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@ Gauss's Arithmetic-Geometric Mean, Gauss AGM
e C. W. Borchardt 1876

e J. M. Borwein and P. B. Borwein 1991

e T. Kato and K. Matsumoto 2009
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Yap(2,T) = Z exp (m(n + %a)Tt(n + %a) + 2mi(z + %b) t(n + %a))
nez9I
o 7= (Tjk)jk € Gy i g X g DXMFMEZRITHIT, EHHIEEMERD D
o z=(z1,...,29) € CI: BELE
@ a,beZ9
° %,% =1
Feall 7355 &
e g=1:Jacobi 7 — X (6, = H : k)
@ g > 2 Riemann 7 — X% (S, Siegel F2F-Z2[H)
0 2=0:T—XRE, Jap(7)
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Ul

E 2 2 (Gauss hypergeometric series)

o fen) = S @)
Fleobmid) =2 G
o (yn)=T(a+n)/T'(a) =a(a+1)---(a+n—1)
@ o,8,7€C,v#0,—-1,-2,...

1
F(a’ﬁ"”z)z%/o (1 — £y (1 — zt) P

7272 L Re(y) > Re(ar) > 0.

NAKANO R. (ALAECEHIX D2) 4 TE RAGRRRR I Lo




CLHDESR I

Ul

E2& 4 (Lauricella’'s hypergeometric series Fp)

> (Oé, Emzl nj) Hmzl(ﬂja nj) i n;
F y 2575 = Jm ]m ‘]7
p@fnd= X S T ) L

N1 yeeny i, >0 1

@ z2=(z1,..y2m), = (B1,...,Pm) € C™
o |z <1(=1,...,m)
e a,7€C,vy#0,-1,-2,...
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Gauss's Arithmetic-Geometric Mean, Gauss AGM

o

@ Gauss's Arithmetic-Geometric Mean, Gauss AGM

pil
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Gauss's Arithmetic-Geometric Mean, Gauss AGM |

SEFH (Gauss O TS (A1)

4 *ﬂﬁ:ﬁ{ﬁ0<b0§ao b
o UTDHt N TEX 28I Z2EZ 5 !

an + by,
2 )

4 Zh%biﬁﬁ@@ﬁﬁ M(}(ao,bg) L:”X;ﬁj_é

an+1 = bn+1 = v anb,
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Gauss's Arithmetic-Geometric Mean, Gauss AGM I

7EH (Gauss 1799-1818, Jacobi)
o Legendre IFHEIZIC & D E % 2 FE IR i

2

w? =z(z—=XN)(z—1) (A e C\{0,1}) DJEHA:

B Ll —
T(A) =i (2’12’1’ )eH
F (3,312
2
e ZDLE, A=1- bg (ag # bo) X LT, BURAAL D LD
ap

11
7MG(GO, bo) = ’1900(7()\))2 =F <27 9’ 1; A)
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Gauss's Arithmetic-Geometric Mean, Gauss AGM [l

11
:1900(7-()\))2:}7<2,2,1;)\), A=1-b3/a |

4
Mc(ao, bo)

COFEXZRT DI, UTNONEPEETH S .

n b’I’L >
Mo (5 Vanbn ) = Maansb) (7 M2

aMg(1,b/a) = Mg(a,b) ([F2RPE)

Boo(7)* + o1 (7)*
1900(27)2: 00(7) . 01(7)

901(27)2 = 9oo(7) Vo1 (7) for ¥V € H (27-formula)

11
272

Yoo(r(z))2=F < .1 3:) for Vo € C\ {0, 1} (Jacobi’s formula)
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Gauss's Arithmetic-Geometric Mean, Gauss AGM |V

fili 6
Doo(T)* = 910(7)* + 9o1(7)* for Vr € H (Jacobi’s identity)
A =D10(r(N)*/Poo(r(A)* (A =1-1bj/aj),
b2/a% =1 — 910(7)* /P00 (1)* = Y01 (7)* /D00 (T)* £ D

b()/ao = 1901 (T)Q/ﬁoo(T)Q.

