k < g = ⌊(N − 1)/2⌋, the differentials on C form a basis of its regular
differentials, and their traces are regular on T . These traces change sign under the
involution t 7→ −t of T .

Proof. We put F (z) = Q0(−z2) − µz2. A repeated nonzero root of F would
determine a constant pencil value from vQ′

0(v) − Q0(v) = 0. The polynomial
vQ′

0(v)−Q0(v) has constant term −1, so there are only finitely many such values.
Since µ is nonconstant, the polynomial F is separable over K. The identity (6.3)
implies that P is separable. Thus the reduced curve defined by P (z) = 0 has total
degree N over T . On the curve defined by P (z) = 0, we have

QE(−z2) = Q0(−z2)− Ez2 = (µ− E)z2 = (zt)2.

A constant root z is nonzero because P (0) = 1. The norm identity would then
make µ constant. Hence v = −z2 is nonconstant on every component. The rational
maps to C extend to the projective normalizations, and each component dominates
C.

On each component of D, we compute

f∗
(
vkdv

y

)
=

2(−1)k+1

t
z2kdz =

2(−1)k+1

(2k + 1)t
d(z2k+1).

The field trace commutes with d in characteristic zero. Taking the sum over all
components of the correspondence proves (6.4). The trace of a regular differential
under a finite morphism is regular. In local coordinates u = se, summing a regular
expansion in s keeps only terms seℓ−1ds, which become multiples of uℓ−1du, with
ℓ ≥ 1. The source forms are regular at finite points. At infinity, their orders are
2g−2−2k for oddN and g−1−k at both points for evenN . The defining polynomial
of C has degree N . Thus the curve C has genus g, and these g independent forms
give a basis. Since each sm comes from K, changing the sign of t changes the sign
of (6.4). □

Corollary 6.6. Under the assumptions of Proposition 6.5, let b ∈ B satisfy µ(b) =
E. The coefficients and the roots of P extend holomorphically near b. For every
m ≥ 1, the differential dsm/t is regular at every point of T over b.

Proof. Comparing leading coefficients in (6.3) shows that the leading coefficient
of P is constant and nonzero. Each root of P is integral over the local ring at
b, since the polynomial on the right-hand side of (6.3) has a constant nonzero
leading coefficient. The coefficients of P are therefore integral and belong to K,
so they extend across b, since B is smooth. The polynomial QE(−z2) has distinct
nonzero roots, which gives local holomorphic root branches. Differentiating their
norm equations and using dµ = 2tdt, we obtain

dzj = − zj
2{Q′

0(−z2j ) + µ}
dµ,

dsm
t

= −m
∑
j

zmj
Q′

0(−z2j ) + µ
dt.

The denominators are nonzero at µ = E. The second expression is regular at every
zero of t on the normalization. □

Remark 6.7. For a multiple zero of µ − E, the function t need not be a local
parameter.
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Remark 6.8. The rank of the regular traces requires a separate computation. For
example, we take

Pr(z) = 1 + rz + z4, Q0(v) = (1 + v2)2, µ = r2, E = 1.

The source has genus one, the target t2 = r2− 1 has genus zero, and s1 = 0. Every
component of the correspondence dominates the source, but the only regular source
differential has zero trace.

6.4. A condition for rational curves defined by the norm equation

In this subsection, we give a sufficient condition for a component of the curve
defined by the norm equation to be rational, assuming that its function field has
the form stated in the following lemma. Then we have the following lemma.

Lemma 6.9. Suppose that a component of the curve defined by the norm equation
has function field C(x)(

√
D(x)), where D ∈ C[x] is nonzero. We write D = A2Dsf ,

where Dsf retains precisely the factors of odd multiplicity. If degDsf ≤ 2, the
normalization of the component is rational.

Proof. We replace
√
D by A

√
Dsf in the function field. If Dsf is constant, the

component has function field C(x). If the degree of Dsf is one or two, we obtain a
nondegenerate conic over C. Each case gives a rational normalization. □

Remark 6.10. This condition applies when the function field of the selected com-
ponent has the form stated in Lemma 6.9. For a real Mellin integral, we separately
identify a real interval on which P is the spectral factor. We also prove the range
and orientation of µ and its nonzero derivative at each finite endpoint. For exam-
ple, Pr = 1 + rz + z2 has positive norm 1 + (r2 − 2)v + v2 on v ≥ 0 for r ≤ −

√
2.

The roots of Pr lie in the right half-plane, so this rational curve defined by the
norm equation does not select a real branch on which all zeros of Pr lie in the left
half-plane.

6.5. Correspondences and two Abelian integrals

In this subsection, we construct algebraic correspondences for the exponent β =
1/2 and compute the traces of two regular differentials. We use the quintic or
sextic pencil and its notation from Theorem 4.1 or Theorem 5.1, respectively. For
the algebraic correspondence, we now fix E ∈ C. We return to the real paths in
Corollary 6.25. We put

CE : y2 = QE(v), QE(v) = Q0(v) + Ev,

where Q0 = H2 in the sextic case. For the quintic and sextic cases, respectively,
we put

SE(r) = M(r)− Er8/α2, TE : ξ2 = SE(r),

SE(x) = M(x)− Ex5/α2, TE : ξ2 = SE(x).

We use the smooth projective models of these curves when QE and SE are square-
free. For each fixed σ ≥ 1, only finitely many values of E violate this condition. In
fact, a multiple root of QE satisfies vQ′

0(v) − Q0(v) = 0, whose constant term is
−1. A multiple root of SE is a critical point of the nonconstant rational function
µ, away from its poles.
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For each pencil, we write z1(r), . . . , zN (r) for the roots of Pr and put s3(r) =∑
j zj(r)

3. Here zj(r) are roots of Pr, whereas zj in the transformation formulas
are Lauricella arguments. We define the polynomials B5 and B6 by

B5(r) =
2r4

3α

ds3
dr

, B6(r2) =
r4

3α

ds3
dr

for the quintic and sextic pencils, respectively. The second expression is even in r.
The coefficient expansions following the theorem show that these expressions are
polynomials in r and x = r2, respectively.

Then we have the following theorem.

Theorem 6.11. Suppose that σ ≥ 1, and that QE and SE are squarefree. For the
quintic pencil, there is an algebraic correspondence

CE
p←−− DE

q−−→ TE

with g(CE) = 2, g(TE) = 7, deg p = 16, and deg q = 5, whose traces satisfy

q∗p
∗
(
dv

y

)
= −r

2 + r4/σ

αξ
dr, q∗p

∗
(
vdv

y

)
= B5(r)

dr

ξ
.

