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ABSTRACT. We study the canonical formal solution space of a homogeneous A-
hypergeometric system in a generic direction and assemble the local obstructions along
cosets of the lattice of relations. We present, as the cokernel of a block-triangular map
between finite-dimensional spaces, the quotient of the canonical formal solution space
by the span of the series obtained by intrinsic perturbation, taken over all exponents
occurring in the canonical formal solution space and all ordered negative support families,
and we compute the codimension of that span. We show that there is a nonempty simply
connected nonsingular open set on which, for a choice of the branches of the logarithms,
summation carries this presentation and this codimension to the holomorphic solution
space. We apply these results, for every integer ¢ > 1, to a homogeneous A-hypergeometric
system of lattice rank 2 with 5¢ columns. We show that the canonical formal solution
space of this system has dimension 12¢? and that the span has codimension exactly
[3¢2/4] in the canonical formal solution space, so this codimension is unbounded at fixed
lattice rank.

1. INTRODUCTION

The Frobenius method produces logarithmic solutions of a resonant differential system
by perturbing an exponent and differentiating with respect to the resulting perturbation
parameters. For A-hypergeometric systems, this method is developed by Saito and by
Okuyama-Saito; see [11, 7]. Let A € Z4*™ be the matrix of the system, put L = kerz(A)
and r = rank L, and write t = t(tl, ..., tp). Okuyama—Saito [8] fix a fake exponent v and an
ordered negative support family A/, construct the ambient coefficient space, and compare
it with the coefficient space obtained by intrinsic perturbation within L; their Theorem 5.5
identifies the ambient coefficient space with the full coefficient space, and their Proposition 6.2
characterizes the equality of the intrinsic and ambient coefficient spaces by an equality of
two colon ideals. The companion paper [4] measures by an intrinsic-perturbation obstruction
module the failure of the intrinsic and ambient coefficient spaces to agree at a fixed fake
exponent, and gives configurations for which this module is nonzero. However, the obstruction
at a fixed fake exponent does not determine how much of the solution space the series obtained
by intrinsic perturbation span. In this paper, we assemble the local obstructions along each L-
coset and compute the codimension of the span of the series obtained by intrinsic perturbation
in the canonical formal solution space.

We work in R = C[[ty,...,t,]] with the ideal U = (At), the monomial ideals My and
Py (t) of (1) and (2), and the monomial e = t*"PP(YNEN  where nsupp(v) is the set of
indices j with v; a negative integer and K is the intersection of the members of A/. The
intrinsic-perturbation obstruction module introduced in [4] is the quotient

(U+ Pn(t)): e
(UMy + Py (t) e

Dy (e) =
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Fact 3.2 presents this module by two ideals J j{/mb C J}\‘}“ of a polynomial ring in r variables,
and Fact 3.3 identifies the graded dual of their quotient with the ambient coefficient space
modulo the intrinsic one.

For a homogeneous system and a generic direction, Theorem 3.13 presents, as the cokernel
of a block-triangular map between finite-dimensional spaces, the quotient of the canonical
formal solution space by the span of the series obtained by intrinsic perturbation. Here the
span is taken over all exponents occurring in that space and all ordered negative support
families. Corollary 3.14 computes the codimension of that span as the sum of the local
codimensions at the exponents, less a correction term for each L-coset. Theorem 3.19 shows
that summation on a nonempty simply connected nonsingular open set, for a choice of the
branches of the logarithms, carries this presentation and this codimension to the holomorphic
solution space. For a direction that is nonzero on every nonzero element of L, Okuyama [6,
Theorems 3.6, 5.4, and 6.2] presents directed formal logarithmic solution spaces over Euler
fibers by finite coefficient modules without a homogeneity assumption. Theorems 6.4 and 6.6
of [6] give finite criteria for realizable lowest exponents using kernels of coefficient maps and
colon ideals. Here we compute the codimension of the span of the series obtained by intrinsic
perturbation in the canonical formal solution space under the standing homogeneity and
genericity assumptions.

We apply these results to two of the configurations of [4]. For the five-column configuration
of Theorem 5.1 of [4], Corollary 4.1 gives codimension one. For the family of lattice rank 2
of Theorem 6.2 of [4], we show in Theorem 4.3 that, for every integer ¢ > 1, the canonical
formal solution space has dimension 12¢? and the span of the series obtained by intrinsic
perturbation has codimension exactly [3¢?/4] in that space. The same dimensions hold on a
common nonsingular domain, and the codimension is unbounded at fixed lattice rank. The
ancillary scripts use exact arithmetic to check the computations giving codimension one in
the canonical formal solution space for the five-column example and the local codimensions
obtained from all ordered negative support families for ¢ = 1,2, 3,4 in the family in Section 4.

2. NOTATION AND THE PERTURBATION CONSTRUCTIONS

We recall the objects that the codimension formulas of this paper use, and we fix notation
for them, following [2, 3, 10, 12] and [8].

2.1. The system and a generic direction

Throughout this paper, A = [ay,...,a,] € Z¥™ is a matrix of rank d whose columns lie
in an affine hyperplane that does not contain the origin. The lattice of relations among the
columns is L = keryz(A), and we put r =rank L =n —d and N={0,1,2,...}. Everyu € L
is written as u = w4 — u_, where u; and u_ lie in N” and have disjoint supports, and we
put [u| = Z?:l Uy

The toric ideal of Ais I4 = (8% — 8"~ | uw € L) C C[04,...,0,]. We write D for the Weyl
algebra in @ = (zq,...,2,) and 8 = *(dy,...,8,). For B € C?, the A-hypergeometric ideal
H,4(B) is generated in D by I4 together with the Euler operators E; — §8; = Z?Zl ai;x;0; — By
fori=1,...,d, and we put M4(B) = D/H(B). This system is introduced in [2, 3], and the
theory of fake exponents recalled below is developed in [10, 12].

Throughout this paper, w € R™ denotes a generic weight. By genericity we mean that the
initial ideal in,,(I4) is monomial and that w lies in the interior of a full-dimensional cone of
the small Grobner fan of H4(/8), so that the initial ideal in(_q, .,)(HA(8)) in the Weyl algebra
is constant on that interior; see [12]. Weights of this kind occur in every full-dimensional
Grobner cone of I4. A wall of either of these fans is the locus on which two monomials of the
same A-degree acquire equal w-weight, and the difference of the two exponents is a nonzero
element of L. It follows that a weight is generic whenever its values on the nonzero elements
of L are all nonzero, because such a weight lies on no wall.
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Let G = {39$) — 89(1) i=1,... ,gw} be the reduced Grobner basis of 14, in which each
binomial is written with its initial monomial first. Put g(9) = ggf) — g% so that w-g® >0
for i = 1,...,g.. These vectors generate the affine semigroup C(w) = 9 Ng(® C L.
We say that C(w) is normal if it contains every element of the group generated by C(w)
that lies in the real cone spanned by C(w). Since C(w) is contained in L, this normality is
a property of the relations among the columns of A, not of the affine semigroup that the
columns generate. By the column matroid of A we mean the matroid that the columns of A
represent over Q.

For v € C", put nsupp(v) = {j | v; € Z«o}. Following [12, Section 3.2], we call v a fake
exponent of H4(f) in the direction w when Av = 8 and v is a zero of the fake indicial ideal.
Corollary 3.2.3 of [12] states that a vector v with Av = 3 is a fake exponent if and only if
some standard pair (@, o) of in,, (L4) satisfies v; = a; for every j ¢ o. We use this description
of the fake exponents throughout.

2.2. Negative supports and their families

Fix a fake exponent v for the remainder of this section. Each uw € L determines the set
I, = nsupp(v + u); in particular Iy = nsupp(v), and these sets form . (v) = {[,, | u € L}.
For I € .#(v), the support fiber of I is Fr(v) = {u € L | I, = I'}, and we shorten this
notation to Fy because v is fixed. The distinguished collection of [8, Section 3] consists of
those I € .(v) on whose support fiber w takes only nonnegative values, and we write

Noy={I€ )| w-u>0 for every u € Fr}.

Since v is a fake exponent, the set Io lies in N, as the discussion preceding [8, Definition 3.1]
shows. A negative support family for v is a subset ' with Iy € N' C N, and we put
Kxn = Njepn I Such a family is called ordered in [8, Definition 3.1] when every J € .%(v)
contained in some I € A again lies in N'. The distinguished collection N, is nowhere assumed
to be ordered.

2.3. Perturbation series and coefficient spaces

We now recall the intrinsic perturbation series and the three spaces of coefficients of x®
that the constructions of [8] produce. Choose a Gale dual B = (b, ... b") of A whose
columns form a Z-basis of L, and put s = t(sl, ..., 8). For z € C" and p € N, the falling
factorial is [z]p, = H?=1 zj(zj —1)--- (2 —pj +1). For w € L, set

(5) [v+ Bs]uy_
y(8) = —————.
[v+ Bs + uy,
Given a negative support family N, put mq, ar(s) =[]
perturbation series by

jero\ i (B8); and define the intrinsic

Upr(x, 8) = My n(8) Z au(s)w”+Bs+”.

u€el
I eN

Only the polynomial expression of m, a depends on the choice of B, and the index set
Io \ Kn does not. A change of Gale dual to B’ = BT, with T' € GL,(Z), transforms the
expression for B into the expression for B’ by the substitution f(s)+— f(T's).

