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ABSTRACT. We consider the germ at the origin of Lauricella’s function
Fé?)(a, b; co, €1, c2; K, wk,w?k), where w = exp(2mv/—1/3). We assume that
a,b, co,c1,c2 avoid nonpositive integers and that co,c1,ca also avoid half-
integers. We consider finite linear combinations of ordinary generalized
hypergeometric series with arguments ok, where o is a nonzero complex
constant that may vary between summands, each multiplied by a nonnegative
integer power of k. Every target series has lower parameters outside the
nonpositive integers and converges near the origin or terminates. We prove
that such a representation exists if and only if, for each j = 0,1, 2, either
cj —cp or ¢j + co is an integer, and construct finite sums of ordinary oF3
functions when this condition holds. We prove necessity by first dividing the
coefficients by the two Pochhammer factors involving the upper parameters.
We then study irreducible differential equations of order 24 for the generating
functions of the three resulting coefficient subsequences and their formal
solutions at infinity.

1. INTRODUCTION

For w € C and n € Z>q, we put (u,0) =1 and (u,n) =u(u+1)---(u+n—1).
Lauricella’s function F¢ in three variables is defined by
2

(a, N)(b,N) o

(11) FéS)(a/ab;CO7cl7c2;x0,xlax2) = Z j -

2

no,n1,n2>0 Hj:o(cj7 nj)nj! =0
Here N = ng + n1 + na, a,b,co, c1, ¢2, 0, 21,22 € C, and ¢; ¢ Z<o for j =0,1,2.
The series converges absolutely when E?:o Vl0z| < 1. We put w = exp(2mv/—1/3)
and consider the germ
(1.2) Fg’)(a, b; co, €1, Co; Ky Wh, W2K).

Here and throughout the paper, a germ is taken at the origin.
We use the ordinary generalized hypergeometric series

w o n()pfss

Here p,q € Z>p, z € C, u = (ul,...,up) € C?, and v = (v1,...,v4) € C% Every
lower parameter v; avoids Z<y. We only use series that converge in a neighborhood
of x = 0, or series that terminate. Thus a nonterminating series satisfies p < g+ 1.
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In particular, we do not define the target functions by limits at singular lower
parameters.

For equal lower parameters ¢ = ¢; = ¢o = ¢ and an auxiliary variable z,
Henrici’s triple product formula expresses H?:o oF1(;c;wi2) as a single o Fy func-
tion; see [Hen87] and [CWR13, Eq. (1.7)]. Reductions obtained by multiplying its
coefficients by factors depending on the total degree are given in [CWR13, Eq. (2.1)].
These formulas provide finite reductions for specified parameters. However, they
do not give a necessary condition for a finite sum of arbitrary ordinary generalized
hypergeometric functions in 3. In this paper, we give a necessary and sufficient
condition for such a finite sum.

We state the condition with all restrictions on the target functions.

Theorem 1.1. Suppose that
(14) avb¢Z§07 Cj ¢Z§0U (%—’_Z) (3207172)
The following conditions are equivalent.

(1) There is an identity of germs
b L u
(1.5) Fés) (a, b; co, 1, Co; %,wm,wzﬁ) = ZAM%WF‘” < e;am3> .
=1 vt

Here L € Zso, pe,qe € Lo, A¢ € C, e¢ € Z>o, and ay € C*. The lists
up = (Ug1,. .. Urp,) and vy = (Vg1,...,00,4,) consist of complex constants
independent of k. Every vy ; avoids Z<q, and every target series converges
near the origin or terminates.

(2) For each j =0,1,2, we have

(1.6) ¢j—co €L or cj+cy€ L.

When (1.6) holds, the construction gives a finite sum of ordinary oFs functions
with argument 64x3 and nonnegative integer powers of k. Some summands reduce
to sF7 functions by cancellation of equal upper and lower parameters. The finite
sum is holomorphic on |k| < 1/4 and agrees there with a continuation of the germ
(1.2).

Remark 1.2. The target class in (1.5) allows different orders and different nonzero
constants ay in different summands. Polynomial factors give the same class after
expansion into monomials. Theorem 1.1 concerns arguments of the form ayx? and
target functions whose lower parameters avoid Z<g. It makes no assertion about
general algebraic arguments, rational factors on the Fi- side, parameter derivatives,
or limits of sums with singular target parameters.

Condition (1.6) allows reflection of a lower parameter, in addition to an integer
shift. We can write that condition as

(].7) Cj = 1+€j(60—1)+mj, g5 € {17—1}, m; €.

We prove sufficiency by contiguous relations for ¢ F}, the scalar differential equation
satisfied by the product in Henrici’s formula, and removal of finitely many negative
powers of an auxiliary variable. Throughout the domain (1.4), this construction
gives target functions whose lower parameters avoid Z<g; see Proposition 3.5.

For necessity, we remove the two Pochhammer factors involving the upper pa-
rameters from the coefficients of (1.2). With an auxiliary variable z, we obtain the



FINITE HYPERGEOMETRIC REDUCTIONS OF LAURICELLA’S F¢ 3

product H?:o oF1(5ej;w7z). We separate the coefficient sequence into the three
residue classes modulo 3 and prove that each resulting generating function satisfies
an irreducible differential equation of order 24 when (1.6) fails; see Theorem 5.1.
After the substitution w = 23, the formal decomposition at infinity has six expo-
nential factors with nonzero exponents, each accompanied by a regular singular
factor of rank 3. For an ordinary generalized hypergeometric equation with the
same positive slope, each exponential factor with nonzero exponent is accompanied
by a regular singular factor of rank 1. Irreducibility then excludes finite sums as
well as single generalized hypergeometric functions; see Proposition 6.3.

2. COEFFICIENT OPERATIONS AND DIFFERENTIAL EQUATIONS

In this section, we give the coefficient operations and the facts about differential
equations used in the proof.