For the sextic pencil, there is an algebraic correspondence of the same form with
g(CE) = 2, g(TE) = 4, deg p = 10, and deg q = 6, whose traces satisfy

q∗p
∗
(
dv

y

)
= −D0x(1 + x)

αξ
dx, q∗p

∗
(
vdv

y

)
= B6(x)

dx

ξ
.

In both cases, the correspondence induces a surjective homomorphism

Ψ = p∗q
∗ : Jac(TE) −→ Jac(CE).

Here DE is the disjoint union of the compact normalizations of all components of
the correspondence, and the degrees and traces include all components.

We define the coefficients γj , −3 ≤ j ≤ 3, by

γ−3 =
3
√

2− 4

32
, γ−2 = −3(σ + 1)(3

√
2− 4)

16σ
,

γ−1 =
24(
√

2− 2)(σ2 + 1) + (57
√

2− 84)σ

32σ2
, γ0 =

2σ3 + 3σ2 + 3σ + 2

2σ3
,

γ1 =
24(
√

2 + 2)(σ2 + 1) + (57
√

2 + 84)σ

32σ3
, γ2 =

3(σ + 1)(4 + 3
√

2)

16σ3
,

γ3 =
4 + 3

√
2

32σ3
.

We define the coefficients cj , j ∈ {−3,−1, 1, 3}, by

c−3 =
D3

0(7− 3
√

5)

8
,

c−1 =
D3

0(−21 + 3
√

5)

8
− 3BD0

2F
+

3
√

5UD0

8F 2
,

c1 =
D3

0(21 + 3
√

5)

8
+

3BD0

2F
+

3
√

5UD0

8F 2
,

c3 = −D
3
0(7 + 3

√
5)

8
.
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The coefficient expansions of B5 and B6 are

B5(r) =
2

3α

3∑
j=−3

jγjr
j+3, B6(x) =

−c−3 − c−1x/3 + c1x
2/3 + c3x

3

α
.

The constant α in each polynomial is the constant of the corresponding pencil.

Proof. We use the norm identity

Pr(z)Pr(−z) = Q0(−z2)− µ(r)z2.

First, we consider the quintic pencil. We define DE by Pr(z) = 0 over TE , and put

q(r, ξ, z) = (r, ξ), p(r, ξ, z) =

(
−z2, αzξ

r4

)
.

Since Pr(0) = 1, the coordinate z is nonzero. On DE , the norm identity gives

QE(−z2) = z2(µ(r)− E) =
α2z2ξ2

r8
,

so p takes values in CE . The rational maps extend to morphisms on the compact
normalizations. Both projections are nonconstant on each component. In fact, a
constant value of z would give Q0(−z2) − µ(r)z2 = 0 for all r, which contradicts
the nonconstancy of µ and Q0(0) = 1. The projection q has total degree 5. For
a fixed generic nonzero z, the polynomial r4Pr(z) has degree 8 in r, with nonzero
constant and leading coefficients. For a generic point (v, y) of CE , each of the two
choices z = ±

√
−v gives eight points, so p has total degree 16.

We denote the roots of Pr by z1, . . . , z5 and put sk(r) =
∑

j z
k
j . Vieta’s formulas

give

s1 = −τ, s3 = −τ3 +
3(τ − 1)(στ − 1)ζ

2
√

2σ2
=

3∑
j=−3

γjr
j .

Writing t = αξ/r4, we have v = −z2 and y = zt. Hence

dv

y
= −2dz

t
,

vdv

y
=

2z2dz

t
.

Summing over the roots gives

q∗p
∗
(
dv

y

)
= −2r4

αξ
ds1, q∗p

∗
(
vdv

y

)
=

2r4

3αξ
ds3.

The constant coefficient of B5 is (4−3
√

2)/(16α) ̸= 0. The first trace has zero con-
stant coefficient. The polynomial numerators of the two traces have degrees 4 and
6, respectively. Thus the two traces are linearly independent regular differentials
on TE .

Next, we consider the sextic pencil. Since P−r(z) = Pr(−z), we put x = r2,
h = z/r, and Πx(h) = Pr(rh). The polynomial Πx has coefficients in C(x). We
define DE by Πx(h) = 0 over TE , and put

q(x, ξ, h) = (x, ξ), p(x, ξ, h) =

(
−xh2, αhξ

x2

)
.

The norm identity gives QE(−xh2) = α2h2ξ2/x4, so p takes values in CE . The
projection q has total degree 6. The polynomial r5Pr(z) has degree 10 in r for
generic nonzero z. The simultaneous sign change (r, z) 7→ (−r,−z) identifies the
two choices of z = ±

√
−v, so p has total degree 10.
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We use the same notation sk(r) for the sums of the k-th powers of the six roots
of Pr. Newton’s identities give

s3(r) =
7e(r)3 − 12BFe(r)− 3(e(r)2 − U)w(r)

8F 3
=

∑
j∈{−3,−1,1,3}

cjr
j .

Consequently, we have∑
j

hj = D0(1− x−1),
∑
j

h3j = c−3x
−3 + c−1x

−2 + c1x
−1 + c3.

Using the displayed formula for p, we obtain

dv

y
= − x

2

αξ
(hdx+ 2xdh),

vdv

y
=
x3

αξ
(h3dx+ 2xh2dh).

Summing over the roots gives the stated sextic traces. The constant coefficient of
B6 is −c−3/α ̸= 0. The first trace has zero constant coefficient. The polynomial
numerators of the two traces have degrees 2 and 3, respectively. Thus the two
traces are linearly independent regular differentials on TE .

Finally, we consider the induced homomorphism of Jacobians. By pullback under
q and pushforward under p, we obtain the homomorphism Ψ = p∗q

∗ on degree-zero
divisor classes; see [Mil86, Corollary 6.3]. We identify the cotangent spaces of the
Jacobians with the spaces of regular differentials; see [Mil86, Propositions 2.1–2.2].
We compute the cotangent map of Ψ on an open set where the points of each fiber
of q are distinct. Let A,A0 be points of TE . We represent the class Ψ([A−A0]) by
the sum of the points p(P ) with P ∈ q−1(A), minus the corresponding sum with
P ∈ q−1(A0). By differentiating the Abel integrals of a regular differential ω on
CE , we obtain the sum of p∗ω over these points. Therefore, the cotangent map is
Ψ∗ = q∗p

∗. This equality extends across the branch points, since both sides are
regular differentials. The differentials dv/y and vdv/y form a basis of the regular
differentials on CE , and their traces are linearly independent. Hence Ψ∗ is injective,
so the image of Ψ has dimension 2 and equals Jac(CE). □

6.6. Composition and induced polarizations

We compute the composition of the homomorphism in Theorem 6.11 with its
adjoint. We put

JC = Jac(CE), JT = Jac(TE), f = Ψ† : JC −→ JT .