The full coefficient space at v for N is the space of logarithmic polynomials that arise as
the coefficient of ¥ in those formal series solutions of H4(8) in the direction w all of whose
negative supports I, lie in . If N is ordered, the intrinsic coefficient space at v for N is the
space of coefficients of ¥ that the construction of [8, Theorem 3.2] produces from ¥/ (x, s).
Under the same hypothesis on A, the ambient coefficient space at v for AV is the space of
coefficients of ¥ that the ambient perturbation construction of [8, Theorem 5.5] produces.
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For each 4, put G (v) = I_40) \ Io, and define

PB<v>—< I Bs), z’—l,...,gw>c<c:[s1.

JEGW (v)
For f(s) € C[s] and ¢(8s) € C[d;], put
(£:4(85))a = 4(85)f(8)] =0 -

For a homogeneous ideal I C C[s], this pairing defines the inverse system
I ={q(8s) | (f,q(8s)), =0 for every f € I}.

We use this construction for Pg(v) and, in Section 3.2, for the ideals JiP and JiF.
The negative support families, the perturbation constructions, and the ideal Pg(v) are
taken from [11, 7, 8]. The affine semigroup C(w) also occurs in [5].

Remark 2.1. The standing assumption on the columns of A holds if and only if some linear
functional h satisfies ha; = 1 for every j, and this assumption makes 4 homogeneous for
the standard grading. The assumption is used where a weight is moved to w + A1, with 1 the
all-ones vector and A a positive number, without changing the weight of any lattice vector.
That move requires 1 to lie in the row space of A, and the move underlies the canonical
formal solution space and the results in Corollary 3.14 and Theorem 3.19. The assumption
also enters through the results of [8], which are stated for a homogeneous configuration and
supply the identification of the ambient coefficient space with the full coefficient space. We
therefore impose the assumption throughout instead of tracking it statement by statement.

3. THE OBSTRUCTION TO INTRINSIC PERTURBATION

Ambient perturbation is not restricted to directions in L, and by [8, Theorem 5.5] it realizes
the full coefficient space for an ordered negative support family. Intrinsic perturbation uses
only directions in L and gives a subspace of that coefficient space. In this section, we recall
from [4] the quotient of the two colon ideals of [8, Proposition 6.2] and the two ideals in r
variables that present it.

Table 1 collects the notation of this section.

S (v) the negative supports I,, that occur for uw € L
Ny the distinguished collection of [8, Section 3]

N a negative support family for v

R, Ro C[[t1, .. tn]] and C[t, .. ., t,], respectively

§, So C[[s1,- .-, sr]] and C[s1,. .., s.], respectively
Ky, E, e Nien I To \ Knr, and ¢, respectively

My, Pn () the monomial ideals in (1) and (2), respectively
Qn () UMy + Py(t)

Hn the antichain in (4)

Du(e) the intrinsic-perturbation obstruction module in (3)
JaP T the two ideals in (5)

TABLE 1. Notation for the obstruction module and its presentation.

3.1. The obstruction module

We keep fixed the fake exponent v and the negative support family A/ of Section 2. None
of the constructions below requires N to be ordered, and that hypothesis enters only through

the interpretation in terms of the ambient and intrinsic coefficient spaces. Write t/ = ] jestis
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with tZ = 1, and put e = 0\~ Inside the complete local ring R= Cllt1,. -+, tn]], with
t= t(tl, ..oy tp), define

U = (At),

(1) My = (¢\Ex ‘ TeN),

2) Pu(t) = <t(lu'])\KN ’ [eN, JeP(v) \/\/> ,
Qn(t) = UMy + Py (2).

Let S = C[[s1,...,s,]], and consider the surjection

@I§—>§, tjl—)(BS)j,
whose kernel is U. Write Iy = ®(Py(t)) and mqy or = D(e).

Fact 3.1. Let A be homogeneous, let w be generic, let v be a fake exponent of H4(f3) in the
direction w, and let A/ be an ordered negative support family for v. By [8, Theorem 5.5],
each series obtained by ambient perturbation is a formal series solution of H4(8) in the
direction w, and the coeflicients of ¥ in these series are exactly the elements of the full
coefficient space at v for N.

In other words, the ambient coefficient space and the full coefficient space at v for N are
equal. By [8, Proposition 6.2], the intrinsic coefficient space at v for A/ lies in the ambient
coefficient space, and equality of the two holds if and only if @(QN(t) : e) =In : My
Following [4], put
(U4 Py (b)) : e
3 Darle) = .
®) M) = Ty + Pa(®) c e
We impose no finite-length hypothesis on D ar(e), and we write dime D ar(e) for the dimension
of this module when it has finite length.

3.2. A finite presentation of the two colon ideals

The presentation recalled here replaces the complete local rings by the polynomial rings
Ry = C[t1,...,t,] and Sy = Cl[s1,...,s,], and we put m = (s1,...,s,). Put §; = z;;l a;jt;
for 1 <i < d, and define

U0:<91,...79d>, @OZRo—)So, tj }—)gj:(BS)j.

It follows that ker &g = Uy. Let MX[ and Pj(\)[(t) be the monomial ideals of Ry generated by
the monomials in (1) and (2), and put QR/(¢) = UpMR, + PY(t). For Y C {1,...,n}, write
Y = HjEYKJ" with £ = 1.

Below we use the antichain
(4) Hy = min{(TUJ)\ Ky | T €N, J € #(0) \N} = (... Hy},

which is empty when . (v) = N. Put E = Iy \ Ky. Each j € E lies in some I € N and
outside some I’ € N, so the j-th row of B and the linear form ¢; are nonzero. Hence ¢¥ # 0.
Following [4], define two homogeneous ideals of Sy by

(5) TP =00 (Q%(t) e), TN =Do(Py(t)) : Dole).

Fact 3.2. Let v be a fake exponent and let A/ be a negative support family for v. By
Theorem 3.7 of [4], the two ideals in (5) satisty

Jﬁfmb C Jintr,
their extensions to S are ®(Qur(t) : €) and Iy : Moy A, Tespectively, and there is an
isomorphism
in\r}tr

(6) Dle) = § ®s, Jamb
N
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The quotient JiH/J3" in (6) is a graded Sp-module, and D x(e) is its completion; we do
not regard the completed module as the direct sum of the homogeneous components of the
quotient.

Each homogeneous subspace W C S ; has an orthogonal complement W+ C C[8;]; with
respect to (). Put VP = (JRFP)F and VT = (J)i

Fact 3.3. Let v and \V be as in Fact 3.2, and let i > 0. By Proposition 3.8 of [4], there is an
inclusion Vj{}‘fir C Vﬁ/‘?ﬁ and (-, ) induces a perfect pairing

Y VR
(Jamb X Vintr —C.
N i N,i

If AV is ordered, Theorem 5.5 and Proposition 6.2 of [8] identify Vaf'}b and Vi“fir with the
degree-i ambient and intrinsic coefficient spaces at v, respectively.

3.3. Formal series solutions

We now allow the fake exponent and the ordered negative support family to vary. When
the fake exponent must be displayed in the notat.ion, write Jﬂf‘/{'ﬁ, ;“}\r/, j“j\l}ji, and V;nﬁ}z
for the objects defined above. Define V2P and Vi™F by

ViR =@ VeRs Vel =D Ve
i>0 i>0
We identify these spaces with the corresponding spaces of logarithmic coefficients by the
injective substitution in lattice coordinates given in [8, Sections 5 and 6].

For a fake exponent v, consider the elements of the canonical formal solution space in the
direction w that are supported in v + L and whose terms have nonnegative w-weight relative
to v. Define &, to be the graded space of the logarithmic coefficients of ¥ in those elements,
written in lattice coordinates. By [8, Theorem 4.9], the space &, is the finite-dimensional
inverse system of the component supported at v of the indicial ideal ind,,(H4(8)). Here the
inverse system is written in the lattice coordinates supplied by B. Let £ be the orthogonal

complement of &, in Sy under (-, -)s. For each i, the factors of the distraction of 895:) that
vanish at v are exactly the factors indexed by G(i)(v). The remaining factors are units in the
local ring Sp . Thus Pg(v) is the corresponding shifted local component of the fake indicial
ideal; see [12, Section 3.2]. The defining inclusion of the fake indicial ideal in the indicial
ideal gives

(7) Pp(v) CE&F, & C Pp(v)*.
We use the following fact about the construction of canonical series.

Fact 3.4. Let A be homogeneous, let B € C%, let w be generic, fix a monomial order refining
the w-weight, and let N be the corresponding space of formal series in [12, Section 2.5].
The discussion following [12, Algorithm 2.5.8] states that the indicial ideal ind.,(Ha(8)) is
a Frobenius ideal of finite rank equal to rank(H 4(8)) and that its zeros are the exponents
of Ha(B) with respect to w. The same discussion and the proof of [12, Lemma 2.5.10]
show that this indicial ideal and in(_, ,)(HA(8)) have the same solutions in N. By [12,
Theorem 2.3.11], these common solutions are finite sums of terms xVq(logx), where v is
an exponent and ¢ belongs to the local inverse system of the indicial ideal at v. By [12,
Lemma 2.5.9, Corollary 2.5.11, and Theorem 2.5.12], there are exactly rank(H 4(8)) starting
monomials with respect to the fixed order, the number of starting monomials with a fixed
exponent equals the multiplicity of that exponent, and each starting monomial s determines
a unique canonical series =; € N whose coefficient at s is one and in which no other starting
monomial occurs. Consequently, the series Z; form a basis of the solutions of H4(8) in N,
and their initial series form a basis of the solutions of the initial system in V.
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By the description of £, as an inverse system and Fact 3.4, a fake exponent v is an exponent
of H4(B) with respect to w in the sense of [11] if and only if £, # 0. Under the standing
homogeneity assumption, these are also the exponents in the sense of [1, Definition 2.9]. Let
&, be this finite set of exponents. For v € &3 4, define 0 (v) to be the set of all ordered
negative support families for v. The set € (v) is finite because the members of . (v) are
subsets of {1,...,n}. Define N*¢ by

(8) Nyt = N
NeO(v)
The following normalization is adapted from [8, Lemmas 4.1 and 4.2, and Proposition 4.3].
We record the following extension in Lemma 3.5: the lemma applies to a formal solution in
the direction w without fixing an ordered negative support family.