e ) M “=F = =1\ A=1-12
Mc (ao, bo) 00(m(A)) (2’2’ ’ ) /a5
DFEAZATS .
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Gauss's Arithmetic-Geometric Mean, Gauss AGM V

FIERH ¢ 27-formula ¥ Jacobi's formula ZfW2 Z 2 TREN5:

Mc(ag, bo) = aoMG(l bo/ao) = agMg(1,901(7)* /P00 (7)?)
= ——5Ma(9oo(7)?, Y01 (7)?)

1900( )?
Q T 2 - 2
- W(O)Z <1900( ) J2ri901( ) 7000(7)1901(7_0
N 1900( Too(r2 M (Fon(27)%, 901 (27)7)

aq
=... lim Mg (990(277)%, 901 (2"7)?
1900( ) o G( 00( ) 01( ) )

ao 11 )1
= _Mq(1.1 — aoF 1A O
1900( )? a(l,1) = doo(r)2 ~ ° (2 2
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Gauss's Arithmetic-Geometric Mean, Gauss AGM VI

Gauss AGM
o7 V W
Jacobi Theta Function Gauss HG Series

Jacobi’s Formula

2 _ Poo(7)? + o1 (7)?

1900(27’) Yo1 (27’)2 = 1900(7’)?901(7’) for VT € H,

2 )

Jacobi's formula

doo(r(x))> = F <%, %, 1;a:> for Vo € C\ {0, 1},
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C. W. Borchardt 1876

e C. W. Borchardt 1876
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C. W. Borchardt 1876 |

0<dy<cog<bg<ag &F5% X

an + by, + ¢, +dy Vanb, + Vendn,
a’n+1 = 4 ) bn+1 = 2 ?

/anCn + Vond, vV and, + \Vbncn
Cn+1 = 9 5 dnJrl = 9 ,

&> TEEZEI {an}, {bu}, {cn}, {dn} FIED IR
MB(CL[), bo, Co, do) (Borchardt AGM & D?VS\‘) &:Wﬁ?‘ 5.

o Z DX Gauss AGM k [FEFEICEIRIE Y > 7 MRS 2.
e Mg(ag,ag,bo,by) = Mc(ag,bo).
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C. W. Borchardt 1876 Il

Borchardt 135 % 85 2 O@EMEMHIARD B 7 € Sy I L TEE 3
Riemann 7 — X E %% 2 7-.

Borchardt DG EICBWTH AN 7 — 27 I X D EEAH T ARANE
ZAH6NTWVW5:

2 _ 900,00(7)% + P00,10(7)% + P00,01(1)? + 00,11 (7)?

900,00(27) - |

% T)U )+ )9 T
’1900710(27')2 = 00700( ) 00710( )2 00,01( ) 00,11( )’

Y T)V )+ )9 T
1900701(27_)2 _ 00,00(7) 00,01 ( )2 00,10(7)P00,11( )’

Y T)V )+ )9 T
P00.11(27)% = 00,00(7)V00,11( )2 00,10(7) Y0001 ( ).
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J. M. Borwein and P. B. Borwein 1991

@ J. M. Borwein and P. B. Borwein 1991

NAKANO R. (it



J. M. Borwein and P. B. Borwein 1991 |

0<by<ag 52k, itk

an + 3by, b _ Jan+ b,
4 ) n+1 — 2

WX o TEZE DL {an}, {bp} FHBOMR Mp,,(ag, by) (Borwein
AGM ¥ IF.3) 1T 3,

Qn4+1 = bn,

a(1) = Voo(T)* + Y10(7)*,  B(T) = Foo(7)* — 10(7)%,
BE r—2ri2koT

R
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J. M. Borwein and P. B. Borwein 1991 I

a(T) = 9go(T)* + D10(7)%,  B(7T) = do(1)* — D10(7)*, ’

fied 7 (J. M. Borwein and P. B. Borwein 1991, Theorem 2.6)
Q@ 0<h<1ITHL,
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T. Kato and K. Matsumoto 2009

e T. Kato and K. Matsumoto 2009

Q i
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T. Kato and K. Matsumoto 2009 |