We denote the canonical principal polarizations by λC , λT , and their classes by
[ΘC ], [ΘT ]. Pullback and norm are adjoint for these polarizations; see [KM16, §2,
(2.1)–(2.3), and §4, (4.6)]. Thus f = q∗p

∗. We use p∗, q∗ for traces when they act
on differentials.

We compute sums of odd powers of roots over the points above a fixed source
point, using the possible choices of signs. For generic µ, each polynomial P satisfy-
ing the norm identity chooses one root from each pair of opposite roots. For generic
nonzero z, we write ri(z) for the values of the parameter satisfying Pri(z)(z) = 0,
counted with multiplicity. For each positive odd integer ℓ, we write sℓ(r) for the
sum of the ℓ-th powers of the roots of Pr, counted with multiplicity. The fixed
leading coefficient fixes the product of the signs. In the quintic case, the map
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r 7→ µ(r) has degree 16, and the formula r = ζ − στ − σ − 1 recovers r from the
coefficients. Hence the curve defined by the norm equation realizes all sixteen sign
choices. Fixing one chosen root z leaves eight choices, and each other root occurs
four times with each sign. Thus

∑
i sℓ(ri(z)) = 8zℓ for every positive odd ℓ.

For the sextic pencil, we put s2 = µ ̸= 0, A(z) = H(−z2) + sz, and denote its
roots by w1, . . . , w6. Newton’s identities give

∑
i wi =

∑
i w

3
i = 0. The polynomial

A has no zero or opposite roots, since A(0) = 1 and A(z) − A(−z) = 2sz. The
selected factor P has leading coefficient F , opposite to the leading coefficient of
A, so it is obtained by changing the signs of an odd number of roots. We put
L = 4BFe+ 4F 2c− e3. The coefficient identities give

s3 −
1

4
s31 = − 3L

4F 3
.

Changing the signs of one or five roots gives L = 0. For three roots wi, wj , wk, the
left side is 6(wi + wj)(wj + wk)(wk + wi) ̸= 0. The factorization of the coefficient
equation in (5.8) then gives G = 0. Thus the twenty choices obtained by reversing
exactly three signs belong to the selected G = 0 component. The formulas

w =
8F 2c+ e(e2 + 4BF )

e2 − U
, r =

w −
√

5e

q

recover r generically, and deg µ(r) = 20, so all twenty choices occur. We obtain ten
choices by requiring w1 = z to be a root of P . Each other root occurs four times
with the positive sign and six times with the negative sign, so∑

i

sℓ(ri(z)) = 12zℓ − 2

6∑
j=1

wℓ
j = 12zℓ (ℓ = 1, 3).

The quotient by the simultaneous sign change accounts for the factor two in the
trace in the reverse direction. These sums over choices of signs give the integers 16
and 12 multiplying the identity in the two compositions.

Then we have the following theorem.

Theorem 6.12. Suppose that σ ≥ 1, and that QE , SE are squarefree. For the
correspondences of Theorem 6.11, we have

(6.5) Ψf = [m]JC
, m =

{
16 for the quintic pencil,

12 for the sextic pencil.

Consequently,

f∗[ΘT ] = m[ΘC ], Π =
1

m
fΨ ∈ End0(JT ), Π2 = Π† = Π.

The degrees and traces include all compact normalized components of DE.

Proof. We compute the cotangent map

(Ψf)∗ = p∗q
∗q∗p

∗

on the basis ω0 = dv/y, ω1 = vdv/y of H0(CE ,Ω
1
CE

). For generic nonzero z, we
put

Fz(r) =

{
r4Pr(z) for the quintic pencil,

r5Pr(z) for the sextic pencil
=

nF∑
j=0

Aj(z)rj ,
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where nF = 8 or 10, respectively. We use the same notation ri(z) for all roots of
Fz, and put

Rj(z) =
∑
i

ri(z)j , uj =
Aj(z)

A0(z)
, vj =

AnF−j(z)

AnF
(z)

(1 ≤ j ≤ 3).

The constant and leading coefficients are nonzero multiples of z. Newton’s identities
for the roots and their reciprocals give

(6.6)
R−1 = −u1, R−2 = u21 − 2u2, R−3 = −u31 + 3u1u2 − 3u3,

R1 = −v1, R2 = v21 − 2v2, R3 = −v31 + 3v1v2 − 3v3, R0 = nF .

Each of the functions uj , vj is a polynomial in z of degree at most j. We put

Hℓ(z) =
∑
i

sℓ(ri(z)), ℓ = 1, 3,

where sℓ(r) is the Newton sum of the roots of Pr. Substituting the coefficient
formulas from (4.3) and (5.3) into (6.6), we obtain

(6.7)
nF H1(z) H3(z)

quintic 8 8z 8z3

sextic 10 12z 12z3.

For H1, we use s1 = −τ and s1 = −e/F , respectively. For H3, we use

H3 =


3∑

j=−3

γjRj for the quintic pencil,

c−3R−3 + c−1R−1 + c1R1 + c3R3 for the sextic pencil.

The coefficients of 1, z, z2, z3 are 0, 0, 0, 8 and 0, 0, 0, 12, respectively. We now apply
Proposition 6.5 to the two differentials. On the curve defined by P (z) = 0, (6.4)
gives

q∗(q∗p
∗ωk) =

2(−1)k+1z

(2k + 1)y
ds2k+1, k = 0, 1,

where we use the cover with x = r2, z = rh in the sextic case. For each of the choices
z = ±

√
−v, we sum over all ri(z) and use dv = −2zdz. In the quintic case, the two

choices give sixteen points of DE . In the sextic case, the map (r, z) 7→ (−r,−z)
identifies the twenty points on the cover in pairs, so we divide the sum by two.
Putting δ = 1 or 2, respectively, we obtain

p∗q
∗q∗p

∗ωk =
(−1)k

(2k + 1)δ

(
H′

2k+1(z) +H′
2k+1(−z)

)
ω0.