Lemma 3.5. Let v be a fake exponent, and let y = (y1,...,yn) denote variables representing
logx. Let p(x) =, cp 2 ry(logx) be an element of the canonical formal solution space
in the direction w whose occurring shifts satisfy w - w > 0, where r,, € Cly] and r,, = 0 when
the shift u does not occur. There are normalized coefficients ¢,, € Cly], for w € L, such that
Cq depends only on I, and, writing c; = ¢y, for I = I, we have

(9) aNMer—0lMe, =0 (1,0 €7 (v)).
Proof. For u,u’ € L, define dy ., by

/
v

du’eu:H H (ayy+vu+uu_ﬂ+1)a
v=1

p=1

Uy —U

where the product over p is 1 when u, — u,, < 0. With the convention that the coefficient of
an absent shift is zero, [8, Lemma 4.1] gives

Au e ulu — ducw Ty =0.

Coordinatewise factorization gives a unique polynomial differential operator c?uq_u € C[0y]
with a nonzero constant term such that

dueu = Ju'euaiu/\lu~
By [8, Lemma 4.2], this factorization exists and is unique, and (Fivu/eu is an automorphism of
Cly]. The inverse of dy« ., terminates on each polynomial; no inverse on a larger formal or
analytic coefficient space is used here. Define the normalized coefficient ¢, by

~ -1
Cy = (dm—o) docuTu-

Thus ¢, = 0 if and only if 7, = 0; this equivalence holds for every shift u, including the shifts
added by zero extension. The cocycle identity for the operators d is [8, Lemma 4.2], and [8,
Proposition 4.3] deduces (9) from it. If I,, = I+, both monomial differential operators are
1, and hence ¢,, = ¢y/. The normalized coefficient therefore depends only on the negative
support. We have not assumed that a negative support family is ordered at any point in this
proof. O

Lemma 3.6. For every v € g, the set O(v) is nonempty, and N5*¢ is the largest ordered
negative support family for v. Moreover,

(10) Vil = oy T Nera = &y

Proof. Take a nonzero element p € £,. By the definition of &,, there is an element of the
canonical formal solution space in the direction w, supported in v+ L with nonnegative relative
weights, whose coefficient at v is p. Apply Lemma 3.5 after extending the coefficients of this
series by zero to all shifts in L, and let (c)se.# () be the resulting normalized coefficients.
The coefficient ¢y, is p, so it is nonzero. Define N'(p) by N(p) = {I € L (v) | ¢; # 0}. The
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normalizing operators in Lemma 3.5 are invertible, so A(p) is exactly the set of negative
supports that occur in the chosen series. We use the proof of [8, Lemma 4.8], which treats
an A-hypergeometric series in the direction w without fixing an ordered negative support
family. If ¢;, # 0 and I,, ¢ N, there is a shift v’ € L such that I, = I, and w-u' < 0.
The nonnegative relative weights exclude the shift w’, so the normalized coefficient at u' is
zero. By Lemma 3.5, the normalized coefficient depends only on the negative support, so
cr, = 0, which is a contradiction. Thus N (p) C Ny, and ¢jy = p # 0 gives Iy € N(p). If
J C I and ¢; # 0, equation (9) gives ¢; = Bi\‘]cJ, and hence c; # 0. Thus N (p) is ordered.
In particular, &'(v) is nonempty.

The union in (8) is also an ordered negative support family, so it is the largest one. The
chosen series is supported on N (p) € No™. Theorem 5.5 of [8] therefore gives p € Vii“/\l}:?rd.
This proves that the right-hand side of the first equality in (10) is contained in the left-hand
side. Conversely, Theorem 5.5 of [8] identifies V;rj\l}z)rd with the full coefficient space at v

for No™. Since N°™ C N, this space is contained in the full coefficient space at v for N,
which Theorem 4.9 of [8] and the definition of &, identify with &,. Because the ambient

coefficient space Vflj{‘}%rd equals the full coefficient space &, for N, and (-,-)s is perfect in

each degree, the second equality in (10) follows. ]

Define Z;, Jj, and &y by I) = X cpw) Vo Jo = Niecow) Joir and 0y =
dime (€, /ZL). The space Z. and the quotient &,/ZL are finite-dimensional because &, is
finite-dimensional.

Proposition 3.7. For every v € &3 .,, we have
(11) Pp(v) C & = Jyea C 1y Iy = (J5)",

and (-,-)s gives
Nz
(12) oL = dime <5J_> .

Proof. For every N' € 0(v), a series supported on N is also supported on N9*4, so Lemma 3.6
gives Vii‘j\‘}’ C &,. Fact 3.3 then gives Vgnf\} C &,. Taking sums of coefficient spaces and
annihilators gives (11). Since the ideals are homogeneous, the pairing (-, ) identifies the
graded dual of the quotient in (12) with &,/ZZ. Both spaces are finite-dimensional, so their
dimensions are equal. ([

Remark 3.8. If the local components of the indicial ideal and the fake indicial ideal agree at
v, then the inclusions in (7) are equalities and the denominator in (12) can be replaced by
Fh(v)

For v,v" € &g 4, define v ~ v’ to mean that v/ —v € L and w - (v —v) = 0. Let
P, be the set of equivalence classes for this relation. Define P <,, P’ to mean that
w - (v —v) >0 for v € Pand v € P'. This relation totally orders the classes contained in
one L-coset. Define 9};‘2‘; to be the set of the least classes in the L-cosets. For P € #g ,,,

define £p and Z§ by
er=P&, =PI
veP veP

Let V,, denote the canonical formal solution space in the direction w, that is, the span of
the formal series solutions = in Fact 3.4. Define V£ to be the span of the series

4(0s)Vn(,5)| o0

as v € 6w, N € O(v), and ¢(8s) € (éo(Pﬁ[(t)))L vary. These series belong to V,, by [8,
Theorem 3.2] and Proposition 3.9. They need not equal individual canonical series Z¢ in
Fact 3.4.
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Proposition 3.9. Under the standing homogeneity assumption on A and the standing
genericity assumption on w, there exist a positive weight vector w' and a strongly convex
open rational polyhedral cone @ C RY such that

w € Q, 1 E@, inw/(IA) :inw(IA),
N~ w0r) (Ha(B)) = () (Ha(B)).
For this choice of w’, the canonical formal solution space Vs, is the C-span of the basic Nilsson
solutions of Ha(B) in the direction w'. For every starting monomial, the corresponding
canonical series is the unique basic Nilsson solution whose coefficient at that starting monomial
is one and in which no other starting monomial occurs. An arbitrary basic Nilsson solution

is, in general, a unique finite linear combination of these canonical series and need not equal
any one of them.

Proof. Put A = ZA, choose a Z-basis of A, and let T € Z4*? have these basis vectors as its
columns. Put A’ =T'A and B’ = T~!B8. Then A’ is integral, ZA' = Z¢, and kerz(4’) =
kerz(A) = L. The identity At(xlal, cespOp)—B=T (A’t(wlé‘l, cey T Op) — ,3') and the

equality of the integer kernels give Ha(8) = Ha/(B') as left ideals in the same Weyl algebra.
This replacement changes neither the canonical series nor the basic Nilsson solutions, so we
may assume ZA = 74, as in [1].

Choose h such that ha; =1 for j =1,...,n. Then 1 = hA belongs to rowspang(A), and
|lu| =1 -u = h(Au) =0 for u € L. Let Qp be the common full-dimensional open rational
polyhedral Grébner cone containing w on which the toric and Weyl algebra initial ideals
are constant. If r € rowspang(A), then adding r to a weight adds the same constant to the
weights of all terms of an A-homogeneous polynomial or differential operator. Hence Qy is
invariant under addition by rowspang(A); the same calculation appears in [1, Remark 2.5].
Choose A > 0 sufficiently large and put w’ = w + A1. Then w’ > 0, the displayed initial
ideals agree, and w’ -u =w -u for u € L. Put @ = Qg N RZ,. The cone Q is open, rational
polyhedral, and strongly convex, and it contains w’. For every sufficiently large positive real
number p, the vector u~!(w + pl) = 1 + p~'w belongs to Q, and hence 1 € Q. Thus w' is
a perturbation of 1 in the sense of [1, Definition 3.3].

Fix the monomial order refining the w-weight as in Fact 3.4. The equality w’' - u = w - u
for u € L shows that the same order refines the w’-weight on every L-coset. By Fact 3.4, the
solutions of in(_q, ) (Ha(B)) are finite sums of terms x”q(logx), where v is an exponent
and ¢ belongs to the local inverse system of the indicial ideal at v. Fact 3.4 also shows that
the set of starting monomials is finite and that each starting monomial s determines a unique
canonical series =5 whose coefficient at s is one and in which no other starting monomial
occurs. As s ranges over all starting monomials, the series Z; form a basis of V,,.

The support condition for canonical series in [12, Section 2.5] shows that the lattice shifts
of 24 lie in Q5N L, and hence in @* N L. The logarithmic degrees in each =; have a common
finite bound, and the coefficient of the zero shift is nonzero. Therefore every =, satisfies the
three conditions in [1, Definition 2.6] and is a basic Nilsson solution in the direction w’. This
proves

Vw C Spang {basic Nilsson solutions in the direction w’} .