2.1. Grouping coefficients
We define the coefficients gy by
2
(2.1) H oF1(Gejwlz) = Z gn 2.
=0 N>0

Since every factor is entire, the product is entire. By grouping the absolutely
convergent series (1.1) by total degree, we obtain

(22)  F(a,bsco,cr i mwrw?s) = Y (a, N)(b,N)gns™  (|n] < 1/9).
N>0
‘We put

Ah (u) =

u+h u+h+1 u+h+2
< > (hEZZO)~

37 3 ’ 3
For a parameter list u, we use (u,n) = [[,(u;,n) and w4+ s = (u; + s);. We use
concatenation for parameter lists in a generalized hypergeometric series.

The following coeflicient identities give both directions of the proof.

Lemma 2.1. For a formal power series ZNZ() 2N, multiplication of its coeffi-
cient of degree N by (a, N)(b, N) sends

(23)  E, (’;; 523) — (@ h)(b )K" Fy (“ Ba(a), An?), 729ﬂ/~e3) ,

where h € Z>o. If a,b ¢ Z<q, division of the coefficient of degree N by (a, N')(b, N)
sends
3

h
2.4 hop (Y akd _*  F Led LoZT
B q(«f‘“)H (@ )R " \v, An(a), An(b)' 729
The additional lower parameters in (2.4) avoid Z<g.

Proor. We use
(a,h +3n) = (a,h)3*" H (6,n)
d€Ap(a)
and the same equality for b. These are the Pochhammer forms of the multiplication
formula [DLMF, Eq. 5.5.6]; see also [OLBC10, §5.5]. Comparison of the coefficient
of degree h + 3n gives both identities. If an entry of Ay (a) is a nonpositive integer,
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then a = —h — j — 3n for some j € {0,1,2} and n > 0. This contradicts a ¢ Z<o.
The argument for b is the same. (I

Remark 2.2. The identities in Lemma 2.1 are identities of formal series before any
assertion of convergence. In (2.4), a convergent nonterminating target has p < g+1,
so the transformed series is entire. A terminating series remains a polynomial. In
the construction used to prove sufficiency, (2.3) sends a 3Fg series with argument
6423 /729 to a oFy series with argument 64x%. The resulting series converges when
|k| < 1/4.

2.2. Differential modules

For a variable z, we write 9, = d/dx. A differential module over C(z) is a vector
space of finite dimension over C(z) with a derivation satisfying the product rule.
For a function f satisfying a scalar linear differential equation, we put

Ny =C(2)f +C(2)0sf +C(x)02f +--- .

The rank of N is the order of the monic minimal scalar equation for f. We call a
differential module irreducible if its only differential submodules are zero and the
whole module. For a scalar equation we use irreducibility in the corresponding
sense of factorization over C(z)[0,]; see [Sin09, Proposition 1.3.28, p. 21]. We state
formal expansions as expansions of solutions of scalar equations. The representation
on these scalar solutions is dual to the representation on horizontal solutions of the
cyclic module Ny. Duality negates the exponents and preserves their associated
ranks, so the comparisons of subquotients below apply to either convention.

We record two consequences of the representation theory of differential modules.

Lemma 2.3. The following statements hold over C(z).

(1) Suppose that N1, ..., Ns are pairwise nonisomorphic irreducible differential
modules. A vector in @, N; generates the whole direct sum if its projection
to every summand is nonzero.

(2) Suppose that f = Sr_, Re(z)fs, where Ry € C(x) and each f; satisfies a
scalar equation. If Ny is irreducible, then Ny is a composition factor of the
differential module associated with an equation for at least one f.

PROOF. For the first assertion, a submodule of a finite direct sum of simple, pair-
wise nonisomorphic modules is a sum of some of the summands. The projection
condition includes every summand. For the second assertion, we discard terms
with R, = 0. Multiplication by a nonzero rational function preserves the differen-
tial module generated by a function, since Ng,r, = Ny, as subspaces of the ambient
differential field. The addition map from @, Ng,s, has an image containing Ny.
Thus Ny is a subquotient of a finite direct sum of the modules for the equations
of the fy,. By a composition series, a simple subquotient occurs in one of the sum-
mands. (I

We also use the formal decomposition of a differential equation after a finite
ramification at a singular point; see [Sin09, §1.4, p. 27]. At x = oo, after writing
x = s%, the formal differential module is a direct sum of modules

£, ® Ry

Here ¢ is a polynomial without constant term, &, is a differential module of rank
1 whose horizontal equation is dy/ds = ¢'(s)y, and R, is regular singular. The



FINITE HYPERGEOMETRIC REDUCTIONS OF LAURICELLA’S F¢ 5

equation for &£, has the solution e?(®). The rank attached to ¢ is the rank of R,.
For ¢ # 0, the slope is deg(¢)/d. The factor with ¢ = 0 is regular singular. The
decomposition is compatible with subquotients. Consequently, we cannot increase
the rank attached to a fixed exponential factor by passing to a subquotient. These
exponential factors and their associated ranks do not change when we tensor with a
differential module of rank 1 whose equation has a solution x”, or when we multiply
a function by a rational function.

3. CONSTRUCTION OF THE FINITE SUMS

In this section, we prove the sufficient direction of Theorem 1.1 and ensure that
the lower parameters of the resulting functions avoid nonpositive integers.

3.1. The scalar equation for the product
We put g =c—1 and § = zd/dz. For j =0,1,2, we take any solution y; of
(3.1) 00 + g)y; = w’zy;.

For S C {0,1,2}, we put
ES = H Gyj H yj.
JES J¢s
We define

2 2
H = Eg, D = FE{,1,2}, U, = Zw”E{j}, V= Zw”E{o,l,z}\{jp
§=0 §=0
where r = 0, 1, 2.
The product rule gives the following equation for every choice of the three solu-
tions.

Lemma 3.1. We put

3 4
Po(T) =T(T +3c = 3) [ [(T + ¢ — 5) [ [(T + 2¢ = j).
Then ) )

(3.2) {Pc(e) — 6423 (9 + 3(284_1)) (9 + ?’(chl)ﬂ H=0.