Here the primes indicate that we differentiate with respect to the argument before
evaluating at z or −z. By (6.7), the matrices of the cotangent map in the two cases
are 16I2 and 12I2. Both calculations hold on the open set where the projections are
unramified. The traces are regular differentials on the compact normalizations, so
the equalities extend to the complete curves. The sum includes every component
of DE . Since a homomorphism of complex abelian varieties is determined by its
tangent map, these matrices prove (6.5).

The adjoint relation gives f∨λT = λCΨ. Hence

λf∗ΘT
= f∨λT f = λC [m],
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which proves the equality of polarization classes. Finally,

Π2 =
1

m2
f(Ψf)Ψ = Π, Π† =

1

m
fΨ = Π.

□

We now describe the finite kernel and the complementary abelian subvariety. We
put

K = ker f, hf = #K, U = im f, V = (ker Ψ)0,

and write f = if ′, where i : U ↪→ JT is the inclusion and f ′ : JC → U is the
induced map. We denote the induced polarization by λU = i∨λT i. We define the
two addition maps by

a : U × V −→ JT , (u, v) 7−→ u+ v, ã : JC × V −→ JT , (c, v) 7−→ f(c) + v.

Then we have the following corollary.

Corollary 6.13. Under the assumptions of Theorem 6.12, the group K is a finite
isotropic subgroup of JC [m] for the m-Weil pairing, and hf | m2. Moreover,

(6.8) im(m IdJT
−fΨ) = V, π0(ker Ψ) ≃ ker((f ′)∨), #π0(ker Ψ) = hf .

We have

U ∩ V = kerλU , deg λU =
m4

h2f
.

The maps a, ã are isogenies, with

(6.9)

ker a = {(u,−u) : u ∈ U ∩ V }, deg a =
m4

h2f
,

ker ã = {(c,−f(c)) : c ∈ JC [m], f(c) ∈ V }, deg ã =
m4

hf
.

The dimension of V is 5 in the quintic case and 2 in the sextic case.

Proof. The identity Ψf = [m] makes df injective and gives K ⊂ JC [m]. We write

JC = WC/ΛC , JT = WT /ΛT , and denote by f̃ the linear map between the covering
vector spaces that induces f . We denote the Riemann forms of λC , λT by EC , ET ,
respectively. The equality f∗[ΘT ] = m[ΘC ] gives

ET (f̃u, f̃v) = mEC(u, v).

If u, v represent points of K, their images lie in ΛT . Thus mEC(u, v) is an integer,
and the m-Weil pairing em satisfies

em(u mod ΛC , v mod ΛC) = exp(2πimEC(u, v)) = 1.

The pairing on JC [m] is perfect. Its restriction to each primary component shows
that an isotropic subgroup has order dividing m2, since dimJC = 2.

The image of m IdJT
−fΨ lies in V . On V , this homomorphism equals [m]V , so

its image is all of V . We put j = i∨λT : JT → U∨. The dual of the inclusion i has
connected kernel (JT /U)∨. Hence ker j is connected. Since

(f ′)∨j = f∨λT = λCΨ,

we have ker j = V and
ker Ψ/V ≃ ker((f ′)∨).



30 NAKANO RYUNOSUKE

The isogenies f ′ and (f ′)∨ have degree hf . This proves (6.8). The restriction of j
to U is λU , so U ∩ V = kerλU . Also,

(f ′)∨λUf
′ = λC [m].

Taking degrees gives h2f deg λU = m4.

The tangent spaces of U and V form a direct sum, since Ψf = [m]. Thus a is
an isogeny. Its kernel and degree follow from U ∩ V = kerλU . The factorization

ã = a ◦ (f ′ × IdV )

gives the degree of ã. The kernel of ã has the form in (6.9), since f(c) ∈ V implies
[m]c = Ψf(c) = 0. □

6.7. Division of the homomorphism by two

We compute the action of f = Ψ† on JC [2] and divide f by two in Hom(JC , JT ).
We retain the correspondences and notation of Theorems 6.11 and 6.12. We denote
the ramification divisor of the hyperelliptic projection TE → P1 byRT . This divisor
is the sum of 16 finite points in the quintic case and 10 finite points in the sextic
case.

Then we have the following proposition.

Proposition 6.14. Suppose that σ ≥ 1, and that QE , SE are squarefree. For each
finite Weierstrass point W of CE, we have the equality of effective divisors

(6.10) q∗p
∗W = RT .

Moreover, JC [2] ⊂ ker f , and there is a unique homomorphism f0 : JC → JT such
that

f = 2f0, Ψ = 2Ψ0, Ψ0 = f†0 ,

Ψ0f0 = [n], n =

{
4 for the quintic pencil,

3 for the sextic pencil.

The homomorphism f0 satisfies

f∗0 [ΘT ] = n[ΘC ], Π =
1

n
f0Ψ0.

Proof. First, we consider the quintic pencil. We write Wi = (vi, 0) for the five
finite Weierstrass points, and Ba = (ra, 0) for the sixteen ramification points of TE .
All vi, ra are nonzero, since QE(0) = SE(0) = 1. At Ba, we have µ(ra) = E and

Pra(z)Pra(−z) = QE(−z2).

The polynomial on the right has ten distinct nonzero roots. Exactly one of√
−vi,−

√
−vi is a root of Pra , and this root is simple. Thus there is exactly one

point of the correspondence above Ba that maps to Wi. The coordinate ξ is a local
parameter on TE at Ba, since S′

E(ra) ̸= 0. The simple root of Pra gives one local
graph z = z(ξ) on the normalization. On this graph,

y =
αz(ξ)

r(ξ)4
ξ

has a nonzero linear coefficient. Since Q′
E(vi) ̸= 0, the coordinate y is a local

parameter on CE at Wi. Hence the ramification index of p is one at each of these
sixteen points. The degree of p, including all components, is sixteen, so these points
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exhaust p−1(Wi). There are no additional contributions at r = 0 or r = ∞. This
proves (6.10) in the quintic case.

Next, we consider the sextic pencil in the quotient coordinates x = r2, h = z/r.
At a ramification point Ba = (xa, 0), the norm identity gives

Πxa
(h)Πxa

(−h) = QE(−xah2).

For each of the six finite Weierstrass points Wi, exactly one of the two roots h =
±
√
−vi/xa belongs to Πxa

. The root is simple, and

y =
αh

x2
ξ

again gives a nonzero linear coefficient. Each of the ten points above Wi has mul-
tiplicity one, and these points exhaust the degree-ten fiber of p. The quotient
coordinates already identify the simultaneous sign change, so we count ten points.
This proves (6.10) in the sextic case. Both arguments apply to every smooth fiber
and include every normalized component. In particular, f([Wi −Wj ]) = 0 for all
finite Weierstrass points.