Conversely, let ¢ be a basic Nilsson solution in the direction w’. By comparing the least
w’-weight terms in the equations H4(8)¢ = 0, we see that the initial series of ¢ is annihilated
by in(_y,w)(Ha(B)). Write the initial series of ¢ as xVp(logx). By [1, Lemma 2.10], the
vector v is an exponent of H4(8) with respect to w’. Thus every starting monomial occurring
in ¢ belongs to the same finite set that indexes the series Z,. For each starting monomial
s, let as(¢) be its coefficient in ¢, and put g9 = ¢ — > as(¢)Zs. The defining coefficient
conditions for the series =; show that no starting monomial occurs in ¢y. Suppose that
$o # 0. Since iny,(I4) is monomial, the ideal in(_,, .)(Ha(B)) annihilates separately the
components of the initial series of ¢y at the distinct exponents. Hence, with respect to the
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monomial order refining the w-weight, the initial monomial of ¢g is a starting monomial.
This contradicts the construction of ¢g. Hence ¢ = 0, and ¢ is a finite linear combination of
the series =Z;. The same coefficient conditions make this linear combination unique.

If the initial solutions contain logarithms, the starting monomials have the form z¥ (log )*,
and distinct multi-indices k give distinct starting monomials and hence index distinct series =
in the basis of V,,. Thus the correspondence retains both the exponent v and the multi-index
k of each starting monomial z¥(logx)*. By [1, Lemma 2.8], independent initial series lift
to independent Nilsson solutions, and any independent family of Nilsson solutions can be
recombined so that its initial series are independent. A basic Nilsson solution equals one of
the series =5 only when exactly one of its coefficients at the starting monomials is nonzero
and that coefficient is one. O

For exponents v and &’ in one L-coset, the number w - (&’ — ) is the relative w-weight
of ' with respect to c. This number depends only on the two exponents, so it orders each
L-coset without reference to a base point.

Lemma 3.10. Let 0 # ¢ € Vo, be supported on one L-coset. The support of ¢ is w-well-
ordered: every nonempty subset of the support contains an element of least relative w-weight.
Define ¢min to be the sum of the terms of least relative w-weight. Then

(13) in(—'w,'w) (HA(IB))¢min = 0.

Every exponent with a nonzero coefficient in ¢min s a fake exponent and belongs to & -

Proof. By [1, Definition 2.6], the shifts in the support of a basic Nilsson solution are lattice
points in the dual of a strongly convex open cone containing w. A set of such lattice points
is finite if the w-weight is bounded on that set. An element of V,, is a finite sum of basic
Nilsson solutions. Thus the support is w-well-ordered, and ¢, is a nonzero finite sum. The
assertion about @i, also follows from [12, Proposition 2.5.2]. For an operator P € H4 (),
the terms of least w-weight in P¢ are obtained by applying in(_ w)(P) t0 ¢min. Since
P¢ =0, equation (13) follows. This equation is the assertion about the initial series in [12,
Theorem 2.5.5]. Write ¢ as a finite sum of terms x®pq (log ) with distinct exponents
and nonzero polynomials p,. For every polynomial f in the fake indicial ideal, equation (13)
and comparison of the distinct exponents give f(a + 0y)pa = 0. Comparison of the terms
of the highest logarithmic degree gives f(a) = 0, so every such « is a fake exponent. This
argument treats the whole sum ¢, including interactions among terms of the same weight,
and extends the conclusion of [1, Lemma 2.10], which is stated for a basic Nilsson solution.
The initial ideal in,, (I4) is monomial by genericity, so the components of ¢, at the distinct
fake exponents are separately annihilated by the initial system. Decompose ¢, into these
components, express each component in the basis of solutions of the initial system given in
Fact 3.4, and replace each basis element by its uniquely determined canonical series. Every
nonzero component then occurs in the canonical formal solution space with its displayed
exponent. Thus £, # 0, and hence o € €3 4. g

Decompose V,, by the L-cosets of its exponents, and filter each summand by the relative
w-weights of the initial exponents of that summand. These filtrations induce filtrations on
the corresponding summands of VL. Write gr for the direct sum of the resulting associated
graded spaces. For P € &g ,,, define Wp to be the image in £p of the component indexed
by P in gr VE.

Theorem 3.11. The spaces Wp satisfy
(14) Ip C We, Wp=1Ip (P P5y).
The associated graded spaces satisfy

(15)  sVu~ P Er, sVE~ P W e(Vu/VE) = P Ep/We.

PEPg w PePg PePg w
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The same filtration gives
(16) dimg Vy, = Z dimc Ep, dim¢ V.Ll;, = Z dimc Wp.
PE.@ﬂ‘w PE@g,w

In particular,

(17) dime (Vo /Vi) = Y dime (Ep/Wp).
PE.@ﬁ,w
Consequently,
(18) S S sk <dime (Vu/VE) < > ok
Pe@;i; veEP vEER, w

Equality holds in the upper bound if and only if Wp =I5 for every P € Pg.4,, and equality
holds in the lower bound if and only if Wp = Ep for every P ¢ 9@“‘1‘;

Proof. Partition the members of &3 4, into their L-cosets and then into the classes in #g 4.
Series supported on distinct cosets have no monomial in common, so both V,, and VL are
direct sums over these cosets. On these summands we use the direct sum of the filtrations
defined below. Fix one coset C, and list its classes as P} <4 -+ <4 Pmn. Choose an exponent
ve in C, and define ay, by a = w - (v — v¢) for v € P;. The number ay, is well-defined, and
a1 < --- < ap. Let Fgy, be the subspace of V,, consisting of series supported on C whose
nonzero terms have relative weight at least ay, and put Fg i1 = 0.

Each series = has only shifts of positive w-weight away from the exponent of its starting
monomial s; see [12, Section 2.5]. Fact 3.4 describes the logarithmic coefficients at the
exponents in P, and shows that each prescribed starting monomial determines a unique
canonical series. These results identify the quotient Fo i /Fc k+1 by means of the tuple of
coefficients at the exponents in Pj:

(19) FC’k/FC’k+1 ~ @ 51, = gpk.
vEPy

Every tuple on the right lifts to the sum of the canonical series with the prescribed initial
terms. Conversely, suppose that the coefficients of a series in F ; vanish at every exponent
in Py. If this series is nonzero, Lemma 3.10 shows that every exponent bearing a term of
least relative weight in the series belongs to &3 4,. For k < m, every nonzero series in the
kernel therefore has least relative weight at least ax1; hence the kernel of the coefficient map
is Fo k41 For k = m, the same argument shows that the kernel is zero.

Define We by We = VE N Fc1, and define Wp, to be the image of Fox N We in the
quotient (19). Summing over the cosets gives the three isomorphisms in (15), and the
filtrations of Fe 1 and We give dime Fo1 = ), dime Ep, and dime We = Y, dime Wp,,
whence the two identities in (16) and, on subtracting, (17).

For every v € Py, the outputs of intrinsic perturbation with v as the base of the construction
belong to Fio i, N We. Their coefficients at ¥, as the ordered negative support family varies,
span ZL. Their coefficient tuples indexed by P, have no nonzero component at any other
exponent. Therefore Iﬁk_ C Wp,. For k =1, an output of intrinsic perturbation with an
exponent in Pj, j > 1, as the base of the construction contains no term indexed by P;. An
output with v € P; as the base of the construction contains no term indexed by P; other
than v, because an occurring nonzero shift has positive w-weight. Hence the coefficient tuple
of every element of We lies in Zf, and Wp, = If,, which proves (14). The inclusion there
gives dime(Ep/Wp) < dime(Ep/ZE) = 3, p 0 for every P. Together with the equality for
the least classes, this bound proves the two inequalities in (18). The descriptions of equality
follow term by term from the same inclusions. O

We next describe the spaces Wp in terms of linear maps between finite-dimensional spaces.
Put Py ar = Do (Pj(\)/(t)) C Sy. Thus P, is the polynomial ideal whose completion is Iy
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before the colon by m., ar is taken. The intrinsic perturbation construction in [8, Theorem 3.2]
gives a linear map

jv,]\/ : ’PIJ;:/\[ — Ve, q(as) — Q(as)\l/./\/(mv S)|s=0 .

The image of .#, n is finite-dimensional because it is contained in V,,. By the definition of

VL we have
VE=Y > mZw.
vEER,w NEO(v)

For a formal series ¢, write coeff, (¢) for the polynomial in logz that multiplies ¥’. If
v/ = v +w and I, € NV, the definition of the perturbation series gives

(20) coeffy (Fonr(q)) = a(8s) (Mo (8)au(s) exp((log z)Bs))| _, -

The coefficient coeffy (:FyAr(q)) is zero when v/ = v + u with I, ¢ N.

Fix an L-coset C' that meets &g 4, write m(C) for the number of classes contained in
C, put m = m(C), and write these classes as Py <4 - -+ <w Pp. Choose ve € C, and put
ap =w- (v —v¢) for v € P,. Let Fj, be the filtration of the subspace of V,, consisting of
series supported on C' that is constructed in the proof of Theorem 3.11. That proof gives
surjective coefficient maps

TCk - FC,k — gpk, keI'7Tc7k = FC,k+1-

Choose a linear section o¢ . : Ep, = Fc i of ¢, and put
m m

(21) Ao @PEr, — For, (01, i0m) — Y 00k(pr).
k=1 k=1

For 1 <k <m, put

m

Doy = EB GB im Fy a7, D¢ = @Dc,lm
vEP, N€O(v) k=1

where the sums in D¢, are external direct sums. Let ¥¢ : Do — F1 be the map that sends

a tuple of components to the sum of the series that the components represent. By (20), the

blocks of AalEc are computed from the coefficients at the finitely many exponents in C' by

successive subtraction of the images of the sections o¢ .