0<dy<co<by<ag R UIERXNT- 4 FEEHD 4 THVYY

_an+bn+cn+dn . an + dy, by, + cp,
Ap+1 = 4 ; bn+1 - 2 2 )
_ Japtcpby+dy _ Japtbycyt+dy
Cpnt+1 = 9 9 > dn+1 = 9 9 )

WX TEZEZEI {an}, {bn}, {cn}, {dn} 1FILE DR
Mtat (a0, bo, co, dg) (Matsumoto AGM & FER) 12U S 5 .

® Mntat(ao, bo, bo, bo) = Mpor(ao, bo).
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T. Kato and K. Matsumoto 2009 II

fmnd 8 (T. Kato and K. Matsumoto 2009, Theorem 1.)

1 1111 2
:F 777575751;]—_ 251_ 251_ 2) )
MMat(17y17y2ay3) b (4 4°4°4 i b2 -
Z D8l Lauricella Fp ORI AR T HW TS 1z,
AREEHE T, RONKOFEHEMUNKZE 2 5 Z 212 X D Matsumoto AGM D
Lauricella Fip I2 X 2FRDFGEHEZ 52 5.

2 _ Voo(1)? + You(1)”

5 . D01(27)% = 9g0(1) 01 (1) for V7 € H

Po0(27)

Joo(r(x))2 = F (; % 1;3;) for ¥z € C\ {0,1}
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o F (L, 11,)) 05 ToEEE MR H - & 5 AR el

TH5.
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w? = z2(z — \)(z — 1)

(AeC\{o0,1})
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B

1
Mniac (1,91, Y2, y3)

2
1111 )
—FD<47 7474a1;1_y%71_y§71_y3>

o Fp (3,111 11— g2 1 42,1 42) BRAME LTHS &5 R

HIREEZE X 2 BN D 5 .
e Deligne-Mostow DD &

C(x): wh = 2(z — 1) (2 — 22) (2 — x3) (2 — 1),
T = (xlax2a$3) S {(21722723) € C3 | Z] 7& Zky R1,%2,%3 ;é 071}7

BEZDE,dz/w D [1,00] B BHETIC
FD (%7%7%7%71;*%17‘%27%3) Z)S\iﬁm%
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@ Borwein AGM IZ81F %, RAEIBAEL o(7), B(r) - VLA T,
T+ 27 DILER

Q@ 7T —XEH L Lauricella Fp OBR%ZFIIAR L7z Jacobi DT DFEIM



Q i
o REHhAR C(x) ¥ EHA
o FEH
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&R R

Q i
o REuh#R C(x) &AM
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AREHHR C(x) & A |

C(x): wt = 2(z—z1)(z —x2)(z —23)(2 — 1) (2 = (x1,22,23))
7RL, x € Xg = {(21,22,23) € C* | 25 # 2, 21,202,723 #0,1}.

p(z,w) = (z,iw): pr(z,w) = z OHFELI

L RER Y —#f - IEA 1 ERXOZEMICN LT p? @ (—1)-FEF2H
BEZD

C(z) @ Jacobi ZHEk%2#E 2 2b DI, LElDZEMICKDEE 2
Prym Z8${K Prym(C(z), p?) 25 % %

dim Prym(C(z), p?) = 4
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REHRAR C(x) L JEHA 1

|

EE9
C(z): w = 2(z — 1) (2 — 22)(z — 23) (2 — 1) DA%

t o) 0 T2 x3 x3
omn ([T [ E e [P [ )
1 w —o W
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IR C () & A N

® (x1,x9,23) € X¢ DEANDRIE X — Bg EFTENC —ffiERT
H5H. T %2/ FnI-—HHr33s.

o p: Xg — I'\BY ZAMEHEITR.