For the quintic pencil, we denote the point at infinity by W∞, and put ai =
[Wi −W∞]. The principal divisors

div(v − vi) = 2Wi − 2W∞, div(y) =

5∑
i=1

Wi − 5W∞

give 2ai = 0 and
∑

i ai = 0. The images f(ai) have one common value A. Thus
2A = 5A = 0, and A = 0. The classes ai generate JC [2]. To verify this, we consider
a function with its only pole at W∞, of order at most two. Such a function is a linear
combination of 1, v. Such a function cannot have a simple zero at one Weierstrass
point or simple zeros at two distinct Weierstrass points. Using

∑
i ai = 0, we reduce

every other possible relation to a subset of one or two points. Hence the only relation
among the five classes ai is their sum, and they generate sixteen distinct classes.
Since #JC [2] = 16, these classes give all of JC [2]. For the sextic pencil, sending
one of the six finite Weierstrass points to infinity gives a quintic model. The same
argument shows that differences of the six finite points generate JC [2]. Therefore
JC [2] ⊂ ker f in both cases.

Finally, we descend f through the quotient [2] : JC → JC/JC [2] ≃ JC . The
quotient gives a unique algebraic homomorphism f0 with f = f0 ◦ [2] = 2f0. Taking

adjoints gives Ψ = 2f†0 . The identity Ψf = [m] gives 4f†0f0 = [m], where m =
16, 12. A homomorphism from a connected abelian variety to its finite 4-torsion

subgroup is zero. We therefore cancel four in the Hom group and obtain f†0f0 = [n],
where n = m/4. The adjoint relation gives f∨0 λT f0 = λC [n], which proves the
polarization equality. Substitution into Π = fΨ/m gives the last equality. □

We put K0 = ker f0, κ = #K0, and define

ã0 : JC × V −→ JT , (c, v) 7−→ f0(c) + v,

where U = im f0 = im f and V = (ker Ψ)0. We retain the addition map a : U×V →
JT and the induced polarization λU . Then we have the following lemma.

Lemma 6.15. Under the assumptions of Proposition 6.14, the group K0 is isotropic
in JC [n], and

κ | n2, κ < n2.
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In particular, κ ≤ 8 for the quintic pencil, and κ ∈ {1, 3} for the sextic pencil.

Proof. The argument using Riemann forms in Corollary 6.13, applied to f∗0 [ΘT ] =
n[ΘC ], gives K0 ⊂ JC [n], isotropy, and κ | n2. It also gives deg λU = deg a =
n4/κ2. If κ = n2, the addition map a for the complementary abelian subvarieties
would identify the principally polarized Jacobian JT with a product of two positive-
dimensional principally polarized abelian varieties. For a smooth connected curve
of genus g, the canonical theta divisor is the image of the (g−1)-st symmetric power
of the curve and is irreducible; see [Mil86, Theorems 5.1(a) and 6.6]. Every effective
representative of its principal polarization is a translate of this divisor. The theta
divisor of a nontrivial polarized product is reducible, which is a contradiction. Thus
κ < n2. □

6.8. Determination of the kernel by monodromy

We determine the kernel ker f0 by monodromy of the source curves. We fix σ ≥ 1
and denote by Bσ the set of E ∈ C for which QE , SE are squarefree. This set is
the complement of finitely many points. We retain K0 = ker f0, n = 4, 3, and the
notation of Proposition 6.14.

Then we have the following lemma.

Lemma 6.16. Over Bσ, the homomorphisms f0 define a morphism of integral
homology local systems. The groups K0 ⊂ JC [n] form a monodromy invariant finite
sublocal system. Removing the additional singular values of TE does not reduce the
monodromy image of the source family.

Proof. On a simply connected open subset of Bσ, we choose flat integral homology
bases for the two smooth projective families. We use the basis dv/y, v dv/y of
relative holomorphic differentials on CE . The trace formulas of Theorem 6.11 have
coefficients independent of E, and their periods over flat cycles vary continuously.
We write PC(E) for the 2 × 4 period matrix of the source curve and L(E) for the
2×2g(TE) matrix of periods of the two traces on the target curve. The real matrix

RC(E) =

(
RePC(E)
ImPC(E)

)
is invertible. In fact, a real homology class whose holomorphic periods vanish also
has vanishing antiholomorphic periods, so it is zero by the Hodge decomposition
and the nondegenerate period pairing. We therefore obtain the following matrix
for the action of the already defined homomorphism ΨE on homology:

MΨ(E) = RC(E)−1

(
ReL(E)
ImL(E)

)
.

This matrix is continuous and integral, hence locally constant. The intersection
forms of the canonical polarizations are constant in flat bases, so the matrix Mf

representing the adjoint homomorphism is also locally constant. Proposition 6.14
gives a unique integral matrix Mf0 = Mf/2 in every fiber. These matrices agree
on overlaps and define the asserted morphism of local systems. On n-torsion, K0 is
the kernel of Mf0 modulo n, so it is monodromy invariant. This argument uses the
explicit traces and does not require simultaneous normalization of the components
of the correspondence.

The locus where the source curves are smooth contains Bσ, with only finitely
many additional points. Loops generating the fundamental group of this locus
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can be chosen to avoid these points. Thus the inclusion induces a surjection on
fundamental groups, and the image of the monodromy representation for the source
family is unchanged. □

Then we have the following theorem.

Theorem 6.17. For either specified pencil, suppose that σ ≥ 1, E ∈ C, and QE , SE

are squarefree. Then

ker f0 = {0}.

Proof. First, we consider the quintic pencil. Using B, e,∆ of (4.1), we put

Cσ =
4σ(2σ2 + σ + 1)

(σ + 1)3
, Aσ(v) = 1 +Bv+ ev2, Tσ(v) = 1 +Cσv+ (e/σ)v2.

Coefficient comparison gives

(6.11) vQ′
0(v)−Q0(v) = Aσ(v)Tσ(v)(4σv − 1).

For the degree-five map φσ(v) = −Q0(v)/v, the roots of Aσ, Tσ have critical
values 0,∆, respectively. The latter assertion also follows from Q0(v) + ∆v =
(1 + σ2v)Tσ(v)2. The remaining critical point and its value are

v∗ =
1

4σ
, E∗ = − (4σ + 1)(4σ3 + 9σ2 + 10σ + 2)2

4(σ + 1)6
< 0.