Let F1 2 F5 O --- D F,,,4+1 = 0 be a finite filtration of a C-vector space. For 1 < k < m,
define Fy, by Fj, = Fy/Fyy1, and let 7 : F, — F}, be the quotient map. Choose a linear
section oy, : F), = F}, of m, for every k. Define A : @Zl:lfk — Fy by A(fy,-- . f) =
>k o1(fr). Let Xy, ..., X,, be C-vector spaces, and define X by X = @B X;. Let L : X — Fy
be a linear map with $(X;) C F; for every i. Define T by T = A~!% and T X — Fj
by Tj; = pr; T|x,, where pr; denotes the projection onto Fj. For k > 2, define T, by
Tk = (pry,--- ,prk_l)T|@v x, and Tg < by Ty <k = pry, T|@ .- For 1 <k < m, define

i<k i<k

Wi to be the image of Fy, Nim ¥ under 7y, so that 7y, identifies (Fr Nim X)/(Fj41 Nim )
with Wk.

The following lemma describes the induced filtration on the image of a filtered map.

Lemma 3.12. The map A is an isomorphism. Moreover, T;j; =0 for j < i, and W1 =1im T4
and Wi, =1im Ty + Tk7<k(keI‘T<k) for k> 2.

Proof. Take f € Fy, define f1 by fi = f, and for 1 < k < m define f,, by f, = m(fx) and
Jea1 bY fr1r = Ji — ngk)~ Then fi11 € Fry1 and frp1 =0,50 f =37, Uk(Zk;) and A is
surjective. If A(f4,..., f,,) =0, reduction modulo F; gives f; =0, and after f,,..., fr_4
have been shown to be zero, reduction modulo Fy; gives f, = 0; thus A is injective. Since
0j(F;) C Fj, the map A sends €@ ;> I into Fy, and successive reduction modulo F, ..., F
gives the reverse inclusion, so A71(F)) = @ > . Fj. The inclusion ¥(X;) C F; now gives
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T(X;) C @jZifj, so Tj; = 0 for j < i. For an element of GajZij’ the map miA is
the projection onto F'y, so Wy = pri(im T NP5 Fj). Choose § € X; for 1 < i < m.
The first & — 1 coordinates of T(&y,...,&n) are Top (&1, ..., &k—1), because the components
€k, - - -, &m have zero coordinates in Fy,..., Fy_1. Hence T(&1,...,&,) € ®j>kfj if and
only if (&1,...,&k—1) € ker Ty, and under this condition the k-th coordinate of T(&y,...,&m)

is Tr<k(&1y -+, &k—1) + Tir(&r), because the components &x41, . . ., &n have zero coordinate
in F,. This proves the formula for W), when k > 2, and for k = 1 lower triangularity gives
pry T(&1, ooy 6m) = T (&) O

Each component of D¢ ; represents a series obtained by intrinsic perturbation with an
exponent in P; as the base of the construction. Every term of this series has relative weight at
least a;, so the series belongs to Fe; and ¢ (D¢,;) C Fe,;. The inclusions ¢ (De,;) C Feo i
allow us to apply Lemma 3.12 with Fj, = Fo i, Fir, = Ep,, X; = D¢y, and ¥ = X¢. In this
application, the map A is A¢, so A¢ is an isomorphism. Define

m
TC = Aalzc Do — @ng
k=1
For the application of Lemma 3.12 above, the map T is T¢. Let T¢ j; : Doy — Ep]. be the
(4,4)-block of T¢. For k > 2, define

TC,<k = (pr17 cee 7prk71)TC‘@i<k De.i’
Tok,<k = DTy, TC|®i<k Doyt
The following theorem gives the cokernel of T and the images in the associated graded
spaces.

Theorem 3.13. There is an exact sequence

m
(22) DCT—C>§Blé’pk —>Fclj%1%]—>0
The maps Tc j; satisfy

(23) Te;i=0 (j<i), imTey=2Ip.
The images in the associated graded spaces satisfy

(24) Wp, =Th + Tep<nlker Tecr) (b >2),

and Wp, =1}, .

Proof. By the definition of VX and the decomposition by L-cosets, we have im ¥ = Fea nVvE.
Since A¢ is an isomorphism, the cokernel of T¢ is isomorphic to Fo1/(Fe1 N Vi‘,), which
gives (22). Lemma 3.12 gives T¢,j; = 0 for j < i. For a component represented by a series
based at v € P;, the ¢-th coordinate under AEl is its coefficient at v, and by the definition
of the intrinsic coefficient spaces these coefficients span Iﬁi as v ranges over P; and N over
the ordered families, so im T¢ ;; = Iﬁi, which proves (23). The subspace Wy, of the lemma is
Wp, and its maps Ty and Ty < are To < and To g <k, so the lemma and (23) give (24)
for k> 2 and Wp, =imT¢ 11 = Iﬁl for kK =1. O

Put 0p = > wep, §L, and define 7c; = 0 and
Ip, + Ton<k(ker To<r)
7L
Py

The preceding theorem gives a codimension formula.

7o) = dimg (k > 2)-
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Corollary 3.14. We have 0 < 7¢, < 51L3k, the number T7c i, is independent of the sections in
(21), and

v m(C)
(25) dime (V’z’) = > =Y o
w VEER C k=2

Equivalently, the contribution of C to the codimension in (25) is

m(C)
(26) Z dime Ep, — rank T¢.

k=1
The series obtained by intrinsic perturbation span Vo, if and only if, for every L-coset C, we
have 61L31 =0and o) = 61L3k for every k > 2. Equality holds in the upper bound in (18) if
and only if 1o, = 0 for every C and k > 2. Equality holds in the lower bound if and only if
TCk = 51L3k for every C and k > 2.

Proof. Theorem 3.13 gives 7¢ 1, = dimc(Whp, /Iﬁk), which proves the independence assertion
and yields dimc(Ep, /Wp,) = 65, — To,x- Summing over the classes and using (17) proves
(25), the exact sequence (22) gives (26), and the three equivalences follow term by term. O

Remark 3.15. For k > 2, the number 7¢ j, is the dimension of the image of T¢ ;< (ker To <k)
in Ep, /Z{f,k. Equivalently,

Tok,<k(ker To k)
TC,k,<k(k61" TC,<k) N Iﬁk

TOk = dim¢

The number 7¢ j, is the dimension, modulo Iﬁk, of the space of coefficient tuples indexed by
Py, that come from certain linear combinations of series obtained by intrinsic perturbation.
These combinations use outputs with exponents in the classes P;, i < k, as the bases of their
constructions, and their coordinates indexed by Py, ..., Py_1 vanish. Theorem 3.13 identifies
the displayed quotient with Wp, /Iﬁk, so Tc,, does not depend on the sections oc¢ ;.

Remark 3.16. The formula in (26) is exact, but it is not a closed combinatorial formula.
Once bases of the finite-dimensional spaces im.%, nr and £p,, together with the sections
oc,k, have been constructed, the blocks of T¢ = AEIZC are determined by finitely many
coefficient polynomials, and the ranks of the matrices T¢ give the codimension. Thus the
formula provides a finite-dimensional presentation of the quotient. The construction of
these bases from the perturbation inputs requires a separate justification, since Pj: A can be
infinite-dimensional.

Thus, under the standing homogeneity assumption, the finite-dimensional maps T deter-
mine both the exact codimension and whether the series obtained by intrinsic perturbation
Span V.

Corollary 3.17. If 6% =0 for every v € &gy, then VL = Vy,. If 65 > 0 for some P € Wg“é‘,
and some v € P, then the inclusion VL C V, is strict. If 6% = 0 whenever v € P and

P ¢ 2w, then
; ) L
dimc (Vw/Vw) = Z Z dim¢ (53) .
Pepyin veP v
Proof. All three assertions follow from Theorem 3.11 and Proposition 3.7. O
We use the following notation in the lemma on finite linear combinations of basic Nilsson
solutions. Suppose that, on a fixed branch of the logarithms, a formal series has the form

P(e¥) = X nes € Ypa(y) and pa(y) = 3 k< CokY", where the exponents in S are distinct
and M is independent of a. For a series in this form, write supp(¢) = {a € S | po # 0}.
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Lemma 3.18. Let ¢ be a finite linear combination of basic Nilsson solutions on a fixed
branch of the logarithms, and let M be a nonnegative integer bounding the degrees of their
logarithmic coefficients. Let w” be an integral vector in the interior of a strongly convex open
cone whose dual contains the supports of these solutions. Let U C C™ be an open domain in
the variables y = log & on which the coordinatewise exponential map is injective. Suppose that
Y oacs ZIleM|ca,kea'y| < oo for every y € U. This condition is pointwise in y, and it does
not require uniform convergence on compact subsets of U. Let B C C™ be a nonempty open
set, and suppose that a positive number ty satisfies ¢ +w"” logt € U for ( € B, 0 <t < 1.
For ¢ € B, put z = €S and define the curve z(t) by z;(t) = zjtw;/ for 0 <t < tg. Let
be the least real w' -weight of an exponent of ¢, define b to be the finite sum of the terms
whose exponents have real w”-weight p, and suppose that every other exponent has real
w' -weight at least p+ ¢ for a positive number . Then, for every ¢ € B and every t, € (0,1g),
7 (p(x(t) — v(x(t)) = O(t(1+ [log t)™) as t — 0" with 0 <t < t.. If ¢ #0, there is a
choice of ¢ € B, and hence of z = €S, for which the sum of ¢ is not identically zero on the
curve x(t).