PRrOOF. We differentiate the eight products to obtain
0Es = ZESU{]’} + ZZOJjES\{j} — |S|gEs.
Jj¢s Jjes
Substituting the definitions of U, and V), gives

OH = Uy, (0+39)D = 2V,
' 0+ 9t = -V, (0 + 29)Vy = 22Uy,
0+ g)Us =32H — Vo, (0+29)Va = —2Up.
We put

Po(T) =T(T+g)(T+29)(T+3g),  To(T) = (T+g—1)(T+g)(T+29—1)(T+2g).
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Eliminating Uy, Vo, D gives
Py(0)H = —22(40 + 1 4 69)U;.
Here we use
Vo=12(0+9)0H, 3D = (0+29)V+ 2lh, (0+39)D = —z(0 + g)Uh.
Eliminating Vy,Us, Vs gives
To(0)Uy = —22%(40 4 3 + 69)H.
For this elimination we use
22Uy = —(0 + 29)(0 + g)Us, (0+29)(0+ g)Us = 2(40 + 3 + 6g)H.

Apply Tp(6 — 1) to the first eliminated equation and use 8z = z(6 + 1). We obtain
(3.2), since Po(T)To(T —1) = P.(T). All these operations are polynomial identities
inc,z,0. O

3.2. Two initial products

We put
B(c) C’E,c+1’c+2’20717%720+1 ’
37 3 3 3 3 3
2c—1 2 1 4
Al) = (2L 2et L) 01
4 4 729

We use Henrici’s formula under the following restrictions on its parameter.

Fact 3.2. Suppose that ¢ € Z~q, or that c ¢ ZU (5 + Z). Then

: A(e)
coed s — . 3
(34) HOFl(,c,w Z)—2F7 (B(C),KZ )
7=0
PRrROOF. We use Henrici’s triple product theorem [Hen87], in the form [CWRI13,
Eq. (1.7)] with its parameter 6¢ replaced by c. Under the stated restrictions, every
lower parameter in B(c) avoids nonpositive integers. We can also verify (3.4) by
comparing coefficients in (3.2) and using the invariance under z — wz and the
constant coefficient 1. O

For the second product, we put

(@ =1, )= 2o

(c—1)(2¢+3)
Ac—=3)(c+1)’

2c+14+4r 2¢+ 7+ 4r
A’“(c):( 12 0 12 )

Ya(c) =

(r=0,1,2),

and

1 2cec+1c+2 4—c¢c 2¢+1
Bo(e) = ( ).

3’3’3 3’ 3 3 3
Bi(c) = géc—&—l c+2 ¢c+3 5—c 2¢+2
1 - 3a37 3 ) 3 ) 3 ) 3 ) 3 )
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45 c+2 c+3 c+4 6—c 2¢+3
BZ(C) =\l ) ) ) ) .
3’3" 3 3 3 3 3
The scalar equation gives the following identity with lower parameter 2 — c.

Proposition 3.3. Suppose that ¢ ¢ ZU (3 +Z). Then

2
(3.5) oF1(;2 — ¢;2)0FL(; ¢ w2)o Py (5 cw?z) = Z%(c)zTQF7 (g:gg, Kz3> )
r=0

Every lower parameter on the right avoids Z<o. Moving 2 — ¢ to position j, with
positions numbered 0, 1,2, multiplies the summand of residue r by wI".

PRrRoOOF. We take
Yo =2""0F1(;2-¢2), wm=o0Fi(gwz),  y2=oFi(;cw2).

The three functions satisfy (3.1). Thus 2!7¢ times the product on the left of (3.5)
satisfies (3.2). The roots of P, are

0, 3—3¢, 1—-¢,2—-¢,3—¢, 2—2¢,3—2c,4—2c.

Substitute 2!~ 3" v,2%" in that equation. For n > 1, comparison of coeffi-
cients gives
Un—1 - n(BT(c)—i—n— ]-al)-

None of the listed lower parameters is a nonpositive integer: such an entry would
force ¢ to be an integer or a half-integer. The recurrence therefore determines the
series from vg. Direct multiplication of the first three terms of the three o F) series
gives vo(c), y1(c),y2(c). Both sides are entire in z. Cyclic permutation of the factors
is the substitution z — w’z, which gives the last assertion. O

Up, K (A (c)+n—1,1)

3.3. Independent integer shifts

We use the following recovery of all eight components from the product.
Lemma 3.4. Write (3.3) as Y = M(2)Y, in the order
Y =YH, Uy, Vo, D, Uy, V1, Us, Va).
We put v = (1,0,...,0), vky1 = 20}, + v M, and let C have rows vy, . ..,v7. Then
(3.6) det C = 7682°(2g — 5)(29 — 1)(2g + 1)(2g + 5).

If this determinant is not identically zero, each Eg is a linear combination of 6*H,
0 <k <7, with coefficients that are Laurent polynomials and depend rationally on
c,w.

PROOF. The recurrence defining vy, gives 0*H = v, Y. We evaluate the determinant
using the eight entries of (3.3), which gives (3.6). The entries of C are polynomials
in z, g. Its inverse therefore has entries in Q(g)[z, 2~!] whenever the four parameter
factors are nonzero. We recover the eight Eg by inverting the finite sums defining
the components of Y. O

We now give all steps of the finite construction.

Proposition 3.5. Under (1.4) and (1.6), the identity (1.5) exists. We can take
every nonzero summand to be an ordinary oFg function with argument 64x3, mul-
tiplied by a nonnegative integer power of k. The construction uses finitely many
rational operations and integer shifts of parameters.
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PrOOF. We consider two cases for c¢g.
First suppose that ¢y ¢ Z. We put ¢ = ¢p and write the three lower parameters

as in (1.7). For § € {¢,2 — ¢}, contiguous relations give

d
(3.7)  oFi(Go+m;x) = An(x)oF1(;0;2) + B (2)0,0F1(; 65 2), 0, = T
where A, B, € Q(8)[z,x71]. We start with Ag = 1, By = 0. For v € C with

7,7 — 1 ¢ Z<g, the series definition gives

0
oF1GGy+1Lx) = %GIoFl(;v; ), oF1(Gy—1Lx) = (1 + 1) o1 ().

N —
Using 020F;(;0;2) = 2o F1(;8;2) + (1 — 8)0.0F1(; 6; ), we obtain
A1 = “Tm(ewAm + 2By),
Bt = (A 4 0B+ (1 D)B),
0. A, +xB,,
Apn1=A _—
m—1 m + S+m—1 )
Ap + 0,8, + (1 —96)By,
. B,.1=18B .
(38) ml mt d+m—1

Since ¢ is not an integer, all denominators required by these recurrences are nonzero.
We put d = #{j : ¢; = —1} and choose

_ JoRiGawz), g =1,
Yi 2792 - wiz), g5 =—1.