Since Aσ(v∗), Tσ(v∗) > 0, the critical point v∗ is simple. Its value differs from 0,∆,
which are nonnegative. Thus its local monodromy is a transposition, including when
σ = 1. The connected degree-five covering has transitive monodromy. A transitive
group of prime degree is primitive. The conjugates of a transposition give a graph
whose connected components are blocks; primitivity makes this graph connected,
and its edge transpositions generate S5. Consequently, the permutations induced
by continuation of the roots around loops form S5. By Lemma 6.16, continuation
around loops in Bσ induces the same permutations of the roots.

The point at infinity is a fixed Weierstrass section of the quintic family. The
usual description by differences of Weierstrass points identifies JC [2] with the even-
weight subspace of F5

2. A nonzero vector has weight two or four. The orbit of a
weight-two vector spans this subspace, and differences of weight-four orbit vectors
give weight-two vectors. Thus this four-dimensional S5-module is irreducible. If
K0 ̸= 0, then K0 ⊂ JC [4] has nonzero two-torsion. Monodromy invariance forces
K0[2] = JC [2], so #K0 ≥ 16, contrary to Lemma 6.15.

We also record the discriminant obtained from (6.11):

discv QE = 256e6E2(E −∆)2(E − E∗).

The resultants of Aσ, Tσ, 4σv−1 with QE are e4E2, (e/σ)4(E−∆)2, and (4σ)4(E−
E∗). Their product divided by the leading coefficient e2 of QE is its discriminant.

Next, we consider the sextic pencil, with H(v) = 1+Av+Bv2 +Fv3 and F > 0.
We make the base change and coordinate change

E = t−5, u = tv, w = t3y.

The equation becomes

w2 = (Fu3 +Btu2 +At2u+ t3)2 + u.
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At t = 0, the polynomial is u(F 2u5 + 1). Its derivative is 1 at zero and −5 at each
of its other five roots. In the coordinates s = 1/u,W = w/u3, we have

W 2 = (F +Bts+At2s2 + t3s3)2 + s5.

At s = t = 0, the two points W = ±F are smooth. With these two charts, the
double cover of P1 gives a smooth proper genus-two family near t = 0. We put
ζ = exp(2π

√
−1/5). The deck action is

(t, u, w) 7−→ (ζt, ζu, ζ3w).

On the holomorphic differentials du/w, u du/w, its eigenvalues on the fiber at zero
are ζ3, ζ4. Together with their complex conjugates, these give the characteristic
polynomial on first cohomology

Φ5(X) = X4 +X3 +X2 +X + 1.

Transport in this smooth proper family identifies this action, or its inverse according
to the loop orientation, with the monodromy of the source family at infinity. Since
the multiplicative order of 3 modulo 5 is four, Φ5 is irreducible over F3. The action
on JC [3], equivalently on first homology modulo three, is therefore irreducible.
Lemma 6.15 gives #K0 = 1 or 3. A kernel of order three would be a nonzero
proper invariant subspace of JC [3], contrary to Lemma 6.16 and irreducibility. Thus
K0 = 0 in both families. □

We write λV for the restricted polarization on V . Then we have the following
corollary.

Corollary 6.18. Under the assumptions of Theorem 6.17, the map f0 : JC → JT
is an embedding, and

ker f = JC [2], ker Ψ0 = V, #π0(ker Ψ) = 16,

type(λU ) = (n, n), type(λV ) =

{
(1, 1, 1, 4, 4) quintic,

(3, 3) sextic,

U ∩ V = f0(JC [n]) ≃ (Z/nZ)4.

The maps a : U ×V → JT and ã0 : JC×V → JT have degree n4, namely 256 in the
quintic case and 81 in the sextic case. The map ã : JC×V → JT , (c, v) 7→ f(c)+v,
has degree 16n4, namely 4096 in the quintic case and 1296 in the sextic case, and

ker a = {(f0(c),−f0(c)) : c ∈ JC [n]},
ker ã = {(c,−2f0(c)) : c ∈ JC [2n]}.

There are no homomorphism g and integer d ≥ 2 such that f0 = dg, and the only
positive integers dividing f in the group of homomorphisms are 1, 2.

Proof. An injective homomorphism of complex abelian varieties is an isomorphism
onto its image. Hence the pullback equality f∗0 [ΘT ] = n[ΘC ] gives type (n, n) on
U . The dual of an embedding has connected kernel, so Ψ0 is surjective and its
kernel equals V . Since f = 2f0, its kernel is JC [2], and duality gives the stated
number of connected components of ker Ψ. For u = f0(c), we have Ψ0(u) = nc.
Thus U ∩ V = f0(JC [n]), which gives the kernel of the first addition map and its
order n4. The map f0 × 1 identifies ã0 with a. For the homomorphism f = 2f0,
Ψ0(2f0(c)) = 2nc, which gives the second kernel and its order (2n)4. For abelian
subvarieties that are complementary with respect to the principal polarization,
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the kernels of the induced polarizations both identify with U ∩ V , as in the lattice
argument of Corollary 6.13. The nontrivial elementary divisors of the two restricted
polarizations therefore coincide. Filling the remaining entries with ones gives the
asserted type of λV . If f0 = dg with d ≥ 2, then JC [d] ⊂ ker f0, which is impossible.
If f = dg with even d, cancellation of two gives d = 2. For odd d > 1, a Bezout
identity for 2, d would make f0 divisible by d, which is also impossible. □

6.9. A double cover and a map of degree five

We identify the choices of root signs for the quintic polynomial with a component
of the construction of Kanev and Lange. We use the quintic data QE , e, α, Pr, µ(r)
of Theorems 4.1 and 6.11. Then we have the following proposition.

Proposition 6.19. Suppose that σ ≥ 1, E ∈ C, and QE , SE are squarefree for the
quintic pencil. The smooth projective models of

C̃E : y2 = QE(−z2), C ′
E : t2 = −QE(v)/v,

C̃E
π−→ C ′

E
g−→ P1

t , (z, y) 7−→ (v = −z2, t = y/z) 7−→ t

have genera four and two, and deg π = 2, deg g = 5. Here t denotes the coordinate
of this quotient curve. The map π is branched at the two points of C ′

E above v =∞,
both of which lie over t =∞. Over a generic t, we divide the choices of one lift zj for
each of the five points in g−1(t) into two sets of sixteen, according to

∏
j zj = ±1/e.