Proof. Write ¢(x) = >, cs ®*pa(logx) and pa(y) = > k<m Caky®. Fix ( € Band t, €
(0,t9), and use 2% = e*¢ on the fixed branch. Define S, by S, = Dok |ca’kz°‘|t56(w”'a)7”.
By the hypothesis at the single point y = ¢ + w” logt,, the number S, is finite. For an
exponent a ¢ supp(v)), put 6o = Re(w” - a) — p, so that §o > € and o= = t¥0a—¢ <
t°t’%«=¢ for 0 < t < t,. There is a constant ¢y, depending only on ¢, w”, and M, with
|(¢ 4+ w"logt)®| < co(1 + |logt|)™ for |k| < M and 0 < t < t,. Consequently,

7 (1) — ()| < co(L+[logth™ S 3 feanz®|t
agsupp(Y) |k|<M
< cot;£S,t°(1 + |log )™M,

which proves the asserted estimate.

Suppose that ¥ # 0, and fix ¢, € (0,tg). The set X, = exp(B + w” logt,) = " exp(B) is
a nonempty open set on which the fixed branch of the logarithms is defined, and the finite
exponential polynomial F(y) = (e¥) =Y, €*¥pa(y) does not vanish identically on any
nonempty open subset of C™. Suppose, on the contrary, that F' vanishes identically on some
nonempty open set. Choose £ € C™ so that the numbers « - £ are pairwise distinct, and
restrict F to the lines y, + v€. The functions e(*®" are linearly independent over C[v], as
we see by applying the products of the operators (d/dv — o’ - €)M+ corresponding to the
other exponents, so every polynomial pe,(y, + v€) vanishes. Varying y, in an open set would
give po = 0 for every e, contrary to ¢ # 0. Thus there is a point @, € X, with ¢(x,) # 0.
Every point of X, has the form zt*" with z € exp(B), so put z = x,t-%" . The restriction
of 1 to this curve is nonzero at ¢t = ¢, and is therefore not identically zero.

Group the terms of ¢t #1)(x(t)) with equal imaginary w"”-weights and put ¢ = logt, so that
t~Hp(x(t)) = Zjvzl €2 f;(p), where the real numbers 7; are distinct and the polynomials
f; are not all zero. Let dy be the largest degree of the polynomials f; and let c¢; be the
coefficient of ¢% in f;, so that g~ > e f;(0) = > cje'™¢ + o(1) as o — —oo. On the
other hand,

1 _R| N 2 N
lim — 78| do = i|? > 0.

It follows that ¢t (x(t)) does not tend to zero as t — 07. If the sum of ¢ vanished identically
on the curve, the first part of the proof would give t ¢ (x(t)) = -t *(p(x(t)) —(x(¢))) — 0,
which is a contradiction. O

Write Sing(H 4(8)) for the singular locus of H4(8) in C”, that is, for the projection to C"
of the characteristic variety of M(8) outside the zero section. For a connected open set € in
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the nonsingular locus of H4(8), let Solq(H4(B)) denote the space of holomorphic solutions
on (2. For a connected open set 2 in the nonsingular locus on which every element of V,,
converges after branches of logzy,...,logz, have been fixed, let Xq : Vo — Solq(HA(B))
denote the summation map, and put SZ(Q) = Sq(VE).

Theorem 3.19. There is a nonempty simply connected open set 2 C (C*)™\ Sing(H 4(S))
and a choice of the branches of logx1,...,logx, on Q such that every element of Vy, converges
on Q and summation gives an isomorphism

(27) EQ : V—w ; SOIQ(HA(ﬂ)).

Then Yo induces an isomorphism

Vw ~  Solo(Ha(B))

Vi S5()

In particular, the formula in Corollary 3.1/ determines the codimension of SL () in the holo-
morphic solution space, and Theorem 8.11 gives upper and lower bounds for this codimension.

Proof. As in the proof of Proposition 3.9, we may replace (A4, 8) by (T~1A,T~18), where the
columns of T' € Z¥*4 form a Z-basis of ZA, retain the notation (4, 3), and assume ZA = Z4,
as required in [1]. This replacement changes neither L, nor the canonical series, nor the
solution spaces.

Choose a linear functional h such that ha; = 1 for j = 1,...,n, as permitted by the
standing homogeneity assumption. Then 1 = hA belongs to rowspang(A), and the cone
spanned by the columns of A is strongly convex. For u € L, we have |u| = h(Au) = 0.

Choose w' as constructed in the proof of Proposition 3.9. The construction shows that w’
is a perturbation of 1 in the sense of [1, Definition 3.3]. Proposition 3.9 identifies V,, with the
span of the basic Nilsson solutions in the direction w’, and [1, Lemma 2.8] supplies bases with
linearly independent initial series. For every basic Nilsson solution in V,,, each occurring shift
belongs to L and has coordinate sum zero, so [1, Theorem 6.2] applies. By [1, Theorem 6.4],
there is a common nonempty open domain of convergence on which every element of V,,
converges. Choose a Z-basis {~v;,...,79,,_q} of L such that v, -w’ >0fori=1,...,n —d,
as in [1, Notation 6.1]. The intersection of the open cone that defines the direction w’ with
the open cone of vectors having a positive dot product with each ~y, is a strongly convex
open rational polyhedral cone contained in RZ;; it contains w’, and hence we can choose
a positive integral vector w” in this intersection. For this basis, the common domain of
convergence contains a set defined as in [1, Notation 6.1] by finitely many inequalities of
the form |x7i| < ¢;, and the choice of w” gives v, - w” > 0 for i = 1,...,n — d. In the
coordinates log &, these inequalities cut out open half-spaces. Choose a nonempty bounded
open box B C C™ whose projection onto the imaginary part of each coordinate has length less
than 27. Choose a sufficiently negative real number vy so that the tube B + {vw” | v < vp}
lies inside the set defined by these inequalities and hence inside the common domain of
convergence. Define )’ to be the image of this tube under the coordinatewise exponential
map. The exponential map is injective on the tube, so ' is a nonempty simply connected
open subset of the common domain of convergence, the branches of the logarithms are fixed

(28)

on €', and ' contains the tail of the curve defined by z;(t) = zjtw;/ whenever log z € B. By
[12, Corollary 2.4.16], equivalently by the dimension assertion in [1, Theorem 6.4], we have
dimg Vy = rank(Ha(B)).

We next prove that summation on Q' is injective. Take 0 # ¢ € V,,. By [12, Proposi-
tion 2.5.2], the series ¢ has a nonzero finite initial series with respect to w”’; define 9 to be this
initial series, and let p be the common real part of the w’”-weights of the exponents of ). Since
¢ is a finite linear combination of basic Nilsson solutions whose supports lie in the dual of a
strongly convex open cone having w” in its interior, there is a positive number € such that every
term whose exponent lies outside supp(t)) has real w”-weight at least y1+e. The domain in [1,
Notation 6.1] is defined by inequalities in the moduli of the coordinates, so absolute convergence
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at a point of €’ implies absolute convergence at every point obtained by shifting the logarithms
by an element of (27¢Z)™. Let M be a common bound for the degrees of the logarithmic coeffi-
cients in ¢, and put 7 = B+ {vw” | v < vo}. Fixy € T, and write ¢(e¥) = > g €*Ypa(y)
and pa(y) = X jkj<n Cary® Put Ky = {k € N | [k] < M} and N = |[Ku| = (1),

and enumerate Ky as k™, ... k™). Let ¢/ = (y1,---,y,) be an auxiliary vector of vari-
ables. Define evy a : Cly']<apr — CV by evy i (p) = (p(y + orik™), ... py + 27Tik:(N))).
The map evy s is injective: after the invertible change of variables p(y’) = p(y + 2miy’),

the polynomials [ _, (z/") with k € Kj; form a basis whose evaluation matrix on Ky,
ordered by total degree, is triangular with diagonal entries equal to one. Since the do-
main and codomain of evy s both have dimension N, this map is an isomorphism. Equip

Cly']<m with the coefficient ¢'-norm. Every polynomial p(y') = 3k <a ck(y)* then
satisfies 2 <ar lekl < [l evy by lem o maxi<jon [p(y + 2mik)|.
Replacing log « by log x+2mik\) preserves the supports and the logarithmic degree bounds

and sends every basic Nilsson solution to another basic Nilsson solution in the same direction.
On the common domain of convergence in [1, Theorem 6.4], the proof of [1, Theorem 6.2]
gives D cs ‘eo"(y””km)pa(y + 27Tik(j)>‘ < oo for j=1,...,N. Since ¢ is a finite linear
combination of basic Nilsson solutions and every shift in each of those solutions belongs to
L C Z", only finitely many imaginary parts occur among the exponents in S. Hence the
number Dy pf = MaXaes, ke Ky exp(27r Im(a) - k:) is finite. For ¢ € S and k € K, we
have |e®¥| = exp (27 Im(ax) - k)|e® ¥F27k)| < D y/le® (¥+27ik)| - Applying the inequality
for ev;}M to each p, and then summing over ¢ gives

D, D leare™

acs |k|<M

N
< llevyhy lles s Doar D2 D [em @2k, (y 4 27ik0)| < oo,
j=1aes

Since y € T was arbitrary, we have ZagSZ\k\SM‘ca,kea.y‘ < oo for every y € T.
Lemma 3.18 shows that the sum of ¢ is not identically zero on . Thus summation
on €, and hence on every nonempty open subset of ', is injective.