These functions satisfy (3.1). Their product is 2799 [LoF1G1+ £;g;w'z). When
gj = —1, (3.7) expresses the shifted function through z%y; and 290y;, with A,,
replaced by A,, + gB,,. Multiplying the three shifted factors gives a linear com-
bination of 249 Eg with Laurent polynomials as coefficients. The parameter factors
in (3.6) are nonzero under our assumption on ¢. By Lemma 3.4, we can express
the shifted product as a finite linear combination of the following functions, with
Laurent polynomials as coefficients:

2
290 H = (0 — dg)* H oF1G1+ejg;w72).
j=0
If d =0 or d =3, we use (3.4) with parameter c or 2 —c. If d = 1, we use (3.5)
and its cyclic permutations. If d = 2, replacement of ¢ by 2 — ¢ reduces the initial
product to the case d = 1. All lower parameters in these initial products avoid
nonpositive integers. Under 2 = K23, conjugation by 2" gives
270" =r+ 3331
dx
as an identity of operators on functions of z. Every polynomial in x d/dx is a finite
linear combination of the operators z7(d/dx)?. Thus polynomial expressions in
reduce to finitely many ordinary derivatives of the o F; series in (3.4) and (3.5). The



FINITE HYPERGEOMETRIC REDUCTIONS OF LAURICELLA’S F¢ 9

differentiation formula [DLMF, Eq. 16.3.1] shifts every upper and lower parameter
by the same nonnegative integer. Thus we obtain a finite sum of terms

(3.9) Coz°o Fy (g; K23> , ecZ,

where A has two entries, and B has seven entries, none of which is a nonpositive
integer. The constant Cy and both lists come from the finite recurrences and the
matrix C~ 1.

For each term (3.9), we put

K9(A
s = max(0, [—e/3]), h=e+3s>0, C’s:C’OSI((Bg.
After deleting its terms with negative powers of z, that term becomes
1,A+s
h 9 . 3
(310) CSZ ?,FS (S+1,B+S’KZ > .

The deleted finite Laurent polynomials sum to zero, since the original shifted prod-
uct is entire. Every entry of B + s avoids nonpositive integers. Apply (2.3) to
(3.10). Its contribution is

(3.11) Cs(a, h) (b, h)K"o Fy (1’ A l_i f}é“l’f"(b); 64;43) .
This proves the assertion when c¢q ¢ Z.

Next suppose that ¢g € Z. Condition (1.6) implies that every c¢; is a positive
integer, since the lower parameters avoid nonpositive integers. We choose a positive
integer C' > max;c;. We start with the product in (3.4) with all three lower
parameters equal to C', and use only downward shifts m; = ¢;—C'. All denominators
in the downward recurrences (3.8) are positive integers. The determinant (3.6) is
nonzero for g = C'—1. The entries of B(C) are positive, as are all their nonnegative
shifts. We again recover the components, differentiate the resulting series, and
delete the terms with negative powers. Formula (3.11) again gives target functions
whose lower parameters avoid nonpositive integers.

In both cases, the target o Fy series converge on [64x3| < 1. Coefficient compar-
ison with (2.2) proves equality as germs. The resulting finite sum gives the stated
continuation on |k| < 1/4. O

4. BESSEL EQUATIONS AND THEIR ISOMORPHISMS

In this section, we determine the differential Galois groups and isomorphisms
needed for the necessary direction. All differential fields have constant field C.

4.1. The normal form

For A # 0, we write B) , for the differential module associated with

2 _1/4 d

4.1 O = —,
(4.1) v ( - ) 2, a

If v = ¢ — 1, direct substitution gives

2
(4.2) w= 112 <;c; % )



10 NAKANO RYUNOSUKE

as a solution of (4.1). The power of ¢ denotes any local branch on a simply connected
domain avoiding 0. The differential module of that power has rank 1 over C(¢).
We give the formal expansions at infinity explicitly.

Lemma 4.1. Choose s € C* with s> = \. Equation (4.1) has formal solutions

uy = e | 14 Z aft"
n>1
We put ¢ = v? —1/4 and a(jf = 1. The coefficients satisfy
gt ot —q 4
T 4os(n 1) "
In particular, the series multiplying the exponentials contain no nonintegral powers
of t.

PROOF. Substitute u = e'F in (4.1). The equation becomes F" + 2sF’ = qt—2F.
Comparison of the coefficient of £~"~2 gives the stated recurrence. Replacement of
s by —s gives the other solution. Their distinct exponentials make them formally
independent. O

(n>0).

4.2. The differential Galois group

For algebraic v ¢ % + Z, the differential Galois group of Bessel’s equation over
Q(x) is also recorded in [Sin09, Example 1.3.32, p. 23]. We prove the version over
C(t) that we use.

Proposition 4.2. If A # 0 and v ¢ % + Z, the differential Galois group of (4.1)
over C(t) is SLo(C). The differential module remains irreducible after every finite
algebraic extension of C(t).

PROOF. Since the equation has no first derivative term, its Wronskian is a nonzero
constant. The differential Galois group G is therefore a subgroup of SLy(C). Sup-
pose that G is a proper algebraic subgroup. Such a subgroup has a finite orbit on
P!. For a finite subgroup this follows from finiteness. For a proper subgroup of
positive dimension, the identity component is solvable and fixes either one line or
a pair of lines; the full subgroup preserves that finite set. The differential Galois
correspondence [Sin09, Theorem 1.3.9, p. 13] then gives a nonzero solution whose
logarithmic derivative h is algebraic over C(t). It satisfies

v?—1/4
2
We determine the possible ramification of h. At infinity, a Puiseux expansion in
(4.3) must begin with s or —s, where s> = \. Coefficient comparison gives

h=+4s+ Z Bt

n>2

(4.3) B +h?= X+

To verify the absence of fractional powers, take the first exponent outside the Lau-
rent series in integral powers of t~! determined by the chosen sign. Its coefficient
in h? is +2s times the proposed coefficient, and no preceding term contributes to
that exponent. Thus the proposed coefficient is zero. The coefficient of t~! is zero
for the same reason. This argument applies to every algebraic conjugate of h, so
the algebraic function field generated by h is unramified over infinity.
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At a finite point other than 0, a finite value of h gives a holomorphic solution of
equation (4.3), which has order one. At a pole we use v = 1/h, which satisfies

2
v=1- <A+1/7§21/4) V2.