The normalization of the component with product −1/e is TE, with the map to P1
t

given by t = αξ/r4.

Proof. Since QE(0) = 1, substituting −z2 preserves squarefreeness and gives

a polynomial of degree ten. Thus C̃E has genus four. The quadratic extension
defining C ′

E is branched at the five roots of QE and at v = 0, so C ′
E has genus

two. There are two points above v = ∞, since the pole order of −QE(v)/v there
is four. The involution of π is (z, y) 7→ (−z,−y). It exchanges the two points at
z = 0. In the chart h = 1/z, Y = y/z5, it acts by (h, Y ) 7→ (−h, Y ), so the two
points at infinity are fixed. There are no other fixed points. The pole divisor of t
has multiplicity one at the point above v = 0 and multiplicity two at each point
above v =∞. Hence deg g = 1 + 2 + 2 = 5.

For fixed t, the five coordinates vj are the roots of QE+t2 . Each has two lifts with
z2j = −vj , giving thirty-two choices. Since the constant and leading coefficients of

QE+t2 are 1, e2, we have (
∏

j zj)
2 = 1/e2. The normalization Pr(0) = 1 and

leading coefficient e give
∏

j zj = −1/e. Using the expression for r in terms of the
coefficients given before Theorem 6.12 and deg µ = 16, we realize all sixteen choices
with this product. The equation t2 = µ(r)−E becomes t = αξ/r4 on TE . Since SE

is squarefree, this curve is connected. This expression identifies the function field
of the selected component with that of TE , which gives the asserted normalization.

□

Remark 6.20. The construction by choosing one lift of each root in Proposi-
tion 6.19 is given in [KL08, §§2.13–2.14, author manuscript arXiv:0707.0364v1].
Remark 3.9 in that manuscript extends the constructions and correspondence iden-
tities of §§3.2–3.8 to arbitrary Bn-coverings, allowing the nonsingular curves in the
construction to be reducible. For the maps in Proposition 6.19, the double cover is
ramified and its two branch points have the same image under g. Thus the etale
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and simple ramification assumptions of [KL08, Proposition 4.6, the same author
manuscript] fail, so its polarization conclusion does not apply directly. For these
pencils, we give an explicit rational component of the curve defined by the norm
equation and its full real path, together with the kernel and polarization calcula-
tions of Theorem 6.17 and Corollary 6.18.

Remark 6.21. The division f = 2f0 takes place in the group of homomorphisms
of abelian varieties. It does not divide the effective correspondence coefficient by
coefficient. The kernel determination concerns the specified homomorphism. We
do not determine which multiplication maps arise from compositions of other ho-
momorphisms or correspondences.

Remark 6.22. If the induced polarization on U has type (d1, d2), then d1d2 =
m2/hf . Corollary 6.18 gives K = JC [2], hf = 16, and type (n, n) on U . The
original map f has a nontrivial kernel, but f0 is an embedding. The integer m refers
to the composition for the specified correspondence; we do not determine which
multiplication maps arise from other correspondences. In particular, U ∩ ker Ψ =
f(JC [m]) ≃ JC [m]/K has order m4/hf , and can differ from U ∩ V .

Remark 6.23. The squarefreeness assumption concerns the curve and Jacobian
assertions. For example, the sextic fiber E = ∆ is singular for σ > 1, even though
it is positive on the positive real axis. The transformations of Theorems 4.1 and
5.1 do not require squarefree fibers. Corollary 6.13 gives the isogeny obtained
by adding points of the two complementary abelian subvarieties. Corollary 6.18
determines the finite kernel of Ψ† and the restricted polarization type of its image.
We do not determine which multiplication maps arise from compositions of other
homomorphisms or correspondences.

We use the following kernel for the second differential.

Lemma 6.24. Suppose that N = 5 or 6, Q0 ∈ R[v], degQ0 = N , Q0(v) > 0 for
v ≥ 0, Q0(0) = 1, and Qµ(v) = Q0(v) + µv, where µ ≥ 0. We denote the roots
of Qµ by ρj and choose each square root

√−ρj with positive real part. We put
zj = −√−ρj and s3(µ) =

∑
j z

3
j . Then

ds3
dµ

=
3

2π

∫ ∞

0

v3/2

Qµ(v)
dv > 0.

Proof. We first assume that the roots are simple. Differentiating Qµ(ρj) = 0
gives

ds3
dµ

= −3

2

∑
j

ρj
√−ρj

Q′
µ(ρj)

.

Since N ≥ 3, the partial fraction expansion of v/Qµ(v) has residues whose sum is
zero. Multiplying this expansion by v, we obtain

v2

Qµ(v)
=
∑
j

ρ2j
Q′

µ(ρj)

1

v − ρj
.

Apply the convergent beta integral [DLMF, (5.12.3)] with the factor v−1/2. Since
ρ2j (−ρj)−1/2 = −ρj

√−ρj , we obtain the formula. For multiple roots, the contour
integral defining s3(µ) gives convergence of ds3/dµ under the perturbation Q0(v)+
εv. The integral is dominated by the unperturbed integrand, which has orders v3/2
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at zero and v3/2−N at infinity. Thus the formula extends to multiple roots by the
argument of Lemma 3.1. □

By this lemma, we obtain the following corollary.

Corollary 6.25. Under the assumptions on the real paths in Theorems 4.1 and
5.1, we choose y =

√
QE(v) > 0 on v ≥ 0. In the quintic case, we choose ξ =√

SE(r) > 0 for 0 < r < L and integrate from L to 0. In the sextic case, we choose

ξ =
√
SE(x) > 0 for 0 < x < L2 and integrate from L2 to 0. For k = 0, 1, we have

∫ ∞

0

vkdv√
QE(v)

=


∫ 0

L

q∗p
∗
(
vkdv

y

)
, quintic case,∫ 0

L2

q∗p
∗
(
vkdv

y

)
, sextic case.

The traces on the right-hand side are the explicit differentials in Theorem 6.11.
The integral identity also holds at nonsquarefree fibers in the real parameter ranges
stated in the two theorems, where the right-hand side denotes the explicit differential
formulas rather than a correspondence between smooth curves.

Proof. We obtain the case k = 0 from Proposition 3.2 at β = 1/2. For k = 1,
Lemma 6.24 and the beta integral give

2

3

∫ ∞

0

λ−1/2 ds3
dµ

∣∣∣∣
µ=E+λ

dλ =
1

π

∫ ∞

0

v3/2
∫ ∞

0

λ−1/2

QE(v) + λv
dλdv

=

∫ ∞

0

vdv√
QE(v)

.