The domain Q' is nonempty and open in the usual topology, and Sing(H 4(8)) is a proper
algebraic subset, so N ((C*)™\ Sing(H 4(B))) is nonempty. Choose a simply connected open
set {2 in this intersection. The holomorphic solution space on 2 has dimension rank(H 4(83)),
so the summation map is an injective map between two spaces of the same finite dimension
and is therefore surjective, which gives (27). Restricting the isomorphism to V% and passing
to quotients proves (28) and the last assertion. O

4. TWO FAMILIES OF EXAMPLES

In this section, we apply the preceding results to the five-column configuration of Theo-
rem 5.1 of [4] and to the family of lattice rank 2 of Theorem 6.2 of [4]. We recall from [4] the
data that the computations below use.

For the five-column configuration, we use

3 0

111 11 2 3
A=12 0 0 3 3], B=]1-3 -3
33 2 0 3 1 1

-3 -1

We put v = “(=1,0,-1,0,0), 8 = Av = "(=2,-2,-5), ¥ = 40 + /2, and w = (—(29 +
3)/9,9/3,0,0,0). Thus wB = (—1,9). We put N° = {{1,3},{1,4}} and use N' = N° in
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(29). For this configuration, the linear forms are (¢1,...,05) = (351,251 + 352, —3s1 — 382,51 +
S2,—3s1 — S2), and the two ideals are
(29) Jﬁfmb = (l5,l2ls) = (351 + 52, (s1 + 52)2>7 J/i\r}tr = (la,l5) = (s1,52).

We list the members of . (v) for the five-column configuration and indicate which support
fibers Fr are contained in C(w).

I semigroup containment
{1’ 3} Fr C C('w)
(30) {1,4} Fr CC(w)
{1,375} fI QC(’U))
{2,4}, {1,2,4}, {3,5}, {2,3,5}, {2,4,5} negative weight.

Hence N, = {{1,3},{1,4},{1,3,5}} and Ky, = {1}. Write Jy = {1,3}, J1 = {1,4}, and
Jy = {1,3,5} for the three members of this collection.

Fix an integer ¢ > 1 for the family of lattice rank 2. The matrix BqA is obtained by stacking
q copies of B, and qu is obtained by concatenating ¢ copies of w/q. Thus quBqA =(-1,9).
We use the homogeneous matrix AqA of [4, Theorem 6.2], which has rank 5g — 2 and satisfies
kerZ(AqA) = imZ(BqA). Label the polynomial variables by t;;, where 1 <i < gand 1 < j <5,
and put Tj = []7_, ¢;j. Then ®y(T;) = E?. For the family of lattice rank 2, put Ay = 2s1 + 352,
A2 = 381 + 82, and A3 = s1 + s in C[[s1, 2], and write JkA for the union of the ¢ indexed
copies of Ji. The fake exponent 'qu repeats vy = t(fl, 0,—1,0,0) in the ¢ coordinate blocks,
the ordered negative support family is N(IA’O = {JOA , JlA }, and the two ideals are

(31) D(Quoe(t): el) = (M, AN, a0t Mys oo = (A, A3).

Corollary 4.1. For the system in Theorem 5.1 of [4], dim¢ Vy = 12, dimc VE = 11, and
dimg (Vw/Vﬁ,) = 1. There is a nonempty simply connected open set €, contained in the
nonsingular locus, on which the canonical series converge, and on this set we have

dime Solg(Ha(B)) = 12, dimc SE(Q) = 11,

Sola(Ha(B))
S5 ()

A nonzero class in Vi, /VE has a representative whose w-initial term is

z’ ((b(l) —3b@) . log :c)

dim(c =1.

=7 ezt (3logwy — Tlogwy + 6logrs — 2logay) .

Proof. The twelve standard pairs of in,, (I4) give eleven distinct fake exponents: v occurs
twice, and each of the other ten occurs once. In the coordinates v+ Bs, the local component of
the fake indicial ideal at s = 0 is (351 + 82, (51 +82)?), which has length two, and the other ten
local components are reduced. The inverse system of this component is Spang{1, s, — 39s, },
and each of the other ten inverse systems is spanned by 1. All eleven fake exponents have
minimal negative support. At v, the only ordered negative support families are {{1,3}}
and N°, and both intrinsic coefficient spaces are C. Hence N = N° and (29) and
Lemma 3.6 give &, = Spanc{l,d;, — 30s,}. It follows that Z) = C and 6% = 1. For
each of the other ten fake exponents v, the singleton family {Ip} produces the constant
coefficient, and the inclusions in (7) show that & is contained in the one-dimensional inverse
system Pp(v)*. Hence & = Zf = C and (5»5 = 0 for each of these ten fake exponents.
Thus all eleven fake exponents are exponents, or equivalently, they belong to &3 .,. The
only two exponents lying in the same L-coset are v and t(—lO, 0,2,-1,7)=v+B t(—3, 2).
Since wB = (—1,¢) and ¥ is irrational, w is nonzero on every nonzero element of L,
so the classes in g, are singletons. The inequality w - (Bt(73,2)) =3+29 >0
shows that {v} € L@g“;’, The lower and upper bounds in Theorem 3.11 are therefore



A CODIMENSION FORMULA FOR INTRINSIC PERTURBATION 19

both equal to one. The first identity in (16) gives dimg¢ V,, = 2 + 10 = 12, and hence
dimc VL = 11. The displayed initial term represents the nonzero local quotient at v, so the
corresponding canonical series gives a nonzero class in V,,/VE. The analytic assertions follow
from Theorem 3.19. The ancillary script verify_rank_two_solution_codimension.sage
checks, in exact arithmetic, the fake exponents obtained from the listed standard pairs, the
local lengths, the minimal negative supports, the ordered negative support families within the
supplied distinguished collection at v, and the lower and upper bounds giving codimension one;
the ancillary script verify_rank_two_solution_codimension.m2 computes the standard
pairs and independently checks the primary decomposition of the fake indicial ideal and the
local lengths. O

Lemma 4.2. Let A1, Ao, A3 be pairwise nonproportional linear forms in So = Clsq, sa]. For

every integer q > 1,
dim So [3q2—‘
Crayxaya — | > |-
(A1, A2, A%) 4

Proof. After a linear change of variables and two nonzero rescalings, it is enough to prove
the formula for A\; = s1, Ay = s2, and A3 = 51 + s2. The formula is immediate when ¢ =1,
so assume that ¢ > 2. Put S, = Sp/(s{, s4). The Hilbert function of S, is

d+1, 0<d<q-1,
hs (d) =
a 2q—1—d, ¢<d<2q-—2.

The strong Lefschetz theorem for monomial complete intersections in characteristic zero [9,
Theorem 5 and Proposition 9] shows that multiplication by (s1 + s2)? has maximal rank
in every degree. For 0 < d < ¢ — 2, the rank of multiplication by (s1 + s2)? from (S4)q to

(S¢)d+q is therefore min{d + 1,¢ — 1 — d}. Consequently,

q—2
dime S, /((s1 + 82)7) = ¢* — Zmin{d +1,q—1-4d}
d=0
_ 3¢%/4, g=0 (mod 2),
TG0/, g=1 (mod2)

_[3
== |
We now compute the dimensions for the family of lattice rank 2.

Theorem 4.3. For every integer ¢ > 1, consider the system in Theorem 6.2 of [4] and put
,BqA = AquqA. The vector 'qu is an exponent of HAqA (,BqA) with respect to 'qu, its class is
least in its L-coset, and

3q?
(32) 55§ = [4} .
The canonical formal solution space satisfies
. 2 . quA 3(]2
(33) dimg¢ quA = 12¢°, dimc¢ VL. = {4-‘ )
Wy

For this system, the correction terms in Corollary 3.14 satisfy Tcr = 0 for every L-coset C
meeting (fﬁa we and every 1 <k <m(C). There is a nonempty simply connected open set
q >"raq
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Q, C (C*)%\ Sing(H (ﬂqA)) and a choice of the branches of the logarithms on Qg such
q
that summation identifies V, a with Solg, (H 42 (ﬂqA)) and
dime Sole, (H 42 (85)) = 1247,

(34) . SO]Qq(HAqA(BqA))_ 342
RN () ‘{4]

Thus, even after all exponents occurring in the canonical formal solution space and all ordered
negative support families are included, the codimension of SiA (Qq) ts unbounded among
q

homogeneous systems of lattice rank 2 with the other properties in Theorem 6.2 of [4].

Proof. We use JOA,JlA,JQA and Aj, Ay, A3 defined above. The two ideals in (31) are the
completions of the homogeneous polynomial ideals with the same generators, and below we
use the contractions of these completions to Sp. By the support table in (30), repeated in the ¢
blocks, the ordered negative support families for qu are exactly {JOA }and N, qA’O = {JOA , JlA }.
A family containing JQA is not ordered, because the union of the ¢ indexed copies of {3,5}
belongs to .%(v5) and is a proper subset of J5. Since Jj\”[“gtfo = (A, \I\1) is proper and
homogeneous, its inverse system contains the constant polgfnomial 1, which is a nonzero

element of the ambient coefficient space at x4 . Theorem 5.5 of [8], applied to /\/'qA’O, gives

a series obtained by ambient perturbation in the direction 'qu‘ whose coefficient at ¥ is
nonzero. By Proposition 3.9, this series belongs to V, . This series is supported in qu + L,
q

and every occurring shift u satisfies I, € NQA’O C NUA7 SO qu -u > 0. Thus the coefficient
q

AN . . . . .
at "« , written in lattice coordinates, is a nonzero element of £ », and hence 'UqA € é‘j@A wl-
q q q

Thus N, qA’O is the largest ordered family, and Lemma 3.6 and the first identity in (31) give
(35) EXn = LAY,

For the singleton family {J*}, we have Koy = J&, e =1, and M{JUA} = (1), and the
0
monomials 7 with H € H (Jy are Ty and T, so the ideals J2™P_ and J™  both equal

{75} {75}
(36) (D).
Proposition 3.7, the second identity in (31), and (36) now give
(37) T = (4.0 1 (8. D).