At such a point v is holomorphic and has derivative 1. Thus every pole away from
0 is simple, has residue 1, and causes no ramification. The algebraic function field
can have a branch point only at 0. There is no nontrivial connected finite cover of
P! branched over at most one point. For example, restriction to the complement of
that point gives an unramified finite cover of the simply connected complex plane.
Hence h € C(%).

Since v ¢ % + 7Z, we have v?> — 1/4 # 0. The equation at 0 forces a simple pole
with residue p = 1/2+ v or p = 1/2 — v. If N is the number of the other finite
poles, the coefficient of ¢+~ at infinity gives p + N = 0. It follows that v € % + Z,
a contradiction. Thus G = SLy(C).

A finite algebraic extension does not change the identity component of a differen-
tial Galois group; see [Sin09, Corollary 1.3.10(3), p. 14]. Since SLy(C) is connected
and its standard representation is irreducible, irreducibility persists after every such
extension. U

4.3. Isomorphisms after algebraic extension
We need to distinguish the equations even after a finite algebraic extension.

Proposition 4.3. Suppose that A\, ;i # 0 and v,n ¢ % + Z. There is a nonzero
differential homomorphism from By, to B, , over an algebraic extension of C(t)
if and only if

(4.4) A=p, (v—=n€eZ or v+nel).

Every such homomorphism has a matriz over C(t). In particular, the homomor-
phism is an isomorphism.

PROOF. We write both equations as systems of order one for !(u,u'). A homomor-
phism matrix satisfies their linear Hom equation. By Proposition 4.2, a nonzero
homomorphism over an algebraic extension is an isomorphism.

By Lemma 4.1, we obtain the exponents of the exponential factors in a formal
solution of the Hom equation by taking differences of members of

(VX =V}t and  { /@, —/ult.

An algebraic solution can contain only the factor with zero exponent. If A\ # p, the
two sets are disjoint, so there is no nonzero algebraic homomorphism. If A\ =y, a
homomorphism with algebraic entries can have nonzero components only between
exponential factors with equal exponents. We choose matching signs. The formal
fundamental matrices with the exponentials removed have entries in C((t71)). They
are invertible over that field. Thus every entry of an algebraic homomorphism
matrix has a Laurent expansion in integral powers of t ! at infinity. Every algebraic
conjugate satisfies the same Hom equation and has the same property. At a finite
ordinary point the Hom equation has holomorphic coefficients, so all its solutions
are single-valued there. Each entry of the homomorphism matrix can therefore
ramify only at 0. The argument about finite covers in Proposition 4.2 shows that
every entry is rational.
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The local exponents of (4.1) at 0 are 1/2+v,1/2—v. The eigenvalues of the local
monodromy are —e2™V =1V and —e—2mV 1Y, including the cases with logarithms. A
rational isomorphism preserves their unordered pair. Hence v —n € Z or v +1 € Z.

Conversely, the replacement v +— —v leaves (4.1) unchanged. An integer shift
follows from the two operators

1/2 1 1/2
v+l (v'+y+/v>.

V=l - ——u, U=y ;
The function v satisfies (4.1) with v replaced by v + 1. The matrix sending *(u,u')
to t(v,v") is

(v 1/t |
= ()‘+(V+1/2)2/t2 —(y+1/2)/t)7 det H, = —\.

Thus every integer shift gives a rational isomorphism, with no exceptional value of
v. Iteration and reflection give (4.4). O

4.4. Independence of the equations

Weput v ~nif v—n € Z or v+n € Z. This is the equivalence relation generated
by integer shifts and change of sign. The next lemma gives the differential Galois
group of the direct sum of the differential modules.

Lemma 4.4. Let my,...,nm ¢ % + Z represent distinct equivalence classes for ~.
For the direct sum

2 M
(4.5) D PB.c..

(=0 s=1
over C(t), the differential Galois group is SLy(C)3M.

PRrROOF. By Proposition 4.2, the group G projects onto each SLs factor. The iden-
tity component G also projects onto each factor, since the quotient G /G is finite
and SLs is connected. Its Lie algebra is therefore a subdirect product of 3M copies
of 5[2.

A subdirect product of simple Lie algebras is a direct sum of diagonal copies
on disjoint sets of isomorphic factors. We can prove this assertion by induction:
when one more simple factor is added, the kernel of its projection to the preceding
product is either the full simple factor or zero; in the second case the new factor
is a quotient of one simple summand of the preceding product. If the Lie algebra
of GY is not the full direct sum, two of its projections to sly are related by an
automorphism. Here we use that every automorphism of sly(C) is inner. Since
G is connected, the corresponding two standard representations are isomorphic
on G°. The resulting homomorphism matrix has entries in the fixed field of G°
inside a Picard—Vessiot field of (4.5). That fixed field is a finite algebraic extension
of C(t), by the differential Galois correspondence. Proposition 4.3 excludes such a
homomorphism between any two distinct summands of (4.5). Thus the Lie algebra
is the full direct sum. The ambient product SL3™ is connected, so G = SL3*. O

5. THE THREE COEFFICIENT SUBSEQUENCES

In this section, we determine the minimal differential equations of the three
generating functions when the lower parameters do not satisfy (1.6).
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We retain gy from (2.1) and put
(5.1) fr(w) = ggnrw™  (r=0,1,2).
n>0

Each f, is entire. Using Zi:o WF(N=") = 3 when N =r (mod 3), and zero other-
wise, we obtain

2 2
z . ;
(5.2) fr(2%) = 3 ZW ¥ H0F1(§Cj§w]+k2)-
k=0 =0

The value at z = 0 is interpreted by its convergent series.
The three generating functions have the following common rank and irreducibil-
ity properties.