The positive integrands justify the interchange of integrals. Substitute λ = µ(r)−E
and use the trace of vdv/y. For the sextic pencil, substitute x = r2. The square root
chosen for the integrals on the right is positive on the open interval, and µ′(L) ̸= 0
gives an integrable square-root singularity at the finite endpoint. □

Remark 6.26. The real integrals in the corollary are taken along paths with
endpoints; in particular, v = 0 is not a branch point of CE . The corollary identifies
real Abelian integrals rather than closed cycles. By the norm identity and the two
independent traces, we obtain the correspondence and the Jacobian quotient.

Acknowledgements

The author used OpenAI Codex for computational exploration and assistance
with drafting and revision.

References

[BS17] Pawe l Borówka and G. K. Sankaran. Hyperelliptic Genus 4 Curves on
Abelian Surfaces. Proc. Amer. Math. Soc. 145.12 (2017), 5023–5034.
doi: 10.1090/proc/13795.

[BK25] Nils Bruin and Avinash Kulkarni. On (2,2)-Decomposable Genus 4 Ja-
cobians. Canad. J. Math. (2025), 1–26. doi: 10.4153/S0008414X2510
1557. First View; published online 12 September 2025.

[DLMF] F. W. J. Olver et al., eds. NIST Digital Library of Mathematical Func-
tions. url: https://dlmf.nist.gov/.

https://doi.org/10.1090/proc/13795
https://doi.org/10.4153/S0008414X25101557
https://doi.org/10.4153/S0008414X25101557
https://dlmf.nist.gov/


38 REFERENCES

[EK24] Thomas Ernst and Per W. Karlsson. New Transformation Formulas
for the Fourth Lauricella Function II. Rend. Circ. Mat. Palermo (2)
73 (2024), 2921–2948. doi: 10.1007/s12215-024-01057-9.

[KL08] Vassil Kanev and Herbert Lange. Polarization type of isogenous Prym-
Tyurin varieties. Curves and Abelian Varieties. 465. Contemporary
Mathematics. Providence, RI: American Mathematical Society, 2008,
147–174. doi: 10 . 1090 / conm / 465 / 09102. arXiv: 0707 . 0364v1

[math.AG].
[KM16] Abhinav Kumar and Ronen E. Mukamel. Real Multiplication through

Explicit Correspondences. LMS J. Comput. Math. 19.Special Issue A
(2016), 29–42. doi: 10.1112/S1461157016000188.

[LO11] Herbert Lange and Angela Ortega. Prym Varieties of Triple Coverings.
Int. Math. Res. Not. IMRN 2011.22 (2011), 5045–5075. doi: 10.1093
/imrn/rnq287. arXiv: 0911.5224v2 [math.AG].

[Mai14] Robert S. Maier. The Uniformization of Certain Algebraic Hypergeo-
metric Functions. Adv. Math. 253 (2014), 86–138. doi: 10.1016/j.a
im.2013.11.013. arXiv: 0906.3485v4.

[MO09] Keiji Matsumoto and Katsuyoshi Ohara. Some Transformation For-
mulas for Lauricella’s Hypergeometric Functions FD. Funkcial. Ekvac.
52.2 (2009), 203–212. doi: 10.1619/fesi.52.203.

[Mil86] J. S. Milne. Jacobian Varieties. Arithmetic Geometry. Ed. by Gary
Cornell and Joseph H. Silverman. New York: Springer, 1986, 167–212.
doi: 10.1007/978-1-4613-8655-1_7. url: https://www.jmilne.or
g/math/xnotes/JVs.html (visited on 10/07/2026). Corrected author
version, 12 June 2021.

[Nak26] Ryunosuke Nakano. Integer Parameter Shifts in One-Variable Restric-
tions of Lauricella’s FC . 2026. Unpublished manuscript.

[OLBC10] Frank W. J. Olver et al., eds. NIST Handbook of Mathematical Func-
tions. New York: Cambridge University Press, 2010. url: https://ww
w.nist.gov/publications/nist-handbook-mathematical-functio

ns.
[Rag26] K. Srinivasa Raghava. Exact Moments and CM Periods of Reciprocal

Quadratic Mellin Integrals. 2026. arXiv: 2609.20201v2 [math.NT].
[WYZ26] Shihao Wang, Chenglong Yu, and Zhiwei Zheng. Double Integrals and

Transformation Formulas for Appell–Lauricella Hypergeometric Func-
tions FD. 2026. arXiv: 2602.03601v1 [math.CA].

Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan

Email address: nakano.ryunosuke.i3@elms.hokudai.ac.jp

https://doi.org/10.1007/s12215-024-01057-9
https://doi.org/10.1090/conm/465/09102
https://arxiv.org/abs/0707.0364v1
https://arxiv.org/abs/0707.0364v1
https://doi.org/10.1112/S1461157016000188
https://doi.org/10.1093/imrn/rnq287
https://doi.org/10.1093/imrn/rnq287
https://arxiv.org/abs/0911.5224v2
https://doi.org/10.1016/j.aim.2013.11.013
https://doi.org/10.1016/j.aim.2013.11.013
https://arxiv.org/abs/0906.3485v4
https://doi.org/10.1619/fesi.52.203
https://doi.org/10.1007/978-1-4613-8655-1_7
https://www.jmilne.org/math/xnotes/JVs.html
https://www.jmilne.org/math/xnotes/JVs.html
https://www.nist.gov/publications/nist-handbook-mathematical-functions
https://www.nist.gov/publications/nist-handbook-mathematical-functions
https://www.nist.gov/publications/nist-handbook-mathematical-functions
https://arxiv.org/abs/2609.20201v2
https://arxiv.org/abs/2602.03601v1

	1. Introduction
	2. Series and Euler integrals
	3. Mellin integrals and real paths
	4. Quintic pencils with two squared quadratic factors
	5. Sextic pencils with two factorizable fibers
	6. Norm equations and hyperelliptic periods
	6.1. Normalization of the curves defined by the norm equation
	6.2. Changes of the variable and the generators of the pencils
	6.3. A correspondence from the norm identity
	6.4. A condition for rational curves defined by the norm equation
	6.5. Correspondences and two Abelian integrals
	6.6. Composition and induced polarizations
	6.7. Division of the homomorphism by two
	6.8. Determination of the kernel by monodromy
	6.9. A double cover and a map of degree five

	Acknowledgements
	References