In the polynomial ring Sy, define 71, J3, and Ji3 by J1 = (A\{,A\%), T3 = (A1, A]), and
Jiz = (A, AIAL). The three linear forms A1, A2, A3 are pairwise nonproportional, so So/J1
and Sy/J3 both have length ¢ and Sy/J13 has length 2¢%. The standard exact sequence
0 — So/(J1NTs) = (So/T1) @ (So/Tz) — So/(J1 + T3) — 0 gives dime So/(J1 N Tz) =
2¢? —dime So/(J1+J3). Using J13 € J1NJs, dime So/ T3 = 2¢2, and J1+ T3 = (A, A3, \D),
we obtain dimg¢ ((J1 N J3)/J1s) = dime So/(A], A3, A]) = [3¢?/4], where Lemma 4.2 gives
the last equality. Completion preserves these finite lengths, so (35), (37), and Proposition 3.7
prove (32).

We next determine all fake exponents. For the five-column matrix A displayed above, put

f1 = 0303 — 83030y,

fo =050, — 0305,

f3 = 0202 — 3.
The first monomials have larger w-weight, the first two are relatively prime, and the other
two S-polynomials satisfy S(f1, f3) = —05 f2 and S(f2, f3) = —f1. Thus these binomials form
a reduced Grobner basis of the ideal J = (f1, f2, f3). Since no initial monomial is divisible by
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01, we have J : 0° = J. After we invert 01, the equation f3 = 0 makes 0 and Js units, and
fa =0 gives 8y = 07 °9307. The localized quotient is therefore C[0F!, dE', ds). The minor
of A on columns one, three, and five is 1, so these three toric monomials are algebraically
independent, and hence J = I4. Define p, by p,(9;) = 17, 9. After removal of a common
monomial factor, every lattice binomial for AqA‘ is the image under p, of a lattice binomial
for A. The map p, preserves least common multiples, initial monomials, and the displayed
reductions, so pg(f1), pq(f2), pe(f3) form the reduced Grébner basis of Iy . We parametrize

the solutions of AqAa = ,BqA by ay,(p,t) = qu + BqA “(p,t), where p,t € C. Each block of
ay(p,t) has coordinates
(gla CQ) C37 C47 §5) = (71 + 3p’ 2p + 3t7 -1- 3p - 3t7 p + tv 73p - t)

The restrictions of the distractions of the three initial monomials are ([(3]3[¢5]3)?, ([¢2])3¢4)?,
and ((2[C5]2)9, so the fake exponents are exactly the solutions of

[(3]3[¢s]3 = 0, [C2]3C4 = 0, G2[Gs]2 = 0.
If (o =0, then t = —2p/3, (3 = —1 —p, and {5 = —7p/3, so the first equation gives
p € {0,-1,-2,-3,-3/7,—6/7}. If (3 # 0, then (5 € {0,1}, the first equation holds
automatically, and the second equation gives (o € {1,2} or {4 = 0. For (5 = 0, these
conditions give (—1/7,3/7) and (—2/7,6/7); the case {4 = 0 gives (0,0), which is excluded
by (2 # 0. For (5 = 1, the conditions give (—4/7,5/7), (=5/7,8/7), and (—1/2,1/2). Define
the sets

Xz ={

X12:{

(70’7 20‘/3) ‘ a= 13 273}7
(_3/77 2/7)7 (_6/77 4/7)7 (_1/77 3/7)7
(_2/7’ 6/7)’ (_4/7’ 5/7)’ (_5/7’ 8/7)}7
Xas = {(=1/2,1/2)}.
Thus the parameter points of all fake exponents are exactly the eleven distinct points in
{(0,0)} U X3 U X9 U Xag.

We now compute the singleton families at the ten points different from (0,0). For
J C{1,...,5}, write J& = {(i,j) | 1 <i < q, j € J}. At each of these ten points, put
a = a4(p,t) and Ip = nsupp(ar). Every lattice shift has the form BqA t(u,v) with u,v € Z,
so every member of . (a) is the union of ¢ indexed copies of a subset of {1,...,5}.

For (p,t) = (—a,2a/3), with a = 1,2,3, the five coordinates are (—1 — 3a,0,a —
1,—a/3,7a/3). Put k = u + v for an integer shift. If the shifted second and third co-
ordinates are nonnegative, then 3k —u >0 and a —1 -3k > 0,0 £k <0, u <3k <0, and
v > —2k > 0. The shifted first coordinate is then negative, the fourth coordinate —a/3 + k is
a negative integer only when a = 3, and the fifth coordinate 7a/3 — 2u — k is positive. Hence
the negative support is exactly Io, which is {1}* for a = 1,2 and {1,4}* for a = 3. Every
member of . () \ {Ip} therefore contains index two or three in every block. The shifts
(0, —1) and (0,1) give differences from Iy equal to {2}* and {3}%, respectively.

At a point of X5, only coordinates two and five are integral, and both belong to {0, 1,2},
so Ip = @. The shifts (0,—1) and (0,3) realize {2}* and {5}#, respectively. If a shift
preserves the empty negative support, then 7u < (5 +3(5; < 6,s0 u <0, and (5 +2u+3v >0
then gives v > 0.

At the point of Xs3, the coordinates are (—5/2,1/2,—1,0,1), so Ip = {3}*. If indices four
and five are absent from the shifted negative support, then k =u+v >0and 1 —2u—k > 0.
These inequalities give u < 0 and v > 0, and the third coordinate —1 — 3k is negative, so the
negative support is exactly lo. Every member of .%(a) \ {Io} therefore contains index four
or five in every block. The shifts (0,—1) and (1,0) give differences from I equal to {4}
and {5}%, respectively.

In all cases, no member of . () is a proper subset of I, and every shift preserving I
has nonnegative 'qu—weight. Thus N = {Ip} is an ordered negative support family, with
Ky = Ip, e =1, and My, = (1). The preceding shifts and the definition of P (t) give the
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monomial ideals in the following table. Removing the factors that are units in the local ring
from the three distractions gives the last column.

(7. ?) | o | Py () | Ppale

~—

)
(7(1,2&/3), a=1,2 {1} <T27 3> <)‘(11>>‘g>
(=3,2) {1,4}2 | (To, T3) | (M, A9)
(p,t) € X2 z (T, Ts) | (A1, A3)
(=1/2,1/2) {312 | (Tu, Ts) | (A3, A9)

Since e = 1 and MY, = (1), we have
JA = JI% = (P (1) = Pya(a).

Each ideal in the last column is a homogeneous complete intersection of two forms of degree
g, so its quotient has dimension ¢?. The input 1, with ma n = 1, produces by intrinsic
perturbation a series whose coefficient at ® is 1; see Fact 3.3 and [8, Theorem 3.2]. By
Proposition 3.9, this series belongs to V,, A The series is supported in a + L, and every
occurring shift has negative support Igy and nonnegative relative weight. Hence 1 € &, so

a e é"ﬂA ~. We can now apply Proposition 3.7 and (7) to obtain
q W q

Ppya (@)t =V CcThcéa C PBqA(a)L.

Thus £q =I5 = Ppa(a)*, dime Eq = ¢%, and 65 = 0 at all ten points.

The only integralqparameter points among the eleven points are (0,0) and (—3,2). Since
the columns of BqA form a Z-basis of L, these are the only fake exponents in qu + L. The
second exponent has relative weight (—1,9) - (—=3,2) = 3 + 20 > 0, so the class of vA
least in its L-coset. The irrationality of ¥ makes every class in &g~  ~ a singleton. By

‘1 W q

(35), we have dim¢ £, » = 2¢2. All eleven fake exponents are now exponents, and (16) gives

dimc V, o = 2¢ + 10¢®> = 12¢%. The lower and upper bounds in Theorem 3.11 are both
q

[3¢% /4], which proves (33). For every C' and k > 2, we have 51ij =0, so Corollary 3.14 gives

Tc,r = 0; the term 7¢; is zero by definition. Theorem 3.19 identifies the formal spaces and

their quotient with the corresponding holomorphic spaces on a suitable open set €2, which
proves (34). O

By Theorem 6.2 of [4] and Theorem 4.3, we obtain the following corollary.

Corollary 4.4. Even among homogeneous A-hypergeometric systems for which the affine
semigroup C(w) is normal, the column matroid is connected, and the obstruction module for
an ordered negative support family has finite length, the dimension of that module admits
no upper bound that depends only on rank L. After all exponents occurring in the canonical
formal solution space and all ordered negative support families are included, the codimension
of the resulting subspace of the holomorphic solution space likewise admits no upper bound
that depends only on rank L. More precisely, the family in Theorem 6.2 of [4] satisfies

rank L = 2,
dimc @NA,O (eA) =q°
dlm(c SOIQ ( AA (B )) = 12q y

Sola, (H,2 (B7)) T3¢
SEA(Q) ‘[4]

dim(c
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For this family, the ratio of the codimension to the dimension of the holomorphic solution
space satisfies

dimc¢ (Solgq (HAQA (ﬁqA))/SiqA (Qq)) 7 [3¢2/4]

dimg Solq, (H ,» (B)) 1242
) 1/16, ¢g=0 (mod 2),
©11/16 +1/(48¢%), ¢=1 (mod 2),

g aoo)

16 q 0 ).

Proof. The lattice rank is 2 for every ¢, and Theorem 6.2 of [4] and Theorem 4.3 give the
displayed dimensions, which tend to infinity with g. The same dimensions give the displayed
ratio and its limit. O
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