Theorem 5.1. Suppose that c; ¢ Z<o U (% + Z) for j = 0,1,2, and that (1.6)
fails. For each v = 0,1,2, the monic minimal equation of f, over C(w) has order
24 and is irreducible. After the ramification w = (t/2)°, its formal decomposition
at infinity has the exponential factors

(5.3) A4t (j=0,...,5), 1, (=exp(mv/—1/3).

FEach exponential factor with nonzero exponent has an associated regular singular
factor of rank 3. The factor with zero exponent has rank 6. Equivalently, over C(w)
the part of slope 1/6 has rank 18, and the regular singular part has rank 6.

PRrOOF. We put v; = ¢; — 1. The failure of (1.6) means that the three v; do not all
lie in one class for ~. Let 71, ..., 1y represent their distinct classes, where M = 2
or 3. For each j, we let s; € {1,..., M} be the index determined by v; ~ 7. The
ordered triple (sg, s1, s2) is not constant.

We first extend from C(z) to C(t), where 2z = t2/4. By (4.2), each of the three
products in (5.2) differs from a product of solutions of (4.1) by the same power

(5.4) t3/2comermea,

For a fixed k, the three normalized factors have distinct constants 1,w,w? in their
equations. Proposition 4.3 replaces each order v; by its representative 7, by a
rational isomorphism. The three products, for k = 0,1, 2, therefore correspond to
the ordered triples of indices

(50,81,82),  (82,80,81), (81,82, 50)
at the respective constants 1,w,w?. These choices are distinct, since a triple whose
entries are not all equal has an orbit of length 3 under cyclic permutation.

By Lemma 4.4, each choice gives a tensor product of three standard represen-
tations of three distinct SLy factors. Each tensor product is irreducible and has
dimension 8. The three choices give nonisomorphic representations: their sets of
nontrivial factors in SL3" differ. The equivalence between differential modules and
representations [Sin09, Theorem 1.5.2, p. 41] gives three pairwise nonisomorphic
irreducible differential modules of rank 8. Both properties are preserved when we
tensor with the module of rank 1 in (5.4).

We verify that the actual products generate these modules. Multiplication de-
fines a map from the tensor product of the three solution spaces to the common
Picard—Vessiot field. This map is equivariant for the differential Galois group. It
is nonzero, since a product of three nonzero solutions is nonzero. Its domain is
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irreducible, so the map is injective. Every nonzero product consequently has the
full minimal order 8. The same conclusion holds after multiplication by the power
in (5.4). The modules of the three actual products remain pairwise nonisomorphic.
These properties hold over C(z), since they hold after extension to C(t).

Every coefficient w=*"/3 in (5.2) is nonzero. Multiplication by 2~" does not
change the generated differential modules. By Lemma 2.3(1), the right side of (5.2)
generates the direct sum of the three modules of rank 8 over C(z). Its minimal
order over C(z) is therefore 24.

We next descend to C(w). On C(z), we use the derivation 9, = (32%)719,. The
field automorphism 2z — wz commutes with this derivation and fixes f,(2%). It sends
the monic minimal operator of this function to another monic minimal operator
for the same function. Uniqueness makes the operator invariant. Its coefficients
therefore belong to C(w). No operator of smaller order exists over C(w), since such
an operator would also exist over C(z). Thus the minimal order over C(w) is 24.

To prove irreducibility, suppose that this differential module has a nonzero proper
submodule over C(w). After extension to C(z), the submodule is a sum of some
of the three pairwise nonisomorphic simple summands. The deck transformation
z — wz permutes these three summands transitively. The extended submodule
must be invariant under that permutation. Only the zero sum and the full sum are
invariant. This contradicts the choice of a nonzero proper submodule.

Finally, we compute the formal decomposition. For each tensor product,
Lemma 4.1 gives the following eight coefficients of ¢ in the exponents of its
exponential factors:

+V1 +vw + Vw2
Their multiset is independent of the choices of square roots. The polynomial with
these eight values as roots is

X2(X% —64).

Thus two coefficients of ¢ in the exponents are zero, and the other six are the
distinct numbers 2¢%. For the three summands, we obtain the following polynomial
by taking all coefficients of ¢ in the exponents as roots, counted with multiplicity:

XO(X6 —64)°.
These coefficients of ¢ in the exponents do not change when we multiply by the power
in (5.4) or by the rational factor =" Since t = 2w'/®, each nonzero coefficient gives

slope 1/6 over C(w). Each occurs three times, and zero occurs six times. This gives
(5.3) with the asserted ranks. O

Remark 5.2. The order 24 in Theorem 5.1 concerns the entire generating functions
in (5.1). It is not an assertion about the minimal equation of the F¢ restriction
itself. Over C(z), the module of f,.(z3) is a direct sum of three irreducible modules
of rank 8. The irreducibility assertion holds over C(w).

6. EXCLUSION OF FINITE GENERALIZED HYPERGEOMETRIC SUMS

In this section, we compare the formal decomposition in Theorem 5.1 with that
of an ordinary generalized hypergeometric equation. We use ¥ = w d/dw.
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6.1. Formal solutions of a generalized hypergeometric equation

The following lemma describes the formal decomposition at infinity of a gener-
alized hypergeometric differential equation.

Lemma 6.1. Let « #0, p,q € Z>o, and p < g+ 1. Consider

q p
(6.1) d[[W+v,—1) —aw][W+u)|y=0.

j=1 i=1
Ifm=q+1—p >0, its formal decomposition at infinity has a reqular singular
part of rank p. Its exponential factors with nonzero exponents, after w = s™, are

e, fr=mma,  j=0,...,m—L

Each associated reqular singular factor has rank 1. The exponential factors with
nonzero exponents have slope 1/m over C(w). If m = 0, the equation is regular
singular at infinity. These assertions do mot require nonintegral differences between
parameters.