MR 11 (M., N.)

2
1(v) =iU <I4 ~ Wle vtvU> (v e BY)

o ZOE 1 BY &, IMEDAARLE D,

o%uw:ﬁw@w»weﬁbz%—&ﬁﬁ@ﬁ@ﬁ&ﬁ;éﬁ%%bj

NAKANO R. (JLAECAEIK D2) 4 TE RAGRIRR I T T R EGR (]



REFR C(x) A IV

Gauss AGM IZB W TIEAEMEIFR D] 7(\) 12X o T A BEITTE TV
72DTH o7z
D10(T(N))*

A= Do (V)7

EFE 12 (M., N.)
[v] = p(z1,22,23) T 5.

490000,0000 (V) 291000,0100(v)

e (90000,0000(v)? 4 P1000,0100(v)?)?’
oy — 4090010,0001 (v)*V1010,0101 (v)? ’

(900100001 ()% 4 P1010,0101 (v)?)?
s = 4090011,0000(v)*P1011,0100(v)* .

(Y0011,0000 (V)2 + V1011,0100(v)?)
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MO - ( _Q> € SP(S»Z)» P = dlag(07 17 ]-a 1)7 Q = diag(l,0,0,0),

£95%.
DL E 7€64 1ML det(Qr + P) = 711. ‘
Ficr=7() (veBY) THB L&, twlUv =202

T11

(.1:1,:E2,:E3) € Xs WXLT

0
11
U2:(1+i)/ :_27TFD<474747471;1—$1,1—$271—$3>

—00
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FEH I

B 14 (M., N.)

W] =p(l—z1,1 — 29,1 —23) £F 3. DL X,
a(v) = 190000,0000(7’(1})%2 TF 19000071100(7'(1))11)2,

b1(v) = 490011,0000 (7 (v)*)Foo11,1100(T(v)F)
b2(v) = 490010,0001 (7 (v)")Po010,1101 (T (v)?),
b3(v) = 290000,0000(7 (v)*)P0000,1100 (7 (v)?).
2
B R = 7 iz 1 1 A Matsumoto AGM % 5. 2 % {##Y
- —1

o 7(v)! = My - 7(v)
o bj(v)?/a(v)? =1—ua;
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Matsumoto AGM % 5. % % {RRIBIKYL ¥ ZHCH 5 ¥ 13HIS
a(Re) - AW ) ZbQ(U) + bs(v)
b1 (Rv) = V(a(v) + bs<v)2>(b1(v) + by(v))
ba(Rv) = V) + b2(v)2)(b1(v) o500
bs(Rv) = NCOED (v)Q)(bQ(U) T ha(0)
Zififzd e TH5.
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FEH IV

FEH 15 (M., N. EEH 1)
ag > by >cop>dop >0 3 5.

agp _ F(3/4)4 12 12
V(@ borco do) ~  2r (190000,0000(7(0) )* + Yo000,1100 (7 (v)*) ) :

e Yy = bo/ao, Yo = CO/CLO- Y3 = do/ao.
° [’U] :p(y%y%vy?%)'
) 7'(1))jj = MO : T(U).

FEM 16 (M., N., FEH 2, Jacobi's Formula DFE{E)

4
F(z/:) (19000070000 (rT(v)")?* + 190000,1100(T(U)ﬁ)2>

1111 2
=Fp (= = = > 11— 1—92.1—92) .
D<474a4747 5 Y1, Y2, Y3
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Matsumoto AGM

T. Kato and K. Matsumoto 2009

Riemann Theta Function «—  Lauricella’s HG Series F'p

SEIDRERIX, Matsumoto AGM 23, {REHHARD B © 7 — X EB DR
%38 T C Lauricella Fp 240D Ze 2 EARINTRLTZBDTH 5.
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[§ C. W. Borchardt (1876). “Berl. Monatsber”. In: Uber das
arithmetisch-geometrische Mittel aus vier Elementen 53, pp. 611-621.
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