PROOF. We use the operator (6.1), which is [DLMF, Eq. 16.8.3]; see also [OLBC10,
§16.8]. Suppose first that m > 0, and put n = ¢+ 1 = p+ m. After w = s™, we
have ¥ = m~'sd/ds. For y = € with 8 # 0, the terms of highest degree in s give

(™ —mma) =0,
up to a nonzero constant. The m nonzero roots are distinct. At each such root,
substitution of

y=ePiss [ 1+ Z dps™"
n>1

first determines p and then the coefficients d,,. The simple root gives one formal
solution and an associated regular singular factor of rank 1. For the two terms
of (6.1), the Newton polygon has a segment of horizontal length m giving slope
1/m. The remaining factor is regular singular and has rank p. Equivalently, after
removing the m distinct exponential factors with nonzero exponents, the factor
with zero exponent has rank p. The highest powers 9?7 and aw¥? have nonzero
coefficients for all parameter values. Thus integer differences between parameters
do not change these slopes or the simplicity of the nonzero roots.

If m = 0, we substitute w = 1/z and multiply the equation by x. This gives an
equation in x d/dx with holomorphic coefficients and nonzero highest coefficient at
x = 0. Hence infinity is regular singular. (]

Remark 6.2. A terminating target in (1.3) is a polynomial, even if the integers
p, ¢ do not satisfy p < g+ 1. A nonzero polynomial belongs to C(w) and generates
a differential module of rank 1 with no exponential factor with nonzero exponent.
We treat such summands by that module rather than by the full hypergeometric
operator in (6.1).

6.2. Finite sums and composition factors

The irreducibility in Theorem 5.1 excludes a finite sum, irrespective of the num-
ber of its terms.
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Proposition 6.3. Under the assumptions of Theorem 5.1, none of fo, f1, fo admits
an expression

L »
(62 o) = SRl By (s )

where L is finite, Ry € C(w), ap # 0, every lower parameter of every target function
avoids nonpositive integers, and every target series converges near the origin or
terminates. The equality in (6.2) is excluded even when poles of the separate rational
factors cancel in the sum.

PRrROOF. We fix r. By Theorem 5.1, the module Ny, is irreducible of rank 24.
Suppose that (6.2) holds. By Lemma 2.3(2), Ny, must occur as a composition
factor of the differential module associated with one of the equations for the target
functions. By Remark 6.2, the differential module generated by a polynomial cannot
have this composition factor.

Consider a nonterminating target and put m = qp + 1 — pg. If m = 0, its formal
decomposition has no positive slope. If m > 0, its only positive slope is 1/m.
Since Ny, has a part of slope 1/6, compatibility of formal decomposition with
subquotients forces m = 6. In the target equation for m = 6, every exponential
factor with nonzero exponent has an associated regular singular factor of rank 1,
by Lemma 6.1. In Ny, the six exponential factors with nonzero exponents each
have an associated regular singular factor of rank 3. After a common ramification,
either such an exponential factor is absent from the target or its associated regular
singular factor has rank at most 1. The associated regular singular factor therefore
cannot have rank 3 in a subquotient. This contradiction excludes every individual
target equation. It also excludes the finite sum. 0

Remark 6.4. The comparison is between one irreducible composition factor and
one target equation. It is not a comparison of rank 18 with the total irregular rank
of an arbitrarily long finite sum. The latter rank can increase with the number
of summands. Lemma 2.3(2) is the step that makes the exclusion apply to finite
sums.

The same proposition excludes a recurrence relating two consecutive coefficients
by rational functions of the index.

Corollary 6.5. Under the assumptions of Theorem 5.1, fix r € {0,1,2}. There do
not exist nonzero polynomials A, B € C[n] such that

(63) A(n)qS(n—i-l)—i-T' = B(n)q3n+r

for all sufficiently large integers n. The coefficient subsequence is not eventually
zero.

PROOF. If the subsequence is eventually zero, then f,. is a polynomial. This con-
tradicts the minimal order in Theorem 5.1. Suppose that (6.3) holds. We choose N
so that (6.3) holds for every n > N. We also require N to exceed every nonnegative
integral zero of A or B. The recurrence implies that the tail is either identically
zero or has no zero terms. The former case has already been excluded. In the latter
case, factor B/A into linear factors over C. Iteration expresses q3(n.n)4r/q3N+r S
a constant to the power n times a quotient of Pochhammer symbols. An additional
upper parameter 1 compensates for the n! in (1.3). The lower parameters avoid
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nonpositive integers by the choice of N. Thus f, is a polynomial plus w!¥ times one
ordinary generalized hypergeometric series. The series converges near zero, since
the tail of f,. is entire. This contradicts Proposition 6.3. (]

7. PROOF OF THE CRITERION

In this section, we transfer the exclusion for the product coefficients to Lauri-
cella’s function.

PrOOF OF THEOREM 1.1. Proposition 3.5 proves sufficiency, the g Fg construction,
and the continuation on |x| < 1/4. We prove necessity by contradiction. Suppose
that (1.5) holds and (1.6) fails. Since a,b ¢ Z<(, division of the coefficient of degree
N by (a,N)(b,N) is defined for every N. By (2.2), this operation sends the left
side of (1.5) to (2.1). By Lemma 2.1, the term with index ¢ becomes

Agz©t r Uy . oz
(a,eq) (b, eg)P 40 <v€’A€e (a), A, (b) 729) '
All additional lower parameters avoid nonpositive integers. Each transformed series
is entire or is a polynomial, by Remark 2.2.

Fix r € {0,1,2}. In the coefficient subsequence of degree 3n+r, only terms with
e¢ =7 (mod 3) contribute. Dividing by 2" and putting w = 23, we obtain

Ay wlee=r)/3 Uy QW
1) ) = e F CIOAY
( ) y (U}) 1<;L (a,eg)(b, eE) peaeto vaAez (a)aAez (b> 729
ee=r (3)
The exponent (e, —r)/3 is a nonnegative integer for every contributing term. Thus
(7.1) is an expression excluded by Proposition 6.3. If the index set is empty, it

asserts f, = 0, which also contradicts Theorem 5.1. This proves necessity. O

Remark 7.1. Proposition 6.3 allows rational factors in w on the product side.
Theorem 1.1 allows polynomial factors in x on the Fr side. We do not transfer
the assertion of Proposition 6.3 allowing rational factors by applying the inverse
operation on coefficients. Division of Taylor coefficients by (a, N)(b, N) is not mul-
tiplication of functions and need not preserve a rational factor.

8. SPECIALIZATIONS AND THE SCOPE OF THE CONDITION

In this section, we give specializations of the criterion and of the sufficient con-
struction.
We first take two equal lower parameters.

Corollary 8.1. Suppose that a,b ¢ Z<o and ¢,d ¢ Z<o U (% +2Z). The germ
Fés) (a,b;d, ¢, c; K, wk, w?K)
has a finite expression of the form (1.5) if and only if d—c € Z or d+ ¢ € Z.

PROOF. Requiring an integral sum or an integral difference defines an equivalence
relation. Thus (1.6) for the three lower parameters d, ¢, ¢ is equivalent to the stated
condition. Apply Theorem 1.1. O

The identity in Proposition 3.3 gives an explicit formula without requiring integer
differences among all lower parameters.
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Corollary 8.2. Suppose that ¢ ¢ Z U (3 + Z). For arbitrary a,b € C, we have the
identity of germs

Fé‘g) (a, b? 2-— C,C,C R, WK, wzli)

(8.1) = nyr(c)(a,r)(b, r)k"sFr (Ar(a)’gigg’ AT(C); 64&3) ,
r=0

where v, (c), A, (c), B.(c) are the coefficients and complete parameter lists in Propo-
sition 8.3. Fvery lower parameter of every target function avoids nonpositive inte-
gers, and the finite sum continues the germ to |k| < 1/4.

PrOOF. Apply (2.3) to (3.5). This operation does not divide by any Pochhammer
symbol involving an upper parameter, so upper parameters for which the series
terminates are also allowed. Each target series converges on |64k3| < 1. g

Example 8.3. For ¢ = 2/3, the lower parameters in (8.1) are 4/3,2/3,2/3, and

(70(2/3):711(2/3),72(2/3)) = (L—j i;) -

The lower parameters 4/3 and 2/3 have nonintegral difference and integral sum.
Theorem 1.1 also includes all shifts of these parameters by independent integers for
which the original lower parameters avoid nonpositive integers. For example, the
triple of lower parameters (2/3,4/3,7/3) satisfies the criterion. In the construction
we take ¢ = 2/3 and write these parameters as ¢,2 — ¢, (2 — ¢) + 1.

Example 8.4. The triple of lower parameters (2/3,4/3,5/4) does not satisfy (1.6).
The first two parameters have integral sum, but
5 2 7 5 2 23
173712 17371
are not integers. For every a,b ¢ Z<q, the germ
Fég)(a,b; 2/3,4/3,5/4; K, wk, w?kK)

therefore has no expression (1.5). The conclusion allows any finite number of sum-
mands and arbitrary nonnegative integers py, qy.

Example 8.5. For the triple of lower parameters (1,2,4), we can take C = 4
in the integer case of Proposition 3.5. The downward shifts are (—3,—2,0). At
intermediate steps and in the final functions, all lower parameters avoid nonpositive
integers. No limit of singular parameter values is needed.

Remark 8.6. The assumption a,b ¢ Z<( is needed for necessity. For example,
Fg’)(O,b;co,cl,CQ;ﬁ,wm,uﬂﬁ;) = 1 for every triple of lower parameters avoiding
nonpositive integers, including the triple in Example 8.4. Lower parameters that
are half-integers are excluded for a different reason. The group calculation in Propo-
sition 4.2 changes when v € % + Z, and the independent SLs factors used in Theo-
rem 5.1 are then unavailable. We do not include those cases in the classification.

Remark 8.7. Theorem 1.1 classifies finite sums of functions, rather than rational
ratios between consecutive coeflicients in each residue class. Corollary 6.5 proves
that such ratios cannot exist when (1.6) fails. We do not assert the converse for
every choice of signs and integers in (1.7).



REFERENCES 19

ACKNOWLEDGEMENTS

The author used OpenAl Codex for computational exploration and assistance
with drafting and revision.

[CWR13]

[DLMF]
[Hens7]
[OLBC10]

[Sin09]

REFERENCES

Junesang Choi, Xiaoxia Wang, and Arjun K. Rathie. A reducibility of
Srivastava’s triple hypergeometric series F'®) [x,y, z]. Commun.
Korean Math. Soc. 28.2 (2013), 297-301. DOT:
10.4134/CKMS.2013.28.2.297.

NIST Digital Library of Mathematical Functions. URL:
https://dlmf.nist.gov/ (visited on 10/31/2026).

Peter Henrici. A Triple Product Theorem for Hypergeometric Series.
STAM J. Math. Anal. 18.6 (1987), 1513-1518. DOI: 10.1137/0518108.
Frank W. J. Olver et al., eds. NIST Handbook of Mathematical
Functions. New York: Cambridge University Press, 2010.

Michael F. Singer. Introduction to the Galois theory of linear
differential equations. Algebraic Theory of Differential Equations.

Ed. by Malcolm A. H. MacCallum and Alexander V. Mikhailov. 357.
London Mathematical Society Lecture Note Series. Cambridge:
Cambridge University Press, 2009, 1-82. DOI:
10.1017/CB09780511721564.002.

GRADUATE SCHOOL OF SCIENCE, HOKKAIDO UNIVERSITY, SAPPORO 060-0810, JAPAN
Email address: nakano.ryunosuke.i3@elms.hokudai.ac.jp


https://doi.org/10.4134/CKMS.2013.28.2.297
https://dlmf.nist.gov/
https://doi.org/10.1137/0518108
https://doi.org/10.1017/CBO9780511721564.002

	1. Introduction
	2. Coefficient operations and differential equations
	2.1. Grouping coefficients
	2.2. Differential modules

	3. Construction of the finite sums
	3.1. The scalar equation for the product
	3.2. Two initial products
	3.3. Independent integer shifts

	4. Bessel equations and their isomorphisms
	4.1. The normal form
	4.2. The differential Galois group
	4.3. Isomorphisms after algebraic extension
	4.4. Independence of the equations

	5. The three coefficient subsequences
	6. Exclusion of finite generalized hypergeometric sums
	6.1. Formal solutions of a generalized hypergeometric equation
	6.2. Finite sums and composition factors

	7. Proof of the criterion
	8. Specializations and the scope of the condition
	Acknowledgements
	